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STATICS 

CHAPTER I 
INTRODUCTION 

1*1. Definitions. 

Matter is anything that occupies space and can be 
perceived by our senses. 

A body is a portion of matter limited in all directions, 
having a definite shape and size, and occupying some definite 
space. 

A rigid body is one whose size and shape do not alter 
when acted on by any forces whatsoever, so that the 
different parts of it keep invariable positions with respect 
to one another. 

In nature there is no body which is perfectly rigid, for however 
hard a body may bo, it will be deformed more or less when the acting 
forces are sufTicicntly largo. But'ordinary solid bodies like stone, wood, 
iron etc. when acted on by finite forces yiold so slightly, that the 
deformation is not in general appreciable to the ej'e, and thus for 
practical purposes they may be treated as rigid. In Statics and 
Dynamics we are mainly concerned with such rigid bodies. 

A force is that which changes, or tends to change, the 
state of rest, or of uniform motion of a body. 

Statics deals with bodies at rest when acted on by 
forces, or more properly, with the relations between the 
forces which acting on a rigid body (or a system of bodies) 
keep it at rest. 

When a number o£ forces acting on a body keeps it at 
rest, the forces are said to be in equilibrium. 
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1*2. Classification of Forces. 

The forces that we meet with in course of our subject 
may generally he divided into three types : 

(1) Forces of the nature of thrusts or tensions , i.c ., push 
or pull applied through actual material contact, c.r/., by a rod 
or string etc. 

(2) Attraction or repulsion between two bodies, which 
are of the nature of action at a distance, e.g. t earth’s gravita- 
tion etc. 

(3) Forces like reaction or friction which are of a sort 
of passive resistance, coming into existence only when 
necessary, and adjusting themselves (within a certain range) 
to be of such magnitude and direction as are just required 
to maintain equilibrium. 

1*3. On Some Special Forces. 

(i) Weight. 

Weight of a body is the force with which the earth 
attracts the body. The direction of this force is vertical . 

It is shown in Dynamics (Arts. 0‘1 and G’G) that tho earth attracts 
everybody to itself with a force which is proportional to the mass of 
the body, i.e., the quantity of matter in a body. 

The unit of mass in British (F.P.S.) system is ono pound (lb.), 
whereas in C.Cr.S. system it is ono gramme . [ See Dynamics , Art . T3 ] 

The amount of force exerted by the earth on a body of 
mass one pound, i.e ., the weight of one pound (briefly, 1 lb. 
wt.) is usually used in Statics as the unit for measurement 
of magnitude of forces in F. P. S. system. 

Similarly in C.G.S. system, the unit used is the weight 
of one gramme . 

Strictly speaking, the forces of attraction on the same body varies 
slightly from place to place on tho surface of the earth, which is nearly 
hut not exactly, a sphere. Accordingly, the units above mentioned, 
1 lb. wt. and 1 gm. wt., are not fixed. [ Bee Dynamics , § 6'G t£ 6*5 ] 
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But as in this Elementary Statics wo shall not have occasions to 
compare forces at different places on earth, we shall neglect this small 
variation in the units. 

In practice, for brevity, we shall speak of a force measur- 
ing 20 lbs., or 50 gms., though more accurate expressions 
would be a force of 20 lbs-, wt., or 50 gms. wt. 

(ii) Reaction. 

When one body rests in contact with another body, 
pressing against it, it experiences a force at the point of 
contact which is called the reaction , exerted by the second 
body on the first. '* 

For example, when a heavy bo dv, (say a book), vests on a horizontal 
table, the weight of the holy which would cause it to fall down to the 
earth has got its off ct nullified duo to the presence of the table, which 
does not allow the body to ponctrato through it. Thus the table exerts 
a force on the body neutralising its weight. This is the reaction of the 
table. As the weight of the b uly is vertically downwards, the reaction 
of tho table neutralising its effort must bo upwards. 

As another example, when a ladder standing on a horizontal floor 
is leading against a vertical wall, it experiences forces of reaction at 
its points of contact with the floor as well as with the wall. These 
two reactions, along with the weight of the ladder, keep the ladder at 
rest. 


Now ifc is a common experience that if a body be placed 
in contact with a very smooth surface (e.g., a highly 
polished table), and is urged with any force to slide over it, 
it experiences very little resistance tangentially, but the 
surface, (assumed rigid), does not allow the body to pene- 
trate normally through ifc. The reaction on such a body 
is therefore normal to the surface. 

* From Newton’s third law of motion [ Dynamics, § 6*1 <& 6*11 ] 
the second body also experiences an equal and opposite force exerted 
by the first on it, which we may call action . 
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In fact a perfectly smooth surface is one whose reaction 
on any body in contact with it is along the common normal 
to the two surfaces at their point of contact. 

The reaction of a rough surface however, on any body 
pressing against it, is not necessarily along the common 
normal. [ See § O' 1 and 9' 3 ] 

(iii) Tension. 

When a string employed to connect two bodies (or two 
points of a material system) is stretched, for example, when 
one extremity is tied to a fixed point, and at the other 
a heavy weight is suspended, the fibres of the string become 
subject to a certain pull throughout its length, which under- 
goes by the name of tension , and which, 
if increased beyond a certain limit, will 
k cause the string to break. This tension is 
Q a force which at any point P of the string 
is conceived to be acting in either of the 
p two opposite senses along the string. 

For, considering any small eloment PQ of the 
string, this is stretched by forces set up in the 
P fibres pulling it at Q upwards, and at P down- 
^ wards. Again, considering the element PE t this 
is stretched by a force pulling it at P upwards 
and at It downwards. Thus at P the tension acts 
in oither direction, downwards on the portion above 
it, and upwards on tho portion below it. Similar is the case at 
every point. 

If the string be light , the tension is the same throughout 
its length , and is unchanged even when a portion of the 
string passes over a smooth surface , say a smooth peg , 
or pulley . 

For, considering the element PQ as before, as the string is of 
negligible weight, the only forces under which this element is at rest 
are the two tensions at its extremities Q and P which must accordingly 
balance one another. Thus tension at Q is equal to that at P. Again, 




INTRODUCTION 


5 


considering the equilibrium of the element PR, the tension at P is 
equal to that at R. Proceeding in this manner, the tension is the 
same throughout the length of the string. 

Again, when a portion of tho string passes over a smooth pulley 
(or a 3mooth surface), considering an element MN or M'N' which is 


Q 

Fig. (i) Fig. (ii) 

in contact with the surface, tho reaction of tho smooth surface is 
along tho normal, and this has no effect in tho tangential direction. 
Hence the only tangential forces, namely the tensions at the extre- 
mities M and N must balance one another, and accordingly must be 
equal and opposite. Thus the magnitude of the tension continues 
to be the same throughout the string even when it passes over smooth 
surfaces'as in Fig. (i) abovo. 

[f however any point G of the string is knotted to other 
string (or to any other body) as in Fig. (ii), we must regard 
its continuity as broken, and the tension will not he the 
same in the two portions on the two sides of the knot f though 
for each separate portion it continues to have a constant 
value throughout. 

* 1*4. Geometrical representation of a force by 
a straight line. 

A force has a given magnitude, and acts at a particular 
point of a body in a definite direction ; in other words, it 
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has a definite magnitude, direction, and point of application, 
the two latter giving the line of action of the force. 

Now a straight line has also a length and a direction, 
and can ho drawn through a particular point, thus having 
a definite position. Thus, a straight line drawn through the 
point of application of n force can very aptly represent the 
force completely in magnitude, direction and position, the 
magnitude of the fore* being represented on a suitably 
chosen scale by the length o*' the hue drawn, the direction 
of the line representing the dmetion of the force, the sense 
being indicated by an arrow-head on the line, the extremity 
of the line being at the point of application of the force. 

A parallel line of equal length drawn anywhere with 
an arrow-head indicating the sense will represent the same 
force equally well in magnitude and direction, hut not in 
position. 

Note. A quantity having magnitude and direction (in a definite) 
sense) is a vector quantity, and such quantities are geometrically very 
aptly represented both in magnitude and (Pnction hy straight lines 
as ox plained abovo. [ See Dynamics, § 2’ 2 j For the sake of con- 
venience, a force represented ■ in magnitude , direction and sense by Al> 

will usually be denoted by AB or AB. 

IT). The principle of Transmissibility of a Force. 

The effect of a force acting on a rigid body at any point 
is unaltered if its point of application is transferred to any 
other point on its line of action , provided the tioo points are 
rigidly connected to one another. 

This principle follows as an immediate consequence of 
the conditions of equilibrium of two forces acting on 
a body, which is more or less axiomatic, namely that two 
equal forces acting along the same line on a rigid body in 
opposite sense produce equilibrium and will have no effect 
on the body. In fact equal forces are defined as such when 
they satisfy the above condition. 
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Thus, P being a force acting at A along .17> on a rigid 
body, if we introduce two equal and opposite forces at B 
each equal to P 
along BA and AB , 
and two latter, being 
in equilibrium, will 
neutralise one 
another and will 
have no effect on 
the original force. 

Now P at .1, and . 

the opposite P at B along the same line, produce equilibrium, 
and wo arc left with a force P at D in the sense AB which 
is thus equivalent to the original force P at .1. Hence 
follows tho principle of transmissibility of a force as enun- 
ciated above. 




CHAPTER II 

COMPOSITION AND RESOLUTION OF FORCES 


2*1. Resultant and Components. 

If two or more forces act simultaneously on a rigid 
body, and if a single force can be obtained whoso effect on 
the body is the same as the joint effect of the given forces 
(i.e., produces exactly the same motion of the body), then 
this single force is known as the resultant of the given 
forces, and the given forces in their turn are called the 
components of the single resultant force. 

It follows from above that if on a body acted on by two 
or more forces a force equal and opposite to their resultant 
is applied, the whole system is in equilibrium and the body 
remains at rest. 

Conversely, if a set of forces acting on a body be in 
equilibrium, then each force is equal and opposite to the 
resultant of the other forces. 

2*2. Parallelogram of Forces. 

If tivo forces acting at a point on a body be represented 
in magnitude , direction and sense by the two adjacent sides 
of a parallelogram drawn from an angular pomt, then their 

resultant is represented 
in magnitude , direction 
and sense by the dia- 
gonal of the parallelo- 
gram drawn from that 
point . 

Thus, if two forces 
P and Q, acting on a body at a point A, be represented (on 
a chosen scale) in magnitude, direction and sense by the 
two straight lines AB and AG t both drawn from A , and 
the parallelogram ABGD be completed with AB and AG 
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as adjacent sides, then the resultant force (say R) will be 
represented in magnitude, direction and sense by the dia- 
gonal AD drawn from A. 

Note. If both P and Q bo towards A, represented by DA and CA , 
tho resultant will be represented by DA towards A . If however P is 
along AD and Q aloDg CA , the resultant will not be along AD or DA % 
nor represented by it. 

A formal theoretical proof of the above theorem is 
reserved for a later consideration.* Below we give an ex- 
perimental verification of the principle. ^ 

Experimental Verification ^ 

Any three weights P, Q, R (of which no one should 
exceed the sum of the other two) are tied at the extremities 
of three light flexible strings, the other extremities of which 
are knotted at a common 
point A. Two of these strings 
are placed over two smooth 
pegs, or two light smooth 
pulleys (say L and M), fixed 
against a vertical wall or black- 
board, the knot being between 
the pulleys, and the whole 
system is allowed to come to 
the equilibrium position as in 
the above figure. 

Now at A there are tensions 
acting along the three strings 
which keep A at rest) and are 
therefore in equilibrium. These 
tensions being constant along 
the respective strings, and 
supporting the weights P, Q t B at the other extremities, 
have got their magnitudes equal to P, Q and B respectively 
along AL , AM and AR. 



See Appendix . 




10 


STATICS 


Now, on the black-board, along AL, AM and AB , we 
draw (on any chosen scale) straight lines AB, AC and 
AE to represent, in magnitude and direction, the forces 
P, Q and B respectively. The parallelogram ABDC is 
completed and the diagonal AD joined. It trill be found 
that AD and AE are in the same straight line and equal in 
magnitude. 

Since P, Q and B are in equilibrium, B is equal and 
opposite to the resultant of P and Q. But B is represented 
by AE, and AD is found equal and opposite to it experi- 
mentally, as stated above. Thus, the resultant of P and 
Q is represented by AD. 

By altering P, Q and B in any manner (with the 
restriction that no one is greater than the sum of the 
other two), and repeating the experiment, the same result 
will be verified in every case. 

This proves the parallelogram law for finding the 
resultant of two forces acting at a point. 

/ Ms' 3. Analytical expression for the resultant of 
two given forces. 



Let P and Q be two given forces acting at the point A 
at an angle a, and let them be represented by AB and AC 
respectively. Complete the parallelogram ABDC and join 
the diagonal AD, which then, by parallelogram of forces, 
represents the resultant B. Let /LDAB-d, which will give 
the direction of the resultant. Now draw DE perpendicular 
upon AB, produced if necessary, as in Fig. (i). Then in the 
right-angled triangle DBE , 

DE — DB sin DBE “ Q sin a 
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Also, A E*= AB + BE = P + Q cos a 

[ In Kg. (ii), AE = AB-BE~AB-BD cos DBE 

= P - Q cos (1 80° - a) - P + Q cos a ] 
Thus, J77 2 = .■)#* + 1)E 2 gives - 


xllso, tan 0 5=5 


72 2 =(P + y cos a) 2 + (Q sin a) 5 
= P 2 + 2PQ cos a + y 2 . 

Z)7£ _ (,) sin a 


AE P + Q cos a 


Hence, R 8 Jp * 4- 2PQ cos a + Q 2 

i ^ . .1 Qsina 

and 0 = tan r fr * 

P + Q cos a 

giving the magnitude and direction of the resultant. 

'-{for. 1. If a=0, R = P+Q and if a = ir, R=P-Q. ( P > Q ) 
Hence, the resultant of two given forces acting along the same line 
is their algebraic sum. 


Cor. 2. Two forces P and Q acting at a point being given in 
magnitude, their resultant is greatest when cos a is greatest i.e 
cos a = l i.e., a = 0; and the greatest resultant is P+Q\ and the 
resultant is least when cos a is least i.e., cos a = — 1 i,c. t a = w and the 
least resultant is P — Q. 

'<Jor. 3. When P=Q, it is easily seen that 
72 = 2 P cos Ja and 0 = .$a. 

Thus, the resultant of two equal forces P , P at an angle a, is 
2 P cos Ja, in a direction bisecting the angle between them. 

If a = 120*, Ii = 2P cos 60° = P. 

Hence, the resultant of two equal forces acting at an angle 120°, is 
equal to each of the forces. [ R = P=Q J 

Mjor. 4. If a *90°, £=■ Jp r +Q i , tf = tan-'(3/P, 

(J0or. 5. If P > Q, the resultant is nearer to P. 

*2*4. Breaking up a given force into two compo. 
nents. 


* A given force may be resolved in two components in ’ 
, an infinite number of ways, for by parallelogram of forces. 
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if with the straight line representing the given force as 
diagonal we construct any parallelogram, the two adjacent 
sides of this parallelogram will represent the two component 
forces having the given force as their resultant. 

Again, if we want the component of a given force, in 
a given direction at any inclination to it, the component is 
not determinable, in as much as the direction of the other 
component may be chosen to be anyone, and the parallelo- 
gram constructed with the given force as diagonal. 

If however, with a given force, both the directions are 
definitely mentioned in which we are required to break it 
up into components, these components can be determined. 

Let OG represent the given force B t and OX and OY 

two given directions 
making angles a and 0 
respectively with OC, 
on opposite sides of it, 
along which we are to 
find the components 
of B . 

Complete the para- 
llelogram OACB with 
diagonal OC, and sides 
along OX and OY. 
Then, by parallelogram 
of forces, OA and OB 
P and Q , having B as 



represent the required components 
their resultant. 


Now from the triangle OAC, by Trigonometry, 

...OA ... AC OC _ f 
sin OCA sin CO A sin OAC * 




oa_ „ _ob_ _ oc 

sin p Bin a sin (180°- a + p) 


PsOA 


B sin p 
sin(a + 0)’ 


QsOB 


B . . 
sin (a + fi) ’• 

( B sin a • 
sin (a + fi) 
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matically, a force F along OX ’ is identical with a force — F along OX, 
Hen co, — P cos 9 along OX may be described as P cos 0 along OX. 

Thus, the resolved part of P along OX is mathematically P cos 9, 
and perpendicular to OX , it is P sin 0 , whether $ is obtuse or acute.or 
of any magnitude. 

Hence, any given force P is mathematically equivalent 
to (and accordingly can be replaced, whenever needed , by) 
two simultaneously acting resolved parts , one P cos 0 along 
a direction OX at an angle 0 to it, and another, P sin 6 
perpendicular to OX, whatever the angle 0 may be. This 
mode of replacing a given force by its two equivalent 
resolved parts in two suitable perpendicular directions is 
particularly useful in finding the resultant of several forces 
simultaneously acting at a point, as is shown in Article 2’7. 

Theorem. The algebraic sum of the resolved parts 
of any two forces acting at a point, along any direction, 
is equal to the resolved part of their resultant, in the same 
direction . 



Let OA and OB represent the two forces P and Q 
acting at the point 0. Then OC, the diagonal of the 
parallelogram OACB, represents their resultant B in 
magnitude and direction. 

Let OX be a line drawn in any direction through 0 
and AL , BM and CN the perpendiculars drawn on it from 
A, B and 0 respectively, so that OL, OM and ON represent 
the resolved parts of P, Q and B along OX, in magnitude 
and sign. In Fig. (i) all three are positive, and in Fig. (ji) 
OM is negative. 
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Now, OB and AC being equal and parallel, their projec- 
tions OM and LN on OX are equal in magnitude. 

lienee in Fig. (i), ON** OL + LN*= OL + OM 
and in Fig. (ii), ON = OL - NL *= OL - MO 

= OL - ( - OM) *= OL + OM. 

Thus, resolved part of the resultant R is equal to^the 
algebraic sum of the resolved parts of P and Q along OX. 

Cor. By a repeated application of the above theorem, we can 
easily extend the theorem as follows : 

If any number of forces act at a point, the algebraic sum of their 
resolved parts in any direction is tqual to the resolved part of their 
resultant in the same direction . «' 

i ^*7. Resultant of several coplanar forces simultane- 
ously acting at a point. 

Y, 



Y' 


# Let a number of given coplanar forces P i» Pa* Ps* ©tp* 
be simultaneously acting at the point 0, and let their 
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directions make angles a 1( a 9 , with any suitably 

chosen direction OX in the plane, OT being perpendicular 
to OX 

We can replace the force P x by its resolved parts 
Pi cos a x along OX, and P x sin a t along OY. Similarly, 
P a may be replaced by P a cos a a along OX and P a sin a a 
along OY, and so for each one of the given forces. 

Now B (represented by 00) being the resultant of the 
given forces, and 0 the angle it makes with OX, its resolved 
parts along OX and OY being equal to the algebraic sum 
of the resolved parts of the component forces along the same 
two directions, we get 

R cos 6-Pi cos cti+P 2 cos <r 2 + P 3 cos a 3 + -- =-£X (say), 
R sin 6 — Pi sin <Xi+P 2 sin <* 2 + P 3 sin a 3 + -*=JBY (say). 

Hence, R 2 = (j£X) a + (S Y) 2 , or R- JCs'Xp +T2YV* 

2 Y JSY 

and tan 0- or, 6 -tan" 1 

R 2 - {£P r cos a r }* + {-SPr sin d r } 2 

= 2{P r 2 (cos 2 d r + sin 2 d r )} + 2 2\P r P s (cos d r cos d 8 

+ sin a r sin a s )} 

— SPr 2 + 2 2P r Ps COS (a r ~ a s ). 

Note. If no suitable direction is apparent, we may take OX along 
the direction of one of the given forces, say P lt in whioh case a & «0 
and Px cos a l ^P l9 and P x sin «0. 

2*8. Graphical method of construction of the result- 
tant of concurrent forces. {Force diagram) 

Let the two given forces P and Q act at 0. In their 
plane, draw a straight line AB parallel to P, on a suitably 
chosen scale, to represent P in magnitude, direction and 
sense, and then on the same scale, draw BO parallel to Q, 
to represent Q. 
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Two forces : — 



Thus, AB, BC taken in order represent successively 
P and Q . Then the third side AG ( in opposite order) will 
represent the magnitude , direction and sense of the resultant , 
which will however act at 0 . 

In vector notation, AB + Rjp"AC. 

The proof is easily seen to depend on the parallelogram 
of forces, for, completing the parallelogram ABCD t AD, 
which is equal and parallel to BC , represents Q equally well 
in magnitude, direction and sense. 


Any number of forces : — 



-JQet 
. -forces e 


P, Q, tc. be any number of given coplanar 


roes acting simultaneously at 0. 


- In their plane, on any chosen scale, draw successively 
the lines AB, B0 t CD ,... etc. parallel to the directions of 


a 
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P * Q t R, etc. to represent those forces in magnitude, 
direction and sense. Then the last line to close up the poly- 
gon, in opposite sense (say AE % as in the above figure), 
represents the magnitude , direction and sense of the resultant , 
which will however act at 0. 


For, from the case of two forces, resultant (R ± say) of 
P and Q represented by AB and BG is represented by AC. 
Then the resultant of R± and B, which are given by AC 
and CD respectively, is represented by AD ; and so on. 


In vector notation, AB + BC + CD + DE 



The (m, n) theorem. 


AE. 


The resultant of two forces represented in magnitude 
by m.OA and n.OB, acting at 0 along OA and OB res- 
pectively , is represented in magnitude and direction by 
(m + n).OC, where C is a point on AB such that AC : CB 
— n : m, i.e., m.AC = n.CB. 



Let two forces act at 0 along OA and OB whose magni- 
tudes are represented by m.OA and n.OB respectively. 

Join AB and let C be the point on it such that m.AC 
■= n.CB. Join OC. 

Through 0 draw XOY parallel to ACB, and complete 
the parallelograms OCAX and OCBY . 

By parallelogram of forces, the force represented by 
OA can be replaced by the components OX and 00, and 
hence a force represented by m.OA oan be replaced by 
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the components m.OX and m.OC. Similarly, the force 
represented by n.OB can be replaced by its components 
n.OY and n.OC. 

Hence, the two given forces m.OA and n.OB are equiva- 
lent to a total component (ra + ra).OC, along OC, a compo- 
nent m.OX along OX and one n.OY along OY. But since 
m.OX Ts vt"CA = n.CB ss: n.OY in magnitude, the last two 
components being equal and opposite along the same line, 
balance one another. 

Hence, the final resultant is the single force represented 
by (m +n).OC along OC . 

Cor. 1. The resultant of two forces OA and OB [is 
represented by 2 OC, where C is the mid-point of AB. 

Cor. 2. The resultant of three forces represented by 
OA, OB, OC is 30G , where G is the centroid of the triangle 
ABC . 


2 a 10. Illustrative Examples. 

Ex. 1 . If the resultant of two forces acting on a particle be at right 
angles to one of them, and its magnitude be one-third of the magnitude 
of the other , show that the ratio of the larger force to the smaller is 
3 : 2 n/2. [ U. P. 1944 ] 

Let P and Q he the forces, and let the resultant be perpendicular 
to P, its magnitude being JQ, as in the figure, when the diagonal of 
the parallelogram with P and Q as adjacent sides represents the 
resultant. 



Then, from the figure, 

O f -(M) , +P\«r, SQ a «P 9 ; 

/. Q'IP' = 9IQ, 
or, g:P«8:2^2. 

Ex. 2. Two forces acting at a point have got tJyeir resultant 10 when 
'acting at right angles , and their least resultant is 2, Find their greatest 
resultant , and also the resultant when they act at an angle 60°. 
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Let P and Q be the forces, P being the greater. 

Then, while acting perpendicularly, their resultant, 

JP' + Q*- 10, or, P a + Q a = 100. 

Also their least resultant, 

P-Q=2. P a + <2 fl -2Pg = 4. 

Hence, PQ = 48. 

Now tho groatest resultant 

= P+C? = J'P* + Q i + 2PQ 

= x /lOO + 9G — 14. 

Also, when they act at an angle 60°, their resultant 
R - x/ P’ J + Q a + 2P"g cos G0° 

= v/lOO + 2 x 48x4= ^148. 

Ex. 3. Forces P and Q, ivhose resultant is R, act at a point 0. If 
any transversal cut the lines of action of the forces P, Q , It at the points 
L, M, N respectively , s/jow; that 

OL + OM = ON [ H - U - 1944 ; U - 1947 ] 



Let OA be drawn perpendicular from 0 on the transversal LNM. 
Equating the algebraic sum of the resolved parts of P and Q along 
OA to that of their resultant R, we get 

P 003 LOA + Q cos MOA - R cos NOA, 


T>OA, n OA n OA 

ot » p ol + ®om~‘ r on' 




J> \_Q_ R 
OL^OM^ON 
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Alternative method : 

P P 

P along OL can be written as • OL = m.OL *= where • 

UJj UJj 

Similarly, Q along OM can be written as n. OM where 

Now the resultant of the forces represented by m.OL and n.OM is 
(/n+?i) . ON along ON , where N is a point on LM such that LN : NM 
— n : 77i. Thus, ON being the direction of the resultant, intersecting 
LM at iV, 

R = (m + n).ON, or, + k = ql + OM 

Ex. 4. Two forces P , Q act at (%<point along two straight lines making 
an angle a with each other , and R is their resultant. Two other faces 
P\ Q' acting along the same two lines have a resultant R\ Prove that 
if 0 be the angle between the lines of action of the resultants , then 

RR' cos 0 = {PQ' + P'Q) cos a + PP’ + QQ\ 
and RR' sin 0 = (PQ' ~*P'Q) sin a. 

If 0 be the angle which _tho resultant R makes with the line of 
action of P , resolving along and perpendicular to this line, and equating 
the resolved part of the resultant to the algebraic sum of tho resolved 
parts of tho components, 

R cos 0 = P+Q cos a, R sin <p-Q sin a. 

Similarly, 4> being the angle made by R ' with the same line, 

R! cos 0' = P'+<3' cos o, R ' sin 0' = <2' sin a. 

Now, 0 = 0*-0', cos 0 = cos (0^0'). 

. * . RR' cos 0 = RR' (cos 0 cos 0'+ sin 0 sin 0') 

= (P+Q cos a)(P'+Q' cos a) + (Q sin a)(Q' sin a) 
**PP'+(PQ' + P'Q) oos a + QQ' (cos* a + sin 9 a) 
«(PQ'+P'Q) cos a + PP'+QQ r . 

Similarly, the second result follows. 

Ex. 5. Show that the resultant of two forces sec B and sec C acting 
along AB, AC respectively of any triangle ABO is a force (tan A+tan C) 
along AD, where D is the foot of the perpendicular from A on BO • 
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We note that the forces sec B and sec C along AB and AC can be 
A written as 

see B j n j sec C m 

-Jb- ab and ~ac' ao 

along these lines. 

BD_AB cos B 
Again ’ DC AC cos C 

sec C . sec B 
AC 1 AB ' 

iB along AB and a ^ on 6 

AC is ^ ^ a l° n S since D divides BC in the ratio 

eo B 

AB % 

( sec B , seo C\ 

A ; 



sec C sec B r 0 - rt . n n 

~Io : ~ab’ [ 800 § a 9 ] 


Ag +^"g“J*4jD = sec J5.sin .B+sec 0. sin C 


Also, 

Hence the result. 


= (tan B+ tan C). 


[ Ex. 6. ABCDE is a regular •pentagon and forces acting at a point 
are represented in magnitude and direction by the lines AB, AC, Alf , 
AE, BC, BD, BE, CD, CE and DE. Prove that their resultant is 
represented by 4-425 + 2BD. [ C. TJ, 1939 ] 

We first of all see that forces 
acting at a point and represented in 
magnitude and direction by the lines 
AB, BC, CD, DE are equivalent to 
a single foroo represented by AE £ 

[ See § 8'8 ] Written in vector 
notation, 

AB + BC + CD + D E « AE. 

Similarly, AC+CE =*AE- 

Also, AD + DEz=AE 

and BE + WD-BD. 

As two forces represented by DE and ED aoting at a point oanoel 
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one another, and as the forces all act at one point, we get by combining 
the above, 

AJ3 + lTc+Cb + DE + AC+CE+AD + BE= $AE + BD. 

Hence, adding two more forces represented by AE and BD t we get 

ab+Tc + ad+ae+bg+Wi+1^+cd+~ce+i>e 

= AAE + 2BJD, 

Ex. 7. Forces of magnitude 1, 2, 3, 4, 5 respectively act at an 
angular point of a regular hexagon towards the other angular points 
taken in order ; find their resultant . 

ABCDEF being a regular hexa- 
gon, forces 1, 2, 3, 4, 5 act along AB , 

AC ,AD , AE and AF. 

In the regular hexagon, it is easily 
scon from Geometry that Z.BAC*= 

/_CAD = /-DAE = /_EAF=30°, and F 
so AB and AE aro perpendicular to 
one another. 

If R bo the required resultant and 
0 the angle it makes with AB t we got 
by equating the resolved parts of the 
resultant along AB and AE to the algebraic sum of the resolved parts 
of the components, 

B cos 9 = 1+2 cos 30° + 3 cos 60° + 4 cos 90°+5 oos 120° 

= 1+2. -^+3. *-+4.0+5(-|) = n/ 5; 
and R sin 9 = 2 sin 30° + 8 sin 60° + 4 sin 90° + 5 sin 120° 

= 2. -|+3. +4.1 + 5. -^ = 6+4 iJS, 

B* = ( ^3) “ + (6 + 4 n/3) ’ = 76 + 40 »/5. 

. . 6+4 iJS 

Also, tan 0«= — ^ * 

Hence, R = 2 Jl9+l0JB and 9=tan-‘(4+ 
giving the magnitude and direction of the resultant. 
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Ex. 8. Assuming that the parallelogram law of forces is true so 
far as the magnitude only of the resultant is concerned, prove it for 
direction . 



Let OA and OB represent two forces acting at 0 in magnitude and 
direction. Complete the parallelogram OACB and join tEe diagonal 
00, It is given that the resultant of OA and OB is represented in 
magnitude only by OC. We are to show that the direction of the 
resultant must be along OC. 

Let OD be a force exactly equal and opposite to the unknown result- 
ant of OA and OB, so that OD is equal to OC in magnitude, but we 
do not as yet know the direction of OD. Complete the parallelogram 
ODEA, and join the diagonal OE. 

Now, since OD is equal and opposite to the resultant of OA and OB, 
the three forces OA, OB, OD acting at 0 are in equilibrium. Hence, 
OB is exactly equal and opposite to the resultant of OA and OD. 
But from the giveu condition, the magnitude of this resultant is 
given by the diagonal OE. Hence, OB must be equal to OE in 
magnitude. 

Thus, 'OJE«OB® AC. Also, AE**OD**OC. Hence the figure 
OEAC is a parallelogram. Therefore EA is parallel to OC. But by 
construction, AE is parallel to QD. Hence OD and OC must he along 
the same straight line. Thu9, the direction of the resultant of OA and 
OB being exactly opposite to OD from construction, is along the 
diagonal 00. 
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Examples on Chapter II 

1. Show that the greater the angle beoween tne lines 
of action of two forces acting at a point, the less will be 
their resultant. 

2. Two unequal forces inclined at a certain angle act 
on a particle. Show that the resultant is nearer the greater 
force. 

& The greatest and least resultants of two forces of 
given magnitudes acting at a point are 16 lbs. wt. and 4 lbs. 
wt. respectively. Find their resultant when they are at 
an angle of 60° with one another. 

The resultant of twocforces P and 2P, acting at 
a point, is perpendicular to P. Find the angle between the 
forces. 

Find the angle between two equal forces P, when 
their resultant is a third equal force P. [ P. U. 1930 ] 

fir Two equal forces act on a particle ; find the angle 
between them when the square of their resultant is equal to 
three times their product. [ P. U. 1933 ] 

C?.. The resultant of two forces acting at an angle of 
45° is lbs. wt. ; one of the components being J2 lbs. 
wt., find the other. 

Find the components of a force P along two 
directions making angles of 45° and 60° with P on opposite 
sides. 

Two forces of magnitudes 3P, 2P respectively have 
a resultant B . If the first force is doubled, the magnitude 
of the resultant is doubled. Find the angle between the 
forces. [ 0. U. 1932 ] 

10. Two forces given in magnitude and direction act * 
jp» a particle. Find the direction in which a third force of 
given magnitude should act on it, so that the resultant of 
the three may be the least possible in magnitude. 

Two forces act at a point and are such that if £Ee 
direction of one is reversed, the direction of the resultant 
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is turned through a right angle. Prove that the two forces 
must be equal in magnitude. 


If the resultant of two equal forces inclined at an 
angle 26 is twice as groat as when they are inclined at an 
angle 2 <f> 9 prove that cos 0 = 2 cos <£. 

1 If the resultant R of two forces P and Q inclined 

to one another at any given angle makes an angle 6 with 
the direction of P, show that the resultant of the forces 
P+i? and Q acting at the same angle will make an angle 
J0 with the direction of P + R. 

[ B. U. 1926 , '29 ; B . E. 1932 ] 


vmT' if the resultant of the forces P and Q be equal to 
that of the forces P + S and Q - S acting at the same angle 
(S?*Q — P), find the magnitude of the resultant. 


\&r Two forces P and D ac ting on a particf& at an 
angle a have a resultant (2A -f 1) Jp 2 + Q 2 . When they act 
at an angle 90° - a, the resultant becomes (2 k - 1) JP* + Q 2 ; 

prove that 

tan a - [ B. E. V. 1946 ] 


si«r Two forces P+Q, P-Q make an angle 2a with 
one another, and their resultant makes an angle 0 with the 
bisector of the angle between them. Show that 

P tan 0 — Q tan a. [ P. U. 1931 ] 

**■ 

y&r: The angle of inclination between two forces P and 
Q is 0. If P and Q be interchanged in position, show that 
the resultant will be turned through an angle <f>, where 

tan | q tan | • [ P. U. 1929 ] 

Two forces P and Q act at an angle a and have 
a resultant R . If each force is increased by R , prove thfetf 
the new resultant makes with R an angle whose tangent**^ 

( P - Q) sin q 

P + Q + R + (P + Q) cos ^ 

[ P. U. 1943 ; B. JET. U. 1948 ] 
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\Kf. Two forces P and Q acting respectively along two % 
different straight lines OA and OB have resultant perpendi-' 
cular to OA. If two forces P' and Q ' acting respectively 
along the same two straight lines have a resultant perpendi- 
cular to 0B t show that 

PP'=QQ'. 


Two forces P and Q acting respectively along the 
straight lines OA and OB which are inclined at an angle 
a to one another (a ^ n), have a resultant B making an 
angle 0 with OA. If Q bo changed to Q\ the resultant 
changes to B' making an angle O' with OA. Show that 

B f ^ sin (q ^ 0) t 
B sin (a - 0') 

- The resultant of two forces P, Q acting at a certain 

angle is X, and that of P, B acting at the same angle is 
also X. The resultant of Q, B (Q ^ B) aoting at the same 
angle is Y. Show that if P + Q + B - 0, then X"=Y. 


Two forces. B and S act at a point along t'ivo. 
straight-fines inclined at an angle 0, and F is their resultant. 
Two other forces B ' and S' acting along the same lines 
have a resultant F'. If <f> be the angle between the lines of 
action of F and F\ prove that 

(1 - cos <£X 1 + cos <t>) 

{B*S’ 2 - ZBB'SS' + B ,2 S 2 )( 1 - cos 0)(1 + cos 0) 




[ G. U. 1946 J 


i) Two forces P and Q acting at a point have got 
anresultant B ; if Q be doubled, B is doubled. Again, if 
Q be reversed in direction, then also B is doubled. Show 
at P : Q : B - ^2 : >/3 : s/2. [ Bombay , 1934 3 

X (ii) Show that three concurrent forces lying in a plane 
nnbt i 


* , 

jjannbt produce equilibrium for any arrangement 
directions, if the sum of the magnitudes of two 
be less than that of the third. 


of 

of 


their 

thank 
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24/ If one of the two forces acting on a particle be 
'double that of the other, and if 0 be the angle between 
the direction of the resultant and the greater force, show 
that 0 > in. 

257 Three forces P, Q, 11 in one plane act on a particle, 
the angles between Q and B, B and P and P and Q being 
a, 0, y respectively. Show that their resultant is equal to 

}P 2 + Q 2 + JR a + 2 QB cos a + 2BP cos j3 + 2PQ cos y}*. 

[ Delhi, 1931 ] 

26/ Equal forces P act at a point parallel to the sides 
BC t CA, AB of the triangle ABC . Prove that their resultant 
is given by 

P -s/3-2 cos A- 2 cos P-2 cos C. 

'27. Forces act through the angular points of a triangle 
perpendicular to the opposite sides, and are proportional 
to the cosines of the corresponding angles ; Bhow that their 
resultant is proportional to 

J(1 - 8 cos A cos B cos C). 

28. Prove that any foree in the plane of a triangle ABC 
can be resolved into three components acting along the 
sides of the triangle. 

In particular if E , F are the feet of the perpendiculars 
from B and C upon the opposite sides of the triangle ABC, 
show that a force P acting along EF can be replaced by 
P cos A, P cos B, P cos G acting along the sides of the 
triangle. [ B . E, 1935 ] 

*29. Show how a force given in magnitude and line of 
action can be broken up into two equal components passing . 
through two given points, which are (i) on the same side, 
(ii) on opposite sides of the line of action of the given 
force. 

*30. Two give^ forces, which are not parallel, act at tfas^ 
given points of a body. If they be turned through the " 
same angle in the same, sense about their respective pointy 
of application, prove that the resultant is constant in magni- " 
tnde and passes through a fixed point. 
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*81. Two forces P and Q act upon a particle, P is given 
in magnitude and direction, and Q in magnitude only. Find 
the locus of the extremity of the resultant. 

82. A , B, C are three fixed points and P is a point 
such that the resultant of forces PA , PB always passes 
through C . Show that the locus of P is a straight line. 

33. If the resultant of forces represented by lines drawn 
from a point P to the vertices of a quadrilateral be of const- 
ant magnitude, show that the locus of P is a circle. 

34. Forces are represented in magnitude, direction and 
sense by the sides AB, AC of the triangle ABQ» If their 
resultant passes through the circum -centre of the triangle, 
show that the triangle is either^ right -angled, or isosceles. 

35. A, B, C are three points on the circumference of 

a circle. Forces act along AB and BC inversely proxjortional 
to these lines in magnitude ; show that their resultant acts 
along the tangent to the circle at B . [ U. P . 1941 ] 

36. AB and CD denote any two equal and parallel 
chords of a circle ; P is a point on the circumference equi- 
distant from A and B . Show that the resultant of forces 
acting at P and represented by PA, PB, PC, PD is constant. 

[ C . U . 1943 ] 

^7. PQBS is a quadrilateral. Prove that the resultant 
of the forces completely represented by the lines PQ , QR, 
PS, SR is represented in magnitude and direction by 2 PR, 
and that its line of action bisects QS. [ C. U, 1941 ] 

38. If H be the ortho-centre and 0 the ciroum-centre of 
a triangle ABC , show that the resultant of the forces repre- 
sented by 

(i) OA , OB, OC is represented by OH ; 

(ii) HA, HB, HC is represented by 2 HO ; 

(iii) AH, HB, HC is represented in magnitude and 
direction by the diameter through A of the circum- circle of 
the triangle. 
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* 39. Three forces PA, PB t P0 diverge from the point 
P, and three forces AQ, BQ , CQ converge to the point Q. 
Show that the resultant of the six forces is represented in 
magnitude and direction by 3 PQ and that it passes through 
the jjentroid of the triangle. 

40. If 0 be the circum-centre of the triangle ABO and 
if forces act along OA, OB, OC respectively proportional to- 
BG, CA, AB, show that their resultant passes through the 
in-centre. 

41. 0 is any point in the plane of the triangle ABO ; 
D, E, F are the middle points of the sides. Prove that 
the re sultant of the forces OE, OF, DO is represented 
by OA. 


42. Two chords AB, CD of a circle intersect at^ right 
angles at P ; jrtiow that the resultant of the forces PA, PB , 
PC, PD is 2PO, where 0 is the centre of the circle. 

43. ABGDEF is a regular hexagon and 0 is any point. 
Prove that the resultant of the forces represented by OA, 
OB, 00, OD, OE, OF is 60 G, where G is the centre of the 
circum- circle of the hexagon. 

*44. Eight points are taken on the circumference of 
a circle at equal distances, and from one of the points 
straight lines are drawn to the others. If these lines 
represent forces acting on a particle at the point, show 
that the direction of the resultant coincides with the 
diameter through the point, and its magnitude is four times 
the diameter. 


45. Forces each equal to P act along the sides AB, CB, 
*AD, DO of the square A BOD ; find their resultant. 


46. ABO is a triangle right-angled at A, and AD is 
perpendicular on BG. Show that the resultant of 


forces acting along AB and ^ acting along AC is 




acting along AD. 
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47. Show that the resultant of the forces OA tan A 
and OB tan B acting along the sides OA and OB of the 
triangle OAB is AB tan A tan B, acting in the direction of 
the perpendicular from 0 on AB. 

t *48. Two forces act along the sides CA, CB of a 
triangle ABC , their magnitudes being proportional to cos A, 
cos J3. Prove that their resultant is proportional to sin G , 
and its direction divides the angle G into two portions 
J(C + B--4), UC + A-B). 

Of *49. P is a point in the plane of the triangle ABC, and 
f I is the in-centre. Show that the resultant of the forces 
represented by PA sin A, PB sin B , PC- sin G along PA t 
PB , PC respectively is c 

4 PI. cos %A cos \B cos \C, 

along PL 

^ 50. Pour horizontal wires are attached to a telephone 
post and exert the following tensions on it ; 20 lbs. wt. N., 
30 lbs, wt. E., 40 lbs. wt. S. W., and 50 lbs. wt. S. E. 
Calculate the resultant pull on the post. 

51. Forces of 2, J3, 5, ^3 and 2 lbs. wt. respectively 
act at one of the angular points of a regular hexagon 
towards the five others in order. Find the magnitude and 
direction of the resultant. 

52. Find the magnitude of the resultant of the forces 
7, 1, 1 and 3 lbs. wt. acting from one angle of a regular 
pentagon towards the other angles taken in order. 

53. ABCDEF is a regular hexagon of side a, and at A 
forces act, represented in magnitude and direction by AB, 
2 AC, 3 AD, 4 AE, 5AF , show that the magnitude of the 
resultant is J3 51a. 

V *54. Three forces P, Q, R meet at a point, and the 
resultant of P and <3 is 7 lbs. wt. acting at an angle 
icos‘ x (H) with P. The resultant of P and R is also 7 lbs. 
wt. at an angle oos~' 1 ( - £) with P, and that of Q and R is 
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13 

V3 

P, Q, B in magnitude and direction, it being given that 
Q and B are on the same side of the line of action of P. 

*55. At any point of a parabola, forces represented in. 
magnitude and direction by the tangent and normal at the 
point (up to their intersection with the axis), both towards 
the axis, act. Show that the resultant passes through the 
focus. 

*56. Two forces are represented by two semi-conjugate 
diameters of an ellipse ; prove that their resultant is a 
maximum when the diameters are equal and include an 
acute angle, and their resultant is a minimum when they 
are equal and include an obtuse angle. 

57. P is any point on an ellipse of centre C and foci S 
and S'. Two equal constant forces act at C parallel to SP 
and PS'. Show that the end of the straight line which 
represents their resultant lies on a circle passing through 
the centre. 

*58. Assuming the parallelogram law of forces to be true 
for direction only, prove it for magnitude. 

ANSWERS 

8. 14 lbs. wt. 4. 120°. 5. 120°. 6. 60°. 

7. 2 lbs. wt. 8 ‘ ®- 120 °’ 

10. In the direction opposito to that of the resultant of the given 
forces. 

14. P+Q. 

31. A circle with centre at the extremity of P and radius equal to 
the magnitude of Q . 

45. 2P acting along DC. 50. 57*2 lbs. wt. 

51. 10 lbs. wt., towards the opposite vertex. 52. >/7I lbs. wt. 

54. P«9 lbs. wt., 5 lbs. wt. at angle 60° with P, 

R — 8 lbs. wt., at angle 120° with P. 


with P. Find 


a/ 129 lbs. wt. at an angle tan -1 ( 



CHAPTER III 

EQUILIBRIUM OF CONCURRENT FORCES 


8"1. Triangle of forces. 

If three forces acting at a point , he such as can he 
represented in magnitude , direction , and sense , (but not in 
position) by the three sides of a triangle taken in order , then 
the forces are in equilibrium. 



Let the three forces P, Q, B acting at the point O be 
represented in magnitude, direction and sense by the sideB 
BC, CA , AB in order respectively of the triangle ABC. 
It is required to prove that they shall be in equilibrium. 

Complete the parallelogram BGAD . Since BD is equal 
and parallel to CA, the force Q which is represented by CA 
can as well be represented in magnitude and direction 
by BD. 

Now by parallelogram of forces, the two forces P and 
<f£ represented in magnitude, direction and sense by BC 
and BD, have got a ^resultant represented in magnitude, 
direction and sense by BA. This resultant of P and Q 
acts however at 0, and being equal and opposite to B 
which is represented by AB, balances the latter force* 


8 
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Hence the three forces are in equilibrium. 

In vector notation, AB + BC + CA"0, when referring 
to forces acting at a point. 

Note. The three forces, in this case, though represented in magni- 
tude and direction by the sides of a triangle, act at a point, and do not 
act along the sides of the. triangle. It will be seen in a la tor chapter 
(§ 6'Q), what happens if three forces act along the sides of a triauglc. 
Three forces acting on a particle mean the same thing as three forces 
acting at a point. 

3’2. Modification of the triangle of forces. (Perpendi- 
cular triangle of forces ) .* 

If three forces acting at a point, be such that their 
magnitudes are proportional to the sides of a triangle and 
their directions are perpendicular to the corresponding uides , 
all inwards , or all outwards, then also the forces shall be in 
equilibrium. 

For in this case, if we rotate the triangle through one 
right angle in its own plane in the proper sense, W6 j get 
a triangle whose sides in order are parallel to the given 
forces, and will represent those forces in both magnitude and 
direction. Accordingly the forces are in equilibrium. 

Note. The result' ifrill also hold if in the above case, the directions 
of the forces, instead being perpendicular to the corresponding sides, 
make any equal angle with them, measured the same way round. The 
proof is exactly similar. 

3'3. The converse of the triangle of forces. 

If three forces acting at a point be in equilibrium, they 
can be represented in magnitude , direction and sense by the 
three sides of a triangle , taken in order. 

Let the three forces P, Q , B acting at 0 be in equili- 
brium. Draw the lines BG , CA in succession, parallel to 

*For a note' on the method of proof of this Art. see Appendix (B). 
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the directions of P and Q, to represent these forces respect- 
ively in magnitude, direction and sense, on any chosen 
scale. Complete the parallelogram BCAD , and join the 
diagonal BA. 

Then BD being equal and parallel to CA , represents 
Q as well in magnitude, direction and sense. Now, P and 
Q being represented by BC and BD , by parallelogram^of 



forces, their resultant is represented by BA. But since P, Q, 
B are in equilibrium, B is equal and opposite to the result- 
ant of P and Q, and accordingly B is represented in magni- 
tude, direction and senBe by AB . 

Thus, we get a triangle ABC whose sides BC, CA, AB 
taken in order, represent the forces P, Q, B in this case 
which proves the theorem. 

Note. If we draw any other triangle with the sides parallel to the 
lines of action of the given forces, this triangle will evidently be similar 
to ABO, and accordingly having the corresponding sides proportional, 
the three forces in this case may as well he represented in magnitude, 

direction and sense by the sides of that triangle taken in order. 

*. 

Cor. Three forces aoting at a point being such that the sdta jbt 
any two is less than the third, they can never be in equilibrium,, 
they cannot be represented by the sides of a triangle. 
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3*4. Lami’s Theorem. 

If three forces acting at a point he in equilibrium , then 

each is proportional to the sine of the angle between the other 
two. 

Let the three forces P, Q , B acting at O along the 
lines OX t OY t OZ be in equilibrium. 



It is required to prove that 

P Q 

sin YOZ sin ZOX sin XOY 

On any chosen scale cut off OA and OB along OX and 
07 respectively to represent the forces P and Q in magni- 
tude and direction. Complete the parallelogram OACB and 
join the diagonal OG. Then by parallelogram of forces, the 
resultant of P and Q is represented by OC. 

Now, Bince P, Q, B are in equilibrium, B is equal and 
opposite to the resultant of P and Q , and accordingly B 
must be represented in magnitude and direction by CO, so 
that COZ must be along the same straight line. Also, AC 
being equal and parallel to OB, represents Q equally .well 
in magnitude and direction. 

Then in the triangle OAC, 

OA AC CO 
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But, sin OCA = sin COB - sin (180° - YOZ) - sin YOZ 

sin CO A - sin (180° - ZOX) = Bin ZOX 
ana sin OAC = sin (180° - XOY) ~ sin XOY. 

Also, OA, AC, CO represent P, Q, B respectively. 

Th U8 — — = 0 = — , 

’ sin FOF sin FOX sin XOY 

or „ S . 

sin (0, 2?) sin (P, P) sin (P, 0) 


Alternatively, since the concurrent forcoa are in equilibrium, the 
algebraic sum of their resolved parts in any direction, being equal to 
the resolved part of their resultant, is zero. Therefore, resolving per- 
pendicular to OX and to 07 respectively, Q sin XOY — R sin XOZ= 0, 
and P sin YOX—R sin YOZ — 0. Hence, P / Bin Y0Z = R / Bin XOY 
-Q l sin ZOX . 


K 3*4 (1). Converse of Lami 9 s Theorem. 

Jf three forces acting at a point he such that each is 
proportional to the sine of the angle between the other two 
(the sense of the forces being such that any one of them lies 
within the angle opposite to that in which the resultant of 
the other two lies), then the three forces are in equilibrium. 

Let the three forces P, Q, B acting at 0 along OX, 0Y f 
OZ be such that 

—P- SL_._JL_ ... (i > 

sin YOZ sin ZOX Bin XOY ■ 

the.sense of the forces being as indicated by the arrow-heads. 
[ See fig. of § 3'4] 

• Produce ZjO to 0 such that OC—R in magnitude. Com- 
plete the parallelogram OAOB with diagonal 00, tho» 
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sides OA, OB being along OX and OY respectively. Then 
from the triangle OAC t 

OA _ _ AC _ _OC B . 
sin OCA sin AOC sin 6 AC sin OAC 9 
also, sin OCA = sin BOC = sin (J80°— FOZ) = sin YOZ 
sin AOC - sin (180° - ZOX) = sin ZOX 
and sin OAC - sin (180° - XOY) — sin ZOF. 

tt = _P 

MenCe ' sin FOZ sin ZOX sin XOY 

Comparing this with (i), we get 
P = OA , Q = AC = OB. 

Hence, by the parallelogram of forces, the resultant of 
P and Q, which are now represented by OA and OP, is 00, 
and this by construction is equal and opposite to B. 

Thus, P, Q, B are in equilibrium. 


8*5. Polygon of forces. 

If any number of forces acting at a point be such that 
they can be represented in magnitude , direction and sense 
by the sides of a closed polygon taken in order , then they 
shall be in equilibrium . 



Let the forces P, Q, B t S, T acting at 0 be represented 
in magnitude, direction and sense by the ^ides AB % BO, 
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CD, DE , etc., taken in order, of the closed polygon ABODE . 
Join the diagonals AC, AD. 

The forces P and Q being represented by AB, BG, their 
resultant (say P x ) f is represented by AC. Again, the result- 
ant ( B 2 , say) of Pi and P, which are represented by AC, 
CD, is represented by AD ; in other words, AD represents 
the resultant of P, Q , P. Proceeding in this manner the 
resultant of the forces P, Q, P, S which are represented 
respectively by AB, BC, CD, DE is represented by AE 
[ See Art. 2'8 ]. But the last force T is represented by EA . 
and is thus equal and opposite to the resultant of P, Q , 
P, S. Both however acting at 0, balance one another. 
Hence the given forces are in' equilibrium. 

Note. It is not necessary here that the forces acting at O, (and 
accordingly the polygon) should be coplanar. The result will be equally 
true in all cases. 

3‘6. The converse of the polygon of forces. 

If any number of forces acting at a point be in equili- 
brium, then they can be represented in magnitude, direction 
and sense by the sides, taken in order, of a closed polygon. 

Let a number of forces P, Q , B, S, T acting at a point 
O be in equilibrium. We are to show that they can be 
represented in magnitude, direction and sense of the sides 
of a closed polygon. 

Let us draw in succession the lines AB , BC, CD, DE, 
joined end to end, parallel to, and in the sense of the forces 

P, 0, P. 8 (all but one), of such lengths that they may 
represent the corresponding forces on any chosen scale. 
Join AE, closing up the polygon, and join the diagonals 
AC, AD. [ See Fig., Art. 3’6 J 

.Then since P and ^<9 are represented by AB, BO, their 
resultant (Pi, say) is represented by AC. Similarly, AD 
represents the resultant (P 9l say) of P x and P i.e^ of P, 

Q , P. Proceeding in this manner, the last line AE (fronv 
A to E) represents the resultant of P, Q, P, 8 (all but the 
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last, namely T). As the forces are in equilibrium, T is 
equal and opposite to the resultant of all the others, and 
accordingly, from above, T is represented by EA* 

Hence, the forces are represented in succession by the 
sides of the closed polygon ABODE taken in order. 

Note. As polygons with their corresponding sides parallel are not 
necessarily similar, i.e ■, have not got their corresponding sides propor- 
tional always, it follows that tho forces in equilibrium acting at O 
will not necessarily be represented by the sides of any polygon drawn 
with its sides parallel to the forces. [ Cf. Art . 3*3, Note ] 

3’7. Analytical conditions of equilibrium of any 
number of concurrent forces. 

The two necessary and sufficient conditions that a system 
of coplanar forces acting at a point may be in equilibrium 
are that the algebraic sum of the resolved parts of the forces in 
any two mutually perpendicular directions* may be separately 
zero . 

Let a system of coplanar forces P 2 . Ps act at 

a point 0, and let OX and OY be any two perpendicular 

directions in their plane. Let ai, a 3 , a 3 » be the angles 

made by P lt P 2 , P a with OX. Now, B being the 

resultant of the system, and 0 the angle which it makes 
with 0X t since the algebraic sum of the resolved parts of 
any system of concurrent forces is equal to that of the 
resultant in the same direction, resolving along OX and CY 
respectively, we get 

B cos O^EPi cos fli “ 2X (say), 

and B sin 6*=2P x sin a x * s 2Y (say). 

Thus, B*=(2X)*+(2Y)*. 

Now, if the given force system be in equilibrium, B — O, 
and accordingly (SZ) 8 + {2Y) 2 being ze ro, each of 2X and 
2Y must be separately zero. Hence, the conditions 2X sb 0 


or any two different directions. 
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and SY** 0 are necessary for equilibrium of the given 
system. 

Again, if 2X - 0 and 2Y=Q, then i?- J(2X) a +(2Y)* 
= 0, and so the force system is in equilibrium. Thus the 
conditions are sufficient.. 

Thus, the two necessary and sufficient analytical condi- 
tions of equilibrium of the given system of concurrent 
coplanar forces are 

cosa 1 “0 and 2Y = J£Pi sin <ii -»0. 

3'8. Illustrative Examples. 

1. Three forces P , Q , B acting along 04, OB , OG are in 
eg uililn'ium. If 0 he the cir cum.’ centre of the triangle ABC, prove that 

--Q * - - 

l l 1 ,1_/^ 1. l.il. 

b* c a 6 2 c a a a c a a a a a 6 a a a 6 a 

where a , 6, c are fbe lengths of the sides BG , C4 and 4B. [ C. U. 1938 ] 

O being the circum-contre of the triangle ABC , /LBOG at the 
centre = 2Z.B4C at the circumference = 24, and similarly Z. COA a 2B 
and l_AOB = 2C. 


A 



Now sinoe the forces P, Q, B along 04, OB, 00 are in equilibrium, 
by Lami's theorem, 


ie„ 


P Q B 

sin BOO* sin C04"“Bin 40B 
P CT 0 , B , 
sin 24 aim iB sin 20 
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or, 


Q_ _R 

2 sin A cos A 2 Bin B cos B 2 sin C cos C 


Now, in the triangle ABC , 

sin 4 sin J? sin C 


» and cos 4 = 


l + c*-a a 
2&c 


eto. 


Honce, from above 


Dividing the denominator throughout by abc , the result follows. 


Ex. 2. A body of mass 10 lbs. is suspended by tivo strings , 7 and 
24 inches long , f/zeir oJ/zcr ends freingr fastened to the extremities of a rod 
of length 25 inches. If the rod be so held that the body hangs immediately 
below its middle point , find the tensions of the strings. [ U. B. 1943 ] 


AB is the rod of length 25 incheB, OA and OB the strings of 
lengths 7 and 24 inches by which the weight (10 lbs.) is suspended at 
O, where CO is given to be vertical, C being the mid-point of AB. If 
CD be drawn parallel to AO, then D is the middle point of OB, and 
CD=iAO = db inches. 



Again, since 25 9 = 7 9 + 24* identically, wo 
get + and so /LAOB = l rt. L. 

Thus, OC^bAB - 121 inches. 

Now, if T 1 and T 9 be the required tensions 
along OA and OB, since the three forces, T x , 
T 9 and the vertical weight of 10 lbs. acting at 
O are in equilibrium, the triangle ODC, whose 
sides aro evidently parallel to the forces, is 
a triangle of force and its sides will accordingly 
be proportional to the magnitudes of tho forces. 

Thus, • 

T x T* 10 . T, T 9 10 

ci>-OD m oc' **’• 8 } 

Hence, T, lbs. wt. and — 9| lbs. wt. 


10 lbs. 
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Alternatively, 

by Lami’s theorem in this case, 


_Ti r,_ 


10 


sin COB sin CO A sin AOB 
10 


■ or, 


T x 


10 




sin CBO sin GAO sin 90° 


or, 


L m 3j m 

7 24 
'26 26 


» etc. 


/ Ex. 3. A smooth ring of weight W can slide freely along a string 
which has its ends attached to two fixed points. The ring is pulled 
horizontally on one side icith a force P. Find P, if in the equilibrium 
position portions of the string are inclined at angles 0 and <f> to the 
vertical. 

Lot T be the tension of the string, whioh must be same through- 
out the string, as it passes through a smooth ring. 

Now the ring at 0 is in equilibrium undor four forces, namely, the 
tension T t T on tho two sides along OA and 013, the weight vertically 
-downwards, and the horizontal force P. 



Resolving horizontally and vertically for equilibrium, we get 
P+2 1 sin 0-T sin 0-0, or, P-2* (sin 0-sin 0) 
and W - T cos 0- T cos 0 « or, W**T (cos 0+cos 0). 

• P ^ sin 0-sin # 3 sin j (0-0) cos j (0+0 ) 

8 * JV“cos 0 + COS 0*2 cos J (0+0) cos J (0-0) 

«tan J (0-0), 

*\ P-W tan J (0-0). 
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Examples on Chapter 111 

1. Three forces of magnitudes 3, 5 and 7 lbs. wt. acting 
on a particle keep it at rest. Find the angle between the 
two smaller forces. 

Is. Can a particle be kept at rest by three forces whose 
magnitudes are proportional to (i) 4, 5, 9 ; (ii) 4, 7, 9 ; 
(iii) 4, 15, 9 ? 

'll. (i) Examine whether three forces whose magnitudes 
are in the proportion 3:2:1, acting on a particle, can be 
kept in equilibrium under any circumstances. [ C. U. 1943 ] 

(iii) A light string suspended from a fixed point 0 has 
attached to it three equal masses, one at its lowest point C 
and the other two at A and B , A being above B . If TV 
TV T s be the tensions of the parts OA, AB t BG, show that 
Ti : T 2 : T 3 = 3 : 2 : 1. 

4. (i) Three equal forces acting at a point are in equili- 
brium ; show that they are equally inclined to one another, 
and conversely. 

(ii) Show that three concurrent forces lying in a plane 
cannot produce equilibrium for any arrangement of their 
directions, if the sum of two of them be less than the third. 

5. Three forces acting at a point are in equilibrium ; if 
they are proportional to 

(i) 1, 1, J2 ; (ii) J3 + 1, J3 - 1, J6 
find their inclinations to each other. 


U. Find a point within (i) a triangle, (ii) a quadrilateral, 
such that the forces represented by the lines joining it to 
thp angular points may be in equilibrium. 


7. ABO is a triangle ; D t E, F are the middle points 
of the sides BO , OA, AB respectively. Show that the forces 
aoting on a particle and represented by the straight lines ■ 
AD, BE, OF will maintain equilibrium. [ 1940 ] 
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Er. Ill ] 

£ Three forces in equilibrium act perpendicularly to 
the sides of a triangle through any point in their plane within 
the triangle. Show that the forces are proportional to the 
corresponding sides of the triangle. 

. If P be any point in the plane of the triangle ABC, 
and D, E , F the middle points of_its sides BC , CA , AB 
respectively, show that the forces AP , BP , CP, PD, PE, 
PF are in equilibrium. 

/ 

S10. Three forces act in given directions at a point 0 , 
and are in equilibrium. If^a circle is drawn through 0 to 
cut the lines of action of the forces in A, B, C respectively, 
prove that the forces are proportional to the sides of the 
triangle ABG . 

^11. OA, OB , OC are three straight lines of equal length 
in one plane, and they are not all on the same side of any 
straight line passing through 0. Forces P, Q , B act res- 
pectively along these lines, such that 

A— 

area OBC area OCA area OAB 
show that P, Q, B are in equilibrium. 

7 Forces P, Q , B acting along IA , IB, IC , where I 
is the in-centre of the triangle ABC , are in equilibrium ; 
show that P : Q : B = cos iA : cos iB : cos iC. 

t9. Forces P, Q, B acting along OA, OB , 00, where 0 
is the ciroum-centre of the triangle ABO, are in equili- 
brium ; show that 

P Q 

aV + o'-a'l b*(? + a a -b a ) c a (a a + b a ~c a ) 

f4. 0 is the oir cum- centre of the triangle ABO , and 
L, M, N are the feet of the perpendiculars from A, B, 0 
respectively on the opposite sides. If forces acting along 
OA, OB, 00 are in equilibrium* show that they are proper-* 
tional to the sides of the triangle LMN. 
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15. Forces X , Y act along the sides AB, AD respectively 
of a cyclic quadrilateral ABCD. If they are balanced by 
a force Z which acts along the diagonal CA from C to A, 
show that X : Y : Z = GD : CB : BD. 

16. A transversal cuts the lines of action of three forces 
j? t Q , B which act at the point 0, and are in equilibrium t 
at the points A, B, C ; show that (with a convention regard- 
ing sign) 


_ P_ mm Q JB_. 

OA.BC OB.CA OC.AB 

17. If forces represented in magnitude, direction and 
sense by ( m - n) OP, (n - l) OQ, ( l- m ) OB be such that they 
are in equilibrium, prove that P, Q, B are collinear. 

18. If four forces acting along the sides of a quadri- 
lateral are in equilibrium, prove that the quadrilateral is 
a plane one. 

& 19. (i) If one of the two intersecting forces be given in 
magnitude and direction, and the other has its line of action 
only given, prove that the least force which will produce 
equilibrium is perpendicular to the second force. 

(ii) A particle weighing 10 lbs. is supported by two 
strings attached to it. If the direction of one string be at 
30° to the vertical, find the direction of the other in order 
that its tension may be as small as possible ; find also the 
magnitude of the tensions in the two strings in this case. 

20. 0D , 0E t OF are drawn perpendiculars from the 
cironm-centre 0 of the triangle ABC upon the sides BC , CA, 
AB. Show that the six forces represented by AO, BO, CO, 
OD, OE, OF are in equilibrium. 

21. Forces acting at a point are represented in magni- 
tude, direction and sense by AB, 2 BO, 2 OD, DA, DB 

where ABCD is a square. Show that th& forces are in 
equilibrium. 
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v $2. Forces acting at a point are represented in magni- 
tude and direction by 2 AB t 3 BG, 2 CD, DA % CA and DB 
where ABGD is a quadrilateral. Show that the forces are 
in equilibrium. [C. U. 1937 J 

\' *28- A, B, C, X ; Y, Z are six points in a plane, no three 
of which are collinear. Show that the forces BG t CA , AB, 
acting at I, 7, Z respectively are in equilibrium with 
forces ZY , XZ t YX acting respectively at A , B , C. 

' 24. Coplanar forces whose magnitudes are proportional 
to the sides of a closed pologo^ act perpendicularly to those 
sides at their middle points, all inwards or all outwards. 
Prove that they are in equilibrium. 

25. (i) Five equal forces so act on a particle that the* 
angles between them in pairs in order are equal ; show that 
the forces are in equilibrium. 

(ii) Two given forces act at two given points of 
a body ; if they are turned round these points in the same 
direction through any two equal angles, show that their 
resultant will pass through a fixed point. 

*26. If a transversal cuts the lines of action 0A l9 0A 2r 
0A 3t ...0A n of the forces P Xl P 2 , P 3 » ...Pw, which are in 
equilibrium, at the points A lt A 2t A a , ... A n , then 



^27. A uniform plane lamina in the form of a rhombus, 
one of whose angles is 120°, is supported by two forces 
applied at the centre in the directions of the diagonals so 
that one side of the rhombus is horizontal ; show that if 
P and Q be the forces, and P be the greater, then P 9 = 3Q*. 

2S. Two light rings slide on a smooth vertical circular 
wire and a thin string passing through the rings has two 
weights tied at its extremities. A third weight is attached 
to a point of the string between the rings, and the system is 
in equilibrium with the rings resting at points distant 30* 
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from the highest point of the circular wire. Find the rela- 
tion between the weights suspended. 

Find also the pressure on the wire at one ring, if the 
middle weight be 10 lbs. 


29. A light string is fastened to two points A, D at the 
same level, the length of the string exceeding the distance 
AD , and particles of weights 2 lbs. and 1 lb. are fastened to 
it at two points B and C respectively. If AB, BC t CD make 
angles a, 0, y respectively with the horizontal, prove that 

tan a = 2 tan y ± 3 tan 0. 

% 30. A series of equal weights are knotted at different 
points of a string, the two extremities of which are tied to 
two fixed points. Prove that, in the equilibrium position, 
the tangents of the inclination to the horizontal of the 
successive portions of the string are in A.P. 


*31. A string ABC has its extremities tied to two fixed 
points A and B in the same horizontal line ; to a given 
point C in the string is knotted a given weight W. Prove 
that the tension in the portion CA is 


Wb 

4cA 


(c a + 


&■). 


where a, b t c are the sides and A the area of the triangle 
AB£. 

*32. (i) Three smooth nails are stuck on a vertical wall so 
as to form an equilateral triangle with its base horizontal. 
A light string carrying two equal weights at its extremities 
passes on them. Find the pressures on the nails. 


(ii) Six smooth pegs form a regular hexagon. A loop 
of string passes round the pegs, fitting tightly against them. 
Prove that the pressure on each peg is the same. 

/ 33. If B be the pressure of a body of weight W on an 
inclined plane when the supporting force acts horizontally, 
and B ' the pressure when the supporting fpree acts along 
the plane, then TP 8 . 
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34. Two forces P, Q acting parallel to the length and 
base of an inclined plane respectively, would each of th$m 
singly support a weight W on the plane ; prove that 

1_ JL 1 

P a ~Q*“lF a ' 

^ 35. Two planes AB t AC having a common height are 
inclined to the horizon at angles a and 0 respectively. Two 
weights, one in each plane, are kept in equilibrium by 
a string attached to the weights and passing over A. Show 
that the weights are as AB : AC, 

A body is supported on a smooth plane inclined at 
an angle a to the horizon by a force Pi acting along the 
plane, and a horizontal force P a . The inclination a, as also 
each of the forces Pi and P 2 being halved, the body is 
still found to be at rest. Show that P x : P a = 2 cos a la : 1. 

/ 37. A weight of 30 lbs. is supported by a string fastened 
to a point on a. smooth plane inclined at an angle 15° to the 
horizon and the string is only just strong enough to support 
a weight of 15 lbs. The inclination of the plane to the 
horizon being gradually increased, find when the string will 
break. 

'.J*- . A weight is supported on a smooth plane of inclina- 
tion a to the horizon by a string inclined to the vertical at 
an angle V, If.the slope of the plane be increased to 0 and 
the slope of the string is unaltered, the tension of the string 
is doubled to support the weight. Prove that 

cot a - cot y - 2 cot 0. [ C. U. 1945 ] 

y *39. A smooth tube in the form of a parabola is placed 
with its axis vertical and vertex downwards, and a heavy 
particle is placed within it ; show that the particle can be 
kept at rest by an outward force along an ordinate which 
varies as the ordinate, and that the corresponding reaotion 
of the tube varies as the square root of its distanoe from 
the focus of the parabola. 
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*40. A small bead can slide on a smooth elliptic wire, 
being acted on by forces towards the foci which are propor- 
tional to the corresponding focal distances. Prove that the 
only positions of equilibrium are the extremities of the axes. 

ANSWERS 

1. 60°. 2. (i) Yes. (ii) Yes. (iii) No. 

3. (i) Yes, when all the three forces act in 'the same lino, the last 
two being in the same sense, and the first one opposite. 

5. (i) 135°, 135°, 90°. (ii) 75°, 165°. 120°. 

6. (i) The point of intersection of tho medians. 

(ii) The mid-point of the lino joining the middle points of an y 
pair of opposite sides. 

19. (ii) At right angles to the first string ; 6 lbs. wt. and 

5 lbs. wt. 

28. The weights are equal ; 10 lbs. wt. 

32. (i) W on tho upper, and J W(kI%— n/ 5) on either of the lower. 
87. When the inclination is 80°: 



CHAPTER IV 
PARALLEL FORCES 


4*1. In the previous chapters we have considered forces 
acting on a particle i,e. % forces which pass through a point. 
We shall now consider forces acting on a rigid body. In 
such cases, it is often necessary to find the resultant of two 
forces which are parallel. 

Two parallel forces are said to be like when they act 
in the same sense and they are said to be unlike when they 
act in opposite senses. 

^*2. Resultant of two like parallel forces. 

Let two like parallel forces P, Q acting at points A, B 
respectively of a rigid body be represented by the lines AX, 
BY. Join AB. 



At A apply a force of any magnitude F along AB. At 
B apply an equal and opposite force F along BA . Since 
these two forces balance each other, they will not affect 
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the required resultant. Let these forces be represented by 
AD and BE . 

Complete the parallelograms ADLX, BEMY ; let the 
diagonals AL , BM be produced to meet at O. Through O 
draw OC parallel to AX or BY to meet AB in C, and draw 
HOG parallel to AB. 

Now, the forces P at A and Q at B are equivalent to the 
forces P and F at A, and Q and F at B. 

But the forces P and F at A are equivalent to their 
resultant, say B ±i represented by the diagonal AL. Let 
its point of application be transferred on its line of action 
to 0. Then Pi at 0 can be resolved into two component 
forces, parallel to their original directions, one F along 
OG t parallel to and in the sense AB , and the other P 
along CO. 

Similarly, the forces Q and F at B are equivalent to 
their resultant, say P a » represented by BM. Let its point 
of application be also transferred to 0. Then B 2 at 0 can 
be resolved into two component forces, one F along OH 
parallel to BA , and the other Q along CO. 

Thus the given forces are equivalent to two forces P 
and Q along CO, and two more forces each equal to F, 
acting in opposite directions OG and OH. The first two 
forces are equivalent to a single force (P + Q) along CO, and 
the last two forces balance one another. 

Hence, the resultant B of two like parallel forces P and 
Q is a like parallel force (P + Q) acting through a point C 
in AB between the points of application of P and Q. 

Position of the point G through which B acts . 

Since A *ACO, ADL are similar, 

AG AD AD F 
CO^DlT AX~B % 

Again, since A *B00 t BEM are similar, 


(i) 
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BG^BE^F 
CO EM q' 

Dividing (1) by (2), we get 

■ 

" CB P 



i.e. t C divides the line AB internally in the inverse ratio 
of the forces. 


Note 1. The position of the point C remains unaltered whatever be 
the common derection of the forces P and Q . 

Note 2. When P = Q, C is tlio mid-point of AB . 

^£*3. Resultant of two unlike (unequal) parallel 
forces. 



. Let two unlike unequal parallel forces P, Q (P > Q) 
acting at points A , B respectively of a rigid body be 
represented by the lines AX, BY. Join AB. 
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At A apply a force of any magnitude F along AB . 

At B apply an equal and opposite force F along BA. 

Since these two forces balance each other, they will not 
affect the resultant. Let these forces be represented by 
AD, BE. 

Complete the parallelograms ADLX, BE MY ; let their 
diagonals AL, BM when produced, meet at 0. (Since the 
given forces are not equal, the diagonals are not parallel, 
and hence they always meet.) 

Draw OC parallel to AX or BY to meet BA produced 
at C , and draw HOG parallel to AB. 

Now, the forces P at A and Q at B are equivalent to 
forces P and F at A, and Q and F at B. 

But the forces P and F at A are equivalent to their 
resultant, say B x , represented by the diagonal AL. Let its 
point of application bo transferred on its line of action to 0. 
Then Pi at 0 can be resolved into two component forces 
paralled to their original directions, one F along OG parallel 
to and in the sense AB, and the other P along OG. 

Similarly, the forces Q and F at B are equivalent to 
their resultant, say P a , represented by BM. Let its point 
of application be also transferred on its line of action to 0. 
Then P a at 0 can be resolved into two component forces, 
one F along OH, parallel to and in the sense BA, and the 
other Q along CO. 

Thus, the given forces are equivalent to two forces, P 
-along OG and Q along CO, and two more forces, each equal 
to F acting in the opposite directions OG and OH. 

The first two forces are equivalent to a single force 
•{P - Q) acting along OG, and the last two forces balance one 
another. 

Hence, the resultant B of the two unlike unequal parallel 
forces P and Q (P > Q) is a parallel force (P- Q) acting in . 
the direction of the greater force, through a point 0, outside ’ 
the points of application of the forces. 
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Position of the point C where B acts. 

Since A* OCA, AXL are similar, 

9Q = AX = AX P 

A& XL AD r Y 

P.AC^F.OC. ' - (1) 


Similarly, since A s OCB, MEB are similar, 
OC ME _BY _ Q 
CB ” EB BE F' 


Q.CB — F.OC. 

From (1) and (2), P.AC- 
AC _ Q 
CB P' 


' Q.cb, 


n 



t.e., G divides AB externally in the inverse ratio of the 
forces. 


Note. When the parallel forces P and Q are unlike and equal, 
A' ADL, BEM being identically equal, A.DAL ■= A-EBM. Therefore, 
AL , BM are parallel ; and hence they cannot meet at any finite 
distance. Hence, the geometrical construction for finding the resul- 
tant fails in such a case. Thus, we see that two equal unlike parallel 
forces cannot bo compounded into a single force; in other words 
there is no single force of which the effect on a body will be equivalent 
to the joint effect of two equal and unlike parallel forces . Such a pair 
of forces is said to constitute a couple [ see Chap . VI ]. This case 
accordingly is called a case of failure lor finding the resultant of two 
unlike parallel forces. 

In case of two like parallel forces however, they always have 
a single resultant whether they are equal or unequal, for in this case 
AL and BM [ Fig u Art . 4 2 ] will never be parallel, as can bo easily 
seen. 


4*4. Summing up. 

If the parallel forces P and Q (whether like or unlike) 
have a resultant B % then 
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{%) B is parallel to P and Q in the sense of the greater 
force ; 

(«) B — P ± Q (algebraic sum of P and Q) ; 

P _ BC 
Q ~ CA 

If P > Q, BG > GA . Hence the resultant passes 
nearer the grea ter forc e, dividing AB internally in case of 
UEe, and externally in case of unlike forces. 

( iv ) Again, from the above ratio, we get 

_P = _Q == P±Q = B 
BG GA BG±GA AB 

Hence it follows that if three parallel forces are in equi- 
librium, one is equal and opposite to the resultant of the 
other two, and each is proportional to the distance between 
the other two. 

(v) The position of the point G is independent of the 
directions of P and Q . This point is usually referred to 
as the centre of the parallel forces P and Q , whatever be 
their common direction. 


4*5. Resultant of a system of parallel forces. 

(*) When the forces are all like. 

Let Pi, Pa» Ps» be a system of like parallel forces. 

First find the resultant Pi of Pi and P 2 . Then Pi is 
a like parallel force, and is equal to Pi + P 9 . Next obtain 
the resultant P$ of Pi and P 3 ; then Pa^Pi + Ps 8 * 
Pi + P a +P 8 , and P a is a like parallel force. In this way 
the final resultant P would be obtained, which will be a like 
parallel force and 

P*=Pi + P 2 + Pa + 

(it) When the forces are not all like. 

Divide the forces into two sets of like parallel forces and 
let P lt P 2 be the resultants of the two sets, which are 
obviously unlike parallel forces. 
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If B 1 7*“ i? 2 , suppose B± > B 2 ; then -ft* -Eg is the 
required resultant, which is parallel to the system of forces 
and is equal to their algebraic sum. 

If and their lines of action are coincident, the 

system is in equilibrium ; but if their lines of action are not 
coincident, they form a couple. 

Note. For the point of application of the resultant see Art . 20*1. 


4*6. Illustrative Examples. 

Ex. 1. Two men are carrying a straight uniform bar lb ft, long 
and weighing 160 lbs . One man mipports it at a distance of 2 ft. from 
one end , and the other man at a distance of 3 ft. from the other end. 
What weight does each man bear ? 10. U. 1945 ] 

Lot AB be the uniform bar 16 ft. long and O be its middle point, 
so that its wt. 160 lbs. acts at G, [ because the weight of a uniform 
bar acts at its middle point, see Art. 10' 5 ]. 




160 lbs. 


TO 


Let the two men support the bar at C and D % so that AC =2 ft., 
and £2)=* 3 ft., and let P and Q be the downward pressure on their 
shoulders. Then P, Q are the parallel components of the weight 160 lbs. 
of the bar acting at Q. Hence by Art. 4*2, 

P + <3 = 160 ••• (1) and F.CG*=Q.DG, i.e.% 6P«5Q ••• (2) 
whence, P* a 72'jV, 

Hence the men bear the weights of 72y B j lbs, and 87 A lbs. respec- 
tively. 

^Ex. 2. Two men have to carry a block of stone of weight 811 lbs. 
on*a light plank • How must the block be placed soHhat one of the men 
should bear the weight 205 lbs. more than the other 9 [O. U. 1935 ] 

• Let AB be the plank and O the point on AB where the stone is 
to be placed. Let W lt W % > W*) be the weights which the two 
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[ Ex. IV 


men at A and B have to bear. Then the weight of the stone acting at 
C is the resultant of the parallel forces W l9 W 9 . 


rf 1 

Wi 311 lbs. w » 

Wi + W a = 311; — (1) 

and W l .AC=W,.BC. — (2) 

Also, it is given W L — = 205. ••• (3) 

From (1) and (3), W x = 258, W 2 = 53. 


from (2), 


AC _ TF a 
CB W x 


53 

258’ 


Thus, the stone must be placed on the plank at a point dividing it 
in the ratio 53 : 258. 


Examples on Chapter IV 

IT A horizontal rod AB which is 4 ft. long (whose 
weight is negligible) rests on two props at its extremities ; 
a body of mass 60 lbs. is suspended from a point C such 
that AC** 1 ft. Show that the pressure at A is three tin^ef 
that at B . 

'2. The extremities of a straight bamboo pole 8 ft., 
rest on two smooth pegs P and Q in the same horizontal 
line. A heavy load hangs from a point B of the pole. 
If PB^SBQ, and the pressure at Q be 325 lbs. more than 
that at P % find the weight of the load. [ C. 1941 ] 

A heavy uniform rod rests on two pegs in the same 
horizontal line, 1 foot apart. If the pressure on the pegs 
are in the ratio 1 : 2, find the distances of the pegs from the 
middle point of the rod. 

4. A uniform see-saw plank, 16 ft. long, weighs 1 owt. 

i z it* Mos 
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Find the position of the support when two children weighing 
44 lbs. and 68 lbs, respectively, sit at the two ends. 

[ P. U. 1945 ] 

56 Two men, one stronger than the other, have to 
remove a block of stone weighing 300 lbs. with a light pole 
whose length is 6 ft. ; the weaker man cannot carry more 
than 100 lbs. Where must the stone be fastened to the pole 
so as just to allow him his full share of weight. 

[ B. E. Allahabad ] 

Of' A light horizontal plank of length 8 ft., on which is 
placed a load of 32 lbs. at a pokat 1 foot from one end, rests 
on supports at its ends. If the load be removed from its 
position and placed at the middle of the plank, find by how 
much the pressure on each support is altered. 

If the position of the resultant of two like parallel 
forces P and Q is unaltered, when the positions of P and Q 
are interchanged, show that P*= Q. 

„ S. Two like parallel forces P and Q act at given points 
of a body ; if Q be changed to P 2 /Q, show that the line of 
action of the resultant is the same as it would be if the 
forces were simply interchanged. 

J&. A man carries a bundle at the end of a stick which 
is placed horizontally over his shoulder ; if the distance 
between his hand and his shoulder be changed, how does 
the pressure on his shoulder change ? 

C*0. A man carries a bundle at the end of a stick 6 ft. 
long, which is placed on his shoulder. What should be the 
distance between his hand and shoulder, in order that the 
pressure on the shoulder may be three times the weight of 
the bundle ? 

n- Show that the algebraic sum of the resolved parts 
ot a pair of parallel forces, (not forming a couple), along 
any line in their plane is equal to the resolved part of their 
resultant along the same line. 

Cl2. (i) Show that the resultant of three equal like 
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parallel forces acting at the angular points of a triangle 
passes through the centroid of the triangle. 

(ii) Three equal like parallel forces act at the mid- 
points of the sides of a triangle ; show that their resultant 
passes through the centroid of the triangle. 

^13* Three like parallel forces P, Q, B act at the angular 
points of a triangle. If their resultant passes through the 
centroid of the traingle, whatever be the common direction 
of the forces, then 

P = Q = B. 

Three like parallel forces P, Q, B act at the vertices 
A, B , C of the triangle ABC , and are respectively proper- 
tional to a, b , c . Show that their resultant passes through 
the in-centre of the triangle. 

vl5. A force P acts along AO, where 0 is the circum- 
centre of the triangle ABC . Show that the parallel 
components of P acting at B and C are in the ratio 
sin 2 B : sin 20. 

16. Three like parallel forces P, Q, B act at the vertices- 
of bhe triangle ABC . If their resultant passes through the 
circum-centre in all cases, whatever be the common direc- 
tion of the forces, show that 

P Q B u 

sin 2 A sin 2 B sin 20 

vtf. ABC is a triangle, and 0 any point within it ; like 
parallel forces act at A, B, 0, which are proportional to 
the areas B0C t CO A, AOB respectively. Show that the 
resultant acts at 0. 

v!8. A line AB is divided into two parts at 0. The 
resultant of two like parallel forces P and Q acting through 
the mid-points of AC and CB passes through 0. If P and 
Q be interchanged in position, show that their resultant 
will pass through the mid-point of AB, 

v49. The resultant of two parallel forces P, Q at A, B t 
aets at 0 when like, and at D when unlike. Prove that if 
parallel forces whose magnitudes are equal to these resultant 
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forces, act simultaneously at 0, D t then A, B will be the 
points at which their resultant will act in the two cases of 
like and unlike directions. 


20. If the magnitudes of two unlike parallel forces P, Q 
(P > Q) be increased by the same amount, show that the 
line of action of the resultant will move further off from P. 


21. P, Q are like parallel forces. If P is moved parallel 
to itself through a distance x, show that the resultant of P, 
Q moves through a distance Px/{P + Q). 

' 22. If the two like parallel forces P and Q acting on 
a rigid body at A and B be interchanged in position, show 
that the point of application of the resultant will be 
displaced along AB through a distance d where 


d " F + q' AB - ( p> ® [ c. U 1954 ] 

23. There are two' like parallel forces P, Q. If two 
equal and unlike parallel forces S , S having their lines of 
action parallel to those of P and Q and distant b from one 
another be introduced anywhere in the plane, show that 
the resultant is displaced through a distance bSl(P + Q ). 


24. The resultant of two like parallel forces P, Q passes 
through a point O \ when P is increased by JEt and Q by S, 
the resultant still passes through 0, and also when Q, B 
replace P, Q respectively ; show that 


S-B- 


( Q-B)\ 

r-Q 


ANSWERS 

2. 650 lbs. 3. 4 inches, 8 inches. 4. 7} ft. from the heavier child. 
5. 4 ft. from the weaker man, 6. 12 lbs. 

9.* The pressure varies inversely as the distance between his hand 
and shoulder. 


10. 2 ft. 



CHAPTER V 


MOMENT OF A FORCE 


5’1. Forces acting on a particle can produce a motion 
of translation only ; but forces acting upon a rigid body 
may produce either a motion of translation or of rotation 
or of translation and rotation both. The case of rotation 
introduces the idea of the turning effect or moment of a force 
which is defined as follows : 

iDef. The moment of a force about a point is the product 
of the force and the perpendicular distance of the point from 
the line of action of the force. 

Thus, if P be a force, and p the length of the perpendi- 
cular ON drawn from a point O upon AB t the line of 
action of the force, then the moment of P about O is 
P x ON i.e Pp . 



Note. It Is olear from above that if the line of action of P passes 
through O, Us moment about that point is zero. 

5 '2. Physical significance of a Moment. 

Let a body be capable of turning in a plane about 
a point ; for instance, let a plane lamina resting on a smooth 
horizontal table be pinned at 0 , about which it can turn. 
Let a force P be applied in its plane at a point A, say with 
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the help of a string, one extremity of which is tied at A . 
Now, if it be pulled in a direction which when produced 
passes through 0, it is common experience that the lamina 
does not move. If however the force be applied in a 
different direction, say LA, as in the figure, we can see that 
the body will turn about 0 in an anti-clockwise direction. 



If instead, a force Q be applied at I? in a direction j BM, as 
in the figure, the lamina will turn about 0 in a clockwise 
direction. If both the forces be applied simultaneously, the 
direction of rotation about 0 due to a joint effect of these 
will depend not simply on the magnitude of P and Q , but 
also on the distances OL and OM of their lines of action 
from the point 0. It will be experimentally observed that 
if P.OL = Q.OM, the body will not turn at all. On the other 
hand, it will rotate anti-clockwise or clockwise according 
as P.OL or Q.OM is the greater. 

Thus, it is experimentally found that the magnitude of 
the tendency of rotation about 0 due to a foroe depends on 
the moment of the force about the point, and not on the 
magnitude of the force only. The moment of a force about 
a point , therefore , is a fitting measure of the tendency of 
rotation of the body about the point caused by the application 
of the force . 

5*3. Sign of a Moment. 

As mentioned above, the moment of a force about a point 
in a body represents the tendency of rotation of the body 
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about the point due to the application of the force on it. 
Now, as already pointed out, on account of the situation 
of the point with respect to the line of action of the force, 
in some cases, the application of the force may cause the 
body to rotate anti-clockwise (as in the case of P along LA) 
and in other cases (as in the case of Q along BM) t the rota- 
tion may be clockwise. The moments of the forces in the 
two cases about 0 are to be regarded as of* opposite signs. 

Although either direction of rotation may be chosen as 
positive, the usual convention is to regard the moment in 
case of anti-clockwise tendency of rotation as positive t and 
in case of clockwise tendency of rotation , the moment is 
negative . 


5 a 4. Graphical representation of a Moment. 



Let the force P be represented in magnitude, direction 
and line of action by AB . Let 0 be any point, and p the 
length of the perpendicular ON from 0 upon AB or AB 
produced. Join OA, OB . The moment of P about 0 is 
Pp i.e., AB x ON^Q&OAB. Thus, the magnitude of the 
moment of a force about a point is represented by twice 
the area of the triangle formed by joining the point to the 
extremities of the line representing the force . 

When proper sign is given to this expression as explained 
in the previous article, we get the moment completely in 
magnitude and sign. 

5*5. Unit of Moment. 

The moment of 'a unit force about a point at a unit 
perpendicular distance from the line of action of the force 
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is defined as the unit for the measurement of moments. If 
the unit of force be a pound weight, and unit of distance be 
one foot, the unit of moment is a foot-pound* Similarly, if 
the unit of force be a gramme weight, and unit of distance 
be one centimetre, the unit of moment is a centimetre- 
gramme . 

i>'6. Varignon’s Theorem. 

The algebraic sum of the moments of two forces* about any 
point in their plane is equal to the moment of their resultant 
about that point . * 

There are two cases to be considered. 

Case (I). When the forces meet at a point. 

Let the two forces P and Q act at a point A [as shown 
in figures (i) and (ii)] along AX and AY respectively, and let 
O be any point in their plane. 



Draw 00 parallel to P to meet the line of action of 
Q A in C. Now choose scale so that the length AG may 
represent the magnitude of Q, and on the same scale let 
AB represent P, 

Complete the parallelogram ABGD , and join AD, OA , 
and OB* Then AD represents the resultant B of P and Q . 

* Which do not form a couple. 


5 


66 


STATICS 


Now in either figure, the moments of P t Q and R about 
0 are represented by 2A OAB, 2A OAC, and 2A0AD 
respectively. 

In fig. (i), where 0 lies outside the A BAG, the moments 
of P and Q about 0 are both of the same sign, (positive in 
this figure), and their algebraic sum is represented by 
2 A OAB + 2 A OAC = 2 A DAB + 2 A OAC 

*=* 2 AC AD + 2 AO AC = 2 AO AD 
= moment of B. 

In fig. (ii), where 0 lies within the ABAC , the moment 
of P being positive and that of Q being negative, their 
algebraic sum is equal to 

2 A OAB - 2 A AOC - 2 A DAB - 2 AAOC 
= 2 ACAD - 2 AAOC 
ss 2A0AD 
“= moment of B. 

Case (ii). When the forces are parallel. 


/ 

\ \ 


/ 

* 

E-P+Q 

p 


2?“P+ Q / 

\ p 
Q 

1 

8 A 

...J 

/ 

6 A 

c 

9 

° 0 | 


Fig. (i) Fig. (ii) 


Let P, Q be two like parallel forces, and let 0 be any 
point in their plane. 

Through 0 draw a line perpendicular to the lines of 
action of the forces P and Q to meet them in A , B 
respectively. Then by Art. 4*2, their resultant is the like 
parallel force R =* P + Q t acting through 0 on AB, such that 
P.AC-Q.BC. 
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In fig. (i), the algebraic sum of the moments of P and Q 
about 0 is 

P.0.1 + Q.OB 

*= P(OC - AC) + Q(OC + CB) 

= (P + <2) 00 - IK AO + Q.CB 
= (P + 0) 0C = B.0C 

- moment of R about 0. 

In fig. (ii), where 0 is within AD, the algebraic sum of 
the moments of P and Q about*;# 

= -P.OA + Q.OB 
= - P.(0C + AC) + QlBC - OC) 

- - (P + 0) 00 - P.40 + Q.PO 

- - (P + 0) 0C = -P.OC 
= moment of R about 0 

(taking into account its sign as in the figure) 

Note. If tho parallel forces are unlike and unequal, the theorem 
can be proved exactly in the same way. 

Cor. It easily follows from above that the algebraic sum of the 
moments of any two forces about any point on the line of action of 
their 'resultant is zero, and convorsely, if the algebraic sum of tho 
moments of any two coplanar forces (which are not in equilibrium) 
about any point in their plane is zero, their resultant passes through 
that point. 

s/' 

5*7. Generalized theorem of Moments. 

If any number of coplanar forces acting on a rigid body 
have a resultant , the algebraic sum of their moments about 
any point in their plane is equal to the moment of their 
resultant. [ Extension of Varignon f s Theorem ] 

Let P lf P a , P 3 ,-.. be the forces acting in a plane, 
and let 0 be the point in it about which the moments are 
taken. Further let the resultant of Pi and Pa be R±, and the 
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resultant of and P 3 be E 2 ; then B 2 is the resultant of 
Pi* P 2 » Pa* 

Similarly, let the resultant of I? 2 and P 4 be P 3 and 
so on, till the final resultant E is obtained. 

Now, by Art. 5*6, the algebraic sum of the moments of 
Pi and P 2 about 0 is equal to the moment of E i about 0 . 

Again, the algebraic sum of the moments of Bi and P s 
i.e., of Pi, P a , P 8 about 0 is equal to the moment of E 2 
about 0 ; and so on, till all the forces have been taken. 
If we denote the perpendiculars from 0 on the lines of 
action of the forces Pi, P 2 . Pa.*** by Pi, p 2 , Pa.*** and if 
d be the perpendicular distance from 0 of the line of action 
of the final resultant E , then we have 
2Pp = Ed. 

Dor. 1. It follows from above that if a system of coplanar forces 
be in equilibrium, the algebraic sum of their moments about any point 
in the plane is zero . 

*^or. 2. If O lies on the line of of action of tho resultant, d = 0 and 
hence 2Pp=0. Hence, the algebraic sum. of the moments of any number 
of coplanar forces about any point in the line of action of their resultant 
is zero . 

\Xtor. 3. Again, if 2Pp = 0, then Rd*= 0 ; henoe either d « 0, or R = 0. 
Thus, if the algebraic sum of the moments of any number of coplanar 
forces about any point in their plane be zero, either the resultant passes 
through the point , or the forces are in equilibrium . 

The above property enables us to determine the line of 
action of the resultant of a number of coplanar forces by 
determining the points through which the resultant passes. 

\/6*7(A). Moment of a force about the point (x 9 y). 

Let P be the given force acting along AK and D be the 
given point. Through any point A on the line of action 
of the force P, draw two perpendicular lines AB, AO parallel 
to the axes of oo-ordinates 0X % 07 . 
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Let D be the point (x lf y x ) about which the moment is to 
be taken. Join AD, Draw DN , DL , DM perpendiculars 
to AK % AB } AC respectively. 

Let /.KAB^Q and - 
LDAK=a, 

The components of the 
force P, along AB, AC are 
P cos 0, P sin 0 respectively. 

The sum of the moments 
of the components of the^ 
force P about the point D 

= P cos O.DL - P sin 6.DM ••• (l) 

= P cos 6. AD sin (0 + a) - P sin d.AD cos (0 + a) 

= P.AD {sin (0 + a) cos 0 - cos (0 + a) sin 0} 

= P.^4Z) sin a 

= P.DN 

= the moment of the force P about D. 

Thus, the moment of a force about a point is equal to 
the algebraic sum of the moments of its components about that 
point . 

Let X, Y bo the components of the force P parallel to 
the co-ordinate axes and (h t h) be the co-ordinates of A . 
The moment of the force P about the point D(x i, y x ) is 

X(y 1 -k)-Y(x 1 -h). - (2) 

If A coincides with 0 i,e„ if the line of action of the 
force P passes through the origin, h , k become zero. In 
thtecase, the moment of the force P about D{x i, y x ) is 

Xyi-Yxi. ••• (3) 

Note. In the Examples on Ohapter V, for Ex. 86, apply formula 
(2) and for Ex. 87, apply formula (8). 
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5*8. Moment of a force about an axis. 

So far we had confined ourselves to the consideration of 
two-dimensional cases only, where forces are confined to 
act in one plane, and the body is capable of turning in the 
same plane about some point in it. Now let us consider 
the more general case of a solid body capable of turning 
about a fixed line as an axis (a door capable pi turning about 
the line of hinges being an example). A force acting on the 
body at any point in any manner, it is seen that if the line 
of action of the force passes through the axis of rotation, 
or else is parallel to that axis, the body will not turn. On 



Fig. (i) Fig. (ii) 

the other hand, if the line of action of the force does not 
intersect the axis of rotation, nor is parallel to it, the body 
will turn about the axis. The measure of the tendency of 
rotation in this case necessitates the definition of the moment 
of a force about a line as follows : 

When a force P acts on a body in a direction perpendi- 
cular to a line AB in the body, but not intersecting it, 
i.e., when P acts in a plane perpendicular £b AB, as in 
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Fig. (i)» the moment of the force P about the line AB is 
defined to be P.ON* where ON is the perpendicular distance 
between the line of action of P and the line AB about 
which the moment is to be taken. 

When P acts in any direction (not necessarily perpendi- 
cular to AB) as in Fig. (ii), let ON be the shortest distance 
between AB and the line of action of P. If now P, assumed 
to be acting at N on its line of action, be resolved into two 
perpendicular components, one parallel to AB and the other 
perpendicular to it, the moment of P about AB is the product 
of the resolved part of P perpendicular to AB and the short- 
est distance ON between AB aqd the line of action of P ; 
in other words, the moment of P about AB in this case is 
P sin 0.ON. 

Note 1. The moment of P about AB is zero, if either (i) P is 
parallel to AB or else (ii) if the line of action of P intersects AB. 

Note 2. It must be borne in mind that when in the two-dimen- 
sional case we speak of a body in the form of a lamina rotating about 
a point in its plane, it really rotates about an axis perpendicular to the 
plane through the point in question. Moment of a force about a point 
in its plane in two- dimens ions is therefore nothing but the particular 
case of the moment about an axis perpendicular to the plane of the 
force through the point. 

Note 3. As in case of Varignon’s theorem in two dimensions, we 
can show in the general case of a solid body acted on by a system of 
forces, that if a system of forces acting on a body have a resultant , the 
algebraic sum of their moments about any line in the body is equal to 
that of their resultant. 

Hence, if a system of forces , acting on a body generally keeps it at 
rest , the algebraio sum of their moments about any line in the body is 
zero* 


5 9. Illustrative Examples. 

1. Three forces P, Q) R act along the sides BO, OA, AB of 
% triangle ABO. Their resultant lies in the line joining in-centre 
%nd centroid of the AABC. Show that 
P Q R 
a(b — c) * b(o -a)"c(a-6)' 
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Let I and O be the in-centre and centroid of A ABC and r the 
in-radius. Then the perpendiculars from I on the sides are each equal 
to r. Let OL , QM t ON be the perpendiculars from O and p lt jt? ai p 8 be 
the perpendiculars from A, B, C on BC , CA t AB ; then GL*=ip lt and 

ap^iAABC. QL=i A. -• Similarly, GMf=3A. I • QN=$A- X - • 

a be 

Since the resultant passes through I and (7, hence the algebraic sum 

of the moments of the forces about each of the two points is zero ; 

• P.r+Q.r+P.r= 0, i.e ., P+ (2+12 = 0, ••• (1) 

and P.OL + Q.GM+ R.GN= 0, 

i.e., P.§ A - 1 + Q.?A. | +£.3 A- - =0, 

CL 0 C 

or, P. \ + ( 2’ ^ + R' \ “0, i.e., P.bc+Q.ca+ R.ab^O. •■•(2) 

From (1) and (2) by cross-multiplication, we get the required 
result. 


Ex. 2. A narrow uniform plank 20 ft . long weighing 100 lbs . is 
supported in a horizontal position on two posts , one 5 ft. from one end 
and the other 8 ft. from the other end of the plank. A boy weighing 
60 lbs. walks on it starting from the latter post towards the corresponding 
end. Find how far it is safe for him to walk. What are reactions 
of the posts when he is furthest from the starting point without upsettina 
the plank $ [ C. U. 1933 J 

C G p Ip 

A 2K I 3k | B 

j, 60 IbB* 

100 lbs. 

Let AB be the plank placed upon two posts O and Z>, so that 
AC -5 ft. and J5JD*=* 8 ft. The wt. of 100 lbs. of the plank acts at G f 
the mid-point of AB ; then DG=* 2 ft. 

Let P be the position of the boy between D and B, beyond which 
he oannot walk safely without upsetting the plank, and let 
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In this position as the plank is on the point of being upset about 
D , the contact with the support at C is just broken and the reaotion 
at C is zero then. Now taking moment about D, we have 

60.PD=100.GA i.e„ 60a;=100x2, .*. ®=3Jft. 

For the position, as already remarked, reaction of the post 0 is 
zero and reaction of the point D balancing the resultant of the weights 
at O and P (which arc like parallel forces) is equal to 
100 + 60 = 160 lbs. wt. 

Ex. 3. One end of a stout rope of length 20 ft, is fixed to a vertical 
telegraph post standing on the ground , and a man pulls at the other end 
with a given force. Find the point of the post at ivhich the rope is to he 
fixed in order that the man will have the best chance of over-turning 
the post, [ C. U, 1944 ] 

Let AB be the telegraph post, A being the base and C the point 
to which the rope CD must be fixed where D is the position of the man 
on the ground. 



Then 20 ft. 

From A draw AM perp. to CD and let A-ADC**9, Let F be the 
force aoting along CD, 

The moment of F about A 

= 2Px AM^FxAD sin 9**FxGD cos 6 sin 9 
— FxJCD sin 2 9 
« 10F. sin 20. 

ThiB is greatest when sin 20 ■■ 1 i,e, 9 20 » 90°, 4.«.» 0 “ 46 c . 
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Then AC=CD sin 45° = 20x -^ = 10 sj2 ft. 

Thus, the rope is to be fixed at a height of 10 ft. from the 
ground. 


Ex. 4. A round table of weight W stands on three legs , of which the 
upper ends are attached to its rim so as to form an equilateral triangle . 
Show that a body whose weight does not exceed W may be placed any- 
where on the table without the risk of toppling it over . [ C. U, 1943 ] 



Ijet ABC be a circular table and let A, B, C be the upper ends of 
the legs attached to the rim such that ABC is an equilateral triangle 
and let A\ B\ C' be the points of contact of the legs with the floor. 

Let O be the centre of the table through which its weight W acts. 
There is a chance of overturning if any weight is placed on the portion 
of the table outside the triangle ABC, say in the portion BBC, and the 
table will, it it turns at all in this case, turn about the line B'C\ and 
when it is on the point of being overturned, A ' just loses contact with 
the floor and the weight placed and the weight of the table have equal 
moments about B'O', i.e. t about BC. Now, the weight will clearly 
have the greatest turning effect when placed farthest away from BC 
is., when placed at B t the mid-point of the arc BEO. 
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Since ABC is an equilateral triangle, AQDE ( D being the mid-point 
of BC) is perp. to BC. Lot X be the weight placed. Then taking 
moment about BC, 

XJBD-W.GD. — (1) 

Join OC, then from A GCD, OD^GC sin 30 ° = = 

.*. GD = DE. 

.\ from (1), X=W, 

i.e ., the greatest value of X when the table just not overturns is W. 

The same value of X would be obtained when placed in the portion 
on the side of AB or AC, opposite to the triangle ABC . 

Henco W is the greatest weigh^that can be placed anywhere on the 
table without toppling it over. 

It may be noted that if the weight be placed within the triangle 
ABC, its moment about BC or CA or AB being of the same sign as 
that of the weight of the table, there is no chance of the table being 
overturned whatever the weight may be. 


Examples on Chapter V 

1. AB is a diameter of a circle and AG, AD are chords 
at right angles to one another. Show that the moments of 
the forces represented by AC, AD about B are equal. 

2. Forces 2, 4, 6, 8, 10 and 12 lbs. wt. act respectively 
along the sides AB, BC, CD etc. in order, of a regular 
hexagon each of whose sides is JS feet. 0 is the centre of 
the hexagon and on AB an equilateral triangle 0* AB is 
drawn on the side opposite to the hexagon. Find the 
algebraic sum of the moments of the forces about 0 , 
A and O'. 

3. A uniform beam AB 16 feet long and weighs 
60 lbs ; masses of 20 and 50 lbs. are suspended from A , B 
respectively. At what point must the beam be supported 
so that it may rest horizontally ? 

x 4. A metre rule of negligible weight carries weights 

1. 2, 3 100 gms. attached to marks 1, 2, 3 100 cm. 

Find the point about which it will balance. 
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5. Masses of 1 lb. 2 lbs., 3 lbs., 4 lbs., and 5 lbs. are 
suspended from a uniform horizontal rod AB, 10 ft. long, 
weighing 3 lbs. and supported at its ends, at distances of 
1 foot, 2 feet, 3 feet, 4 feet and 5 feet from A. Find the 
pressure on the supports. 

6. The horizontal roadway of a bridge AB is 36 ft. 
long, weighs 5 tons and rests on two supports at its ends. 
What is the pressure on each support when a lorry of 
weight 3 tons starting from A is two-thirds of the way 
across the bridge ? 

7. Prove that if four forces acting along the sides of a 
square are in equilibrium, they must be equal in magnitude. 

8. (i) Show that the sum of the moments of the forces 
represented in magnitude, direction, sense and line of action 
by AD , BE , CF where D, E , F are the mid-points of the 
sides BC , CA, AB of A ABC, about each of the points A, 
B, C is zero. 

(ii) If D, E , F be points on the sides BC, CA, AB of 
a triangle ABC such that BD : DC=CE : EA = AF : FB , 
prove that the algebraic sum of the moments of the forces 
represented by AD, BE, CF, about each of the points 
A, B, C are equal. 

/ 9. Three forces P , Q, R acting at the vertices A, B , C 
respectively of a triangle, each perp. to the opposite side, 
keep it in equilibrium. Prove that 

P : Q : R**a : b : c. 

* 10. If three forces P, Q, R acting along the bisectors 
of the angles of a triangle, at the angular points A, B, C 
respectively, keep the triangle in equilibrium, show that 

P : Q : R - cos \A : cos \B : cos iC. 

11. Three forces acting along the medians of a triangle, 
all from the vertices, are in equilibrium. Show that the- 
forces are proportional to the lengths of the medians. 
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/ 12. Forces P, Q, B act from the angular points of 
a triangle ABC , perpendicular to the opposite sides. Prove 
that if their resultant passes through the circum-centre, 

P [b cos C - c cos B) + Q (c cos A - a cos C) 

+ B(a cos B - b cos A) B 0. 

IB. Forces l.BC, m.CA, n.AB act along the sides of 
a, triangle ABC taken in order ; show that their resultant 
passes through the centroid of the triangle if Z + w + w = 0. 

14. Three forces act along the sides of a triangle 
taken in order. If the sum of two of the forces be equal 
in magnitude but opposite in sense to the third force, then 
their resultant passes through the in-centre of the triangle. 

15. If four forces, each acting along a side of a cyclic 
quadrilateral, be in equilibrium, show that each force is pro- 
portional to the opposite side. 

'16. Three forces P, Q, B act in the same sense along 
the sides BC, CA , AB of a triangle ABC ; show that if their 
resultant passes through 

(i) the in-centre , P + Q + B = 0 ; 

(ii) the centroid , P cosec A + Q cosec B + B oosec 0 — 0 ; 

(iii) the circum-centre , P cos A + Q cos B + B cos C — 0 ; 

(iv) the ortho-centre , P sec A+ Q sec B + 2J sec 0—0. 

17. Forces P, Q, B aot along the sides BC , CA, AB of 
the triangle ABC . If the line of action of their resultant 
passes through the in- centre and the circum-centre of the 
triangle, prove that 

p 9 n 

cos B - cos C cos C - cos A cos A - cos B 

P Q_ B 

(6 - c)(6 + c - a) = (c - a){c + a - 6) (a - b)(a + b - c) 


or, 



78 


STATICS 


[Ex. V 


*18. Three forces P, Q , B act in the same sense along 
the sides BC % CA, AB of the triangle ABC . If their result- 
ant passes through 

(i) the ortho-centre and the centroid , 

P = . __Q 

sin 2 A sin (B - C) sin 2B sin (G — A) 

A . 

sin 2 C sin (A-B) ' 

(ii) the ortho-centre and the circum-centre> 

P = Q B 

(6 2 - c 2 ) cos A (c 2 - a 2 ) cos B (a 2 - b 2 ) cos C 

nr P_ . Q_ 

* sin 2 A sin ( B - C) sin 2 B sin (G— A) 

B . 

sin 2 C sin {A - B) 9 


(iii) the in-centre and the ortho-centre , 


Q 

cos A (cos B - cos C) cos B (cos 6 - cos A) 

B 

ss • 

cos C (cos A - cos B) 

(iv) the centroid and the cir cum- centre, 

P_ = Q ^ B 

sin 2 A sin (B - C) sin 2 B sin ( C - A) sin 2 C sin (A - B) 

19. A uniform beam 10 ft. long and weighing 60 lbs. 
rests on two props at equal distances from the ends. Find 
the maximum value of this distance so that a man weighing 
10 stones may stand anywhere on the beam without upset- 
ting it. 

/ 20. Eight feet of a plank. 24 ft. long and weighing 
200 lbs. project over the side of a quay. What least weight 
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must be placed on the end of the plank so that a man 
weighing 150 lbs. may be able to walk to the other end 
without the plank tilting over ? 

21. A uniform rod of length 6 ft. and weight 2 lbs. rests 
horizontally on two props at its extremities, each of which 
will bear a maximum weight of 13 lbs. Find on what part 
of the rod a weight of 16 lbs. can be placed without breaking 
either support. 

22. A non-uniform rod 16 inches long rests on two 
pegs 9 inches apart, with its centre midway between them. 
The greatest masses that c^n be suspended in succession 
from the two ends without disturbing the equilibrium are 
4 lbs. and 5 lbs. respectively. Find the weight of the rod 
and the position of the point at which its weight acts. 

7 *23. A uniform plank of length 2 a and weight W is 
supported horizontally on two vertical props at a distance 
b apart. The greatest weight that can be placed at the two 
ends in succession without upsetting the plank are TFi and 
W 2 respectively. Show that 

W ± a b ' 

W+W± W+W 2 a 

' 24. A heavy carriage wheel of weight W and radius r, 
is to be dragged over an obstacle of length h t by a horizontal 
force P applied in the centre of the wheel. Show that 
P must be slightly greater than 

r-h 

25. A man tries to uproot a tree with the help of 
a rope of length 30 feet, by fastening one extremity at some 
point of the vertical stem and pulling at the other end from 
the ground. The least moment about the foot of the tree 
necessary to uproot it is 1200 ft.-lbs. Find the least force 
that the man has to apply. 

*26. A smooth bamboo pole just stands vertically on the 
ground, and a horizontal rope which is once wrapped at 
its top has the two portions at right angles to one another. 



80 


STATICS 


[Ex. Y 


The pole is kept in position by pulling it with a rope 
attached at one-third the height of the pole. If this latter 
rope be inclined at an angle 45° with the horizon, prove 
that the tension in it must be six times that of the rope 
at the top. 

27. If the moments of two given intersecting forces 
about a point in their plane be equal and of the same sense, 
prove that the point must be on a certain straight line. 

28. The magnitude of a force and also its moments (of 
the same sign) about two given points are given. Find itB 
line of action. 

29. Forces are represented in magnitude, direction and 
line of action and sense by the perpendiculars drawn from 
the angular points of a triangle to the opposite sides. If 
their sum of moments about each of the angular points is 
zero, show that the triangle is equilateral. 

30. If three forces represented in magnitude and direc- 
tion by the bisectors of the angles of a triangle, all acting 
from the vertices, be in equilibrium, the triangle must be 
equilateral. 

31. The sums of the moments of a system of forces acting 
at a point about two given points are equal in magnitude. 
Show that their resultant is parallel to a fixed line or passes 
through a fixed point. 

32. Of four coplanar forces in equilibrium, one is given 

completely, a second and a third, which are not parallel, 
have their lines of action given, while the fourth has its 
magnitude only given. Prove that the line of action of the 
fourth force must touch a fixed circle. [ 0. U. 1934 ] 

33. ABC is a right-angled triangle, the sides BC, CA , 
AB being 13, 12 and 5 units of length respectively. The 
moments of a force F about A , B, C are, 

(i) 0, 25 and 144 units of moment respectively ; 

[ C. U. 1936 ] 

(ii) 0, — 25 and 144 units of moment respectively ; 
find in each case the magnitude* direction and line of action 
oiF. 
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34. ABG is an isosceles right-angled triangle whose equal 
sides AB , AG are 4 ft. in length ; the moments of a force 
about the points A, B t G are respectively 8, 8 and 16 units 
in the same sense ; find the magnitude and the line of action 
of the force. 

35. Forces 1, 2, 4, 5 lbs. wt. act, all in the same sense, 
along the sides of a square taken in order. Prove that their 
resultant is parallel to a diagonal and find where it cuts 
the side along which the first force acts. [ 0. U. 1937 ] 

36. The moments of a force about the points (0, 0), 
(10,0), (0,5) are 184, -46 ‘ and 249 foot-pounds. Find 
where the force meets the axis of x and find its components 
parallel to the co-ordinate axes. 

*37. OX and OY are two straight lines at right angles, 
and a force acting in their plane at 0 has moments G and 
G' about the two points whose co-ordinates are (a?, y) and 
( x\ y) respectively with respect to the lines OX and OY as 
axes of co-ordinates. If (xy - xy) is not zero, prove that 
the magnitude B of the force and the angle 6 between the 
line of action and OX are given by 

75 2 (*G‘ - x'G) 2 +(y G'-y'G) 2 

H “ {xy’-x’yY 

and tan 6 «= V %—'£ [ C. U. 1946 ] 

x(jt — X Cr 

*38. Like parallel forces P, Q, B act at the vertices of 
a triangle ABG perpendicular to its plane. If the resultant 
passes through 

(i) the in-centre of the triangle, 

P : Q : B - sin A : sin B : sin C ; 

(ii) the circum-centre of the criangle, 

P : Q : B ** sin 2.4 : sin 2 B : sin 20 ; 

(iii) the ortho-centre of the triangle, 

P : Q : B ■■ tan A : tan B : tan 0. 


6 
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4 *39. A square table stands on four legs placed at the 
mid-points of its sides. If the total weight of the table and 
legs be W, find the greatest weight which can be put at 
one of the corners of the table without upsetting it. 

*40. A circular table of weight TFhas four legs spaced 
at equal distances round its edge. Show that the least 
weight sufficient to overturn the table is ( >/2 + 1) W. 

ANSWERS 

2. 63, 63 and 81 ft.-lbs. respectively. 

3. 6 ft. from B . 4. 67th mark. 5. 7 lbs. wt. ; 11 lbs. wt. 

6. 3} tons wt. at A , 4} tons wt. at B. 19. l£ ft. 20. 25 lbs. 

21. Within a distance'll ft. from the middle point on either side. 

22. 3} lbs., i inch from the mid-point. 25. 80 lbs. wt. 

33. (i) F=* 13, noting along the tangent at A to the oiroum-oircle of 
A ABC. (ii) F= 13, acting along the perpendicular from A on BC . 

34. 2 units acting parallel to AB at a distance 4 ft/ from it on the 
opposite side of C. 

35. Divides it externally in the ratio 2 : 3. 

38. At a distance 8 ft. from the origin ; 13 lbs. wt. along x-axis and 
23 lbs. wt. along y- axis, 


39. W. 



CHAPTER VI 
COUPLES 


6’1. We have seen in Chapter IV that the general 
method of finding the resultant of two equal and unlike 
parallel forces fails, i.e there is no single force whose effect 
is the same as the joint effect of two equal and unlike 
parallel forces. Hence such a pair of forces acting upon 
a rigid body cannot produce a motion of translation. 




equal and unlike parallel forces (whose lines of 
action are not the same) are said to constitute a couple.) 

.jarm of a couple is the 
p|*l<iicular distance between 
lines of action of the two 
jes forming the couple. 

CyC^^^lhoment of a couple is 
th^product of either of the forces 
forming the couple , and the 
perpendicular distance between 
their lines of action (i.e, 9 the arm). 


B 


% 


V 


A couple, each of whose forces is P and whose arm is 
p , as in the above figure, is very often denoted by (P, p). 


The whole effect of a couple acting on a rigid body 
is to produce rotation without imparting to it any motion 
of translation. 


The moment of a couple is considered positive or negative 
according as the couple tends to rotate the body in the anti- 
clockwise or clockwise direction. 

Examples of a couple are the forces applied to the key of 
a clock in winding it up, or the forces applied by the hand 
to the handle of a door in opening it. 

Couple is called by some writers Torque . 
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The algebraic sum of the moments of the two forces 
forming a ccmple about any point in their plane is a non-zero 
constant and equal to the moment of the couple . 

Let each of the two forces forming the couple be P and 
0 be any point in their plane. Through 0 draw a line OAB 
perpendicular to the lines of action of the forces meeting 
them in A and B. 


te 


o 


A 


B 


The algebraic sum of the moments of the forces about 0 

- P.OB - P.OA - P.(OB - OA) 

= P.AB 

which is constant (i.e., independent of the position of 0) 
and which is equal to the moment of the couple. 

Note. The moment of a couple can never be zero, for then the 
two forces cancel each other. 

• 6*2 (A). If the algebraic sum of the moments of any two 

forces acting on a rigid body about any point in their plane 
is a constant (^0), then the two forces form a couple . 

Let P 9 Q be two given forces ; they cannot meet at a 
point, for then the algebraic sum of the moments of* the 
two forces about that point would be zero, which is contrary 
to hypothesis. So they must be parallel. Now, if they be 
like, or unlike and unequal, they will have a resultant 
and the sum of their moments about any point on the 
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resultant will be zero, which is also contrary to hypothesis. 
Thus, the two forces cannot meet at a point, nor can 
they be parallel and like and parallel, unlike and unequal. 
Hence the two forces must he parallel, unlike and equal and 
hence they form a couple. 

Cor. Here three forces acting upon a body form a couple. We 
easily see that the algebraic sum of the moments of the forces about 
each of the point A , B, C is equal and equal to the moment of the 
couple (vie., twice the area of the triangle). 

. ^!i*3. Equilibrium of two couples. 

Theorem. If two couples , whose moments are equal and 
opposite, act in the same plane upon a rigid body, they balance 
one another. 

Let (P, p) and (Q, q) be the given couples, so that 

P.p *= Q.q in magnitude. ••• (l) 

Case I. When the forces forming the couples are not all 
parallel. 



Let one of the forces P of one of the couples intersect 
one of the forces Q of the other in A , and let the other two 
forces meet in P. 
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Now, the sum of the moments about A of P and Q 
acting at B — Pp - Qq = 0 by (l). 

the resultant of P and Q at B passes through A, 
and hence acts along BA from B to A. Similarly, the 
resultant of P and Q at A acts along AB , from A to B . 

Since the two forces at A are respectively equal and 
opposite to those at B and since both pair act at the same 
angle, their resultants must be equal in magnitude and 
opposite in sense ; and as they act along AB and BA t they 
cancel each other. 

Thus, the resultant of the forces forming the two couples 
is nil, and hence the two couples balance one another. 

Case II. When the forces forming the couples are all 
parallel . 

Draw a straight line perpendicular to the lines of action 
of the forces, meeting them at A, C, B , D . 


COUPLES 


87 


Let the resultant (P + Q) of the like parallel forces 
P at B and Q at G act at 0 ; then 

P.BO*=Q.CO. — (2) 

Subtracting (2) from (l), 

P(AB-BO)~Q{CD-CO ), 
i.e., P.AO=*Q.DO. 

Thus, the resultant (P + Q ) of the like parallel forces 
P at A and Q at D also acts at 0 . 

Since these two resultants are equal in magnitude and 
opposite in directions and ect at the same point, they are in 
equilibrium, and hence the two couples balance each other. 

w lT 4. Equivalence of two couples. 

As a corollary to the above theorem we get the 
following : 

Two couples in the same plane whose moments are equal 
and of the same sign , are equivalent to one another . 

For, by reversing the constituent forces of any couple, 
all the forces will be in equilibrium. 

It follows therefore, that a couple acting in any manner 
in a plane can be replaced by any other couple in the same 
plane, provided the moment of the latter is equal to that 
of the former, and of the same sign. It is immaterial what 
the direction of the constituent forces of the second couple 
may be, or their magnitude, or the arm. 

ThuB, a couple (P, p) may be replaced by a couple 

in the same plane with its constituent forces each 

equal to F, the arm being such that the moment remains 
unaltered. Also one force F may be taken to be acting in 

any line and sense, the other at the distance ^ being 

on that side so as to make the sign of the moment same 
as that of (P, jp). 
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Similarly, a couple (P, p) may be replaced by a couple 
* x j with a given arm x anywhere in the plane. 

, 6*5. Couples in parallel Planes. 

The effect of a couple is not altered if it is transferred 
to a parallel plane , provided its moment is unchanged in 
magnitude and sign . 

Let AB be the arm of the couple (P, p) and let CD be 
a straight line equal and parallel to AB t lying in a plane 
parallel to the plane of the couple. 

Join AD , BC and let 0 be their point of intersection. 
Then 0 is the middle point of both AD t BC. 

At each of the points C and D introduce two equal and 

opposite forces, each 
being equal and 
parallel to P. 

Now, like parallel 
forces P at A and P 
at D may be replaced 
by their resultant 2 P 
acting at 0, along OE 
parallel to them. 

Again, like parallel 
forces P at B and P 
at C may be replaced 
by their resultant 2 P 
acting at 0, along , OP 
parallel to them. 

Being equal, oppo- 
site and collinear, these two resultant forces balance, and 
we are left with two unlike parallel forces, one P acting 
at C in the same sense and direction as P at A , and the 
other, P acting at D in the sense and direction of P at B . 
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Thus, the given couple (P, p) with the arm AB is 

equivalent to the couple (P, p) of the same moment in 

a parallel plane, haviDg its arm CD equal and parallel 
to AB. 

Now, the couple (P, p) with arm GD can be replaced in 
its plane by any other couple, provided the moment is 
unchanged in magnitude and sign, as in Art. 6*4. Hence, 

a couple in any plane can be replaced by any other couple 

in a parallel plane, provided its moment remains unchanged 
in magnitude and sign. 

Note. From above it it) clear c that the effect of a couple remains 
unaltered so long as its moment remains the same in magnitude and 
sense, whatever be the magnitude of its constituent forces, the length 
of its arm, and its position in any one of a set of parallel planes in 
which it may be supposed to act. 

A couple is therefore completely specified if we know (i) the direc- 
tion of the set of parallel planes, (ii) the magnitude of its moment, 
(iii) the sense in which it acts. 

Theso three characteristics of a oouple can be aptly represented by 
a straight lino drawn. 

(i) perpendicular to the set of parallel planes, to indicate the 
direction ; 

(ii) of a measured length to indicate the magnitude of the 
moment ; 

and (iii) in a definite sense, to indicate the sense of the moment. 

A line so drawn to represent a couple is called the ails of the 
Couple. 



sultant of coplanar couples. 


number of coplanar couples acting on a body is 
equivalent to a single couple whose moment is equal to the 
algebraic sum of the moments of the couples . 


Let (P, p ), (Q, q) t (22, r) f ... be a number of couples acting 
in the same plane upon a body. 
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Let AB represent the arm p of the couple (P, p) whose 
component forces P, P act along AX and BY. 



The moment of the couple (Q, q ) = Q.q = Hence, 

the couple (Q, q) may be replaced by another couple whose 
arm coincides with AB and whose component forces of 

magnitude act along AX and BY, 

V 

Similarly, the couple ( B , r) may be replaced by another 
couple whose arm coincides with AB and whose component 
Bt 

forces of magnitude — act along AX and BY. 

V 

Beplacing all the other couples in this way we get 
a single couple with the arm AB, each of whose component 

forces 

„( P+ 9« + *r + ..A 

\ P P / 

Hence, the given system of couples is equivalent to 
a single couple whose moment 

— Pp + Qq + Rr + ••• 

— the algebraic sum of the moments 

of the different couples. 
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Note. If the moment of any of the couples, say Hr, be negative, 
as in the figure, corresponding component aloDg AX will be negative 
i.e., opposite to the sense of P there, and similarly for the component 
at JB. Hence, the resultant single force along AX or BY is the algebraic 
sum of these component forces. 

6 '7. Resultant of a couple and a force. 

A force and a couple in the same plane are equivalent to 
a single force, equal and parallel to the given single force . 

Let F be the given force acting at 0 along OA and (P, p) 
the given couple. 


Replace the given couple by another couple having its 
forces each equal to F. If x be the length of the arm of 



this new couple, its moment -xF^Pp, the moment of the 
original couple. 

Hence, x ■■ 

Place the couple such that one of its component forces 
F acts at 0 along the line of action of the given force F but 
in the opposite sense i,e n acts along OB. 
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Now the two equal and opposite forees acting at 0 
along the same line balance, and we are left with a single 
force F at C which is in the direction of the original force, 
and at a distance Pp/F from it. 

Thus, a force F and a couple of moment O are equi- 
valent to a single parallel force F, displaced to a distance 
OIF from its original position. 

Cor. A force and a couple acting in the same plane cannot produce 
equilibrium . 


18*8. Theorem. If three forces acting upon a rigid 
jfoay he represented in magnitude , direction sense and line 
of action by the sides of a triangle , taken in order , they are 
equivalent to a couple whose moment is equal to twice the 
area of the triangle . 


Let three forces P, Q, R acting upon a body be repre- 
sented in magnitude, direction, line of action and sense 


by the 9ides BC, GA t AB respectively of the triangle ABC. 



Draw EAD parallel 
to BC , and introduce 
at A two equal and 
opposite forces equal 
to P, acting in the 
directions AD and 
AE . Draw AN perp. 
to BC. The three 


forces P along AD, Q along CA, and R along AB, acting 
at A, and being represented in magnitude, direction and 
sense by the sideB of a triangle taken in order, are in 
equilibrium, by the triangle of forces. 


We are thus left with forces P along AE and P along 
BC, which form a couple of moment P * AN, i.e., BO x AN, 
i.e equal to twice the area of the AABC. 
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Alternative method : 


The forces Q and li acting at A and represented by CA and AB are 
equivalent to a force acting at A represented in magnitude and direction 
by CB , i.e ., equivalent to a .force P acting at A parallel and opposite 
in sense to the given force P. Hence, the three forcos are equivalent to 
a couple of moment PxAN, i.e., BCxAN , i.e., twice the area of 
A ABC, where AN is the perpendicular from A on BC. 


6^ ^JSfteorem. If a system of coplanar forces acting 
upon a rigid body be represented in magnitude, direction , 
sense and line of action by' the sides of a polygon taken 
in order, they are equivalent to a couple whose moment is 
represented by tioice the area of the polygon. 


Let the forces be completely represented by the sides 
AB, BC, CD, DE , EA of the polygon ABCDE. Join AC 
and AD. 


Let us introduce in the body two pairs of equal and 
opposite forces represented by AC, CA and AD, DA acting 
along these lines. These do not affect the given system. 

Now, the forces represented by the sides AB, BC, CA 
of the A ABC, actually acting along these lines, are equi- 
valent to a couple of moment 
2A ABC. 

Similarly, the foroes repre- 
sented by the sides of A ACD 
aqd A ADE are respectively 
equivalent to couples of mo- 
ment 2A ACD and 2A ADE, 

• 

Now, these three couples 
are equivalent to a single 
couple whose moment is equal to %[J\ABQ+ &A0D 
+ A ADE) - twice the area of the polygon ABCDE . 


o 
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6*10. Theorem. A force acting at any point A of a body 
r /(s equivalent to an equal and parallel force acting at any 
other arbitrary point B of the body, together with a couple . 

Let P be a force 
acting at A along AX, and 
B any arbitrary point, 
and let p be the distance 
of B from AX. At B apply 
two equal and opposite 
forces, each equal and 
parallel to P, along BG, 
BD . These two forces will 
have no effect on the 
body, and the three forces 
P may now be regarded as 
P along AX and P along 
BD forming a couple of moment Pp , and a force P at 
B along BG, parallel to the original force and in the same 
sense. 

Note. The moment of the couple is equal to the moment of the 
original force at A about B. 

6*11. Theorem. If a system of coplanar forces reduces 
to a couple , the algebraic sum of the moments of the forces 
about any point in their plane is constant , and equal to the 
moment of the couple. 

- Let P, Q, B, 8,... be a system of coplanar forces, and 0 
any arbitrary point in their plane. 

As in the previous article, we can replace the force P 
by an equal and parallel force at 0 , together with a couple 
whose moment is equal to the moment of P about 0 . 
Dealing with each of the other forces in the same manner, 
we get the given system of forces equivalent to a set of 
concurrent forces at 0, together with a number of couples, 
which later can be compounded into a single couple, whose 
moment being equal to the algebraic sum of the moments 
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of the couples, is ultimately equal to the algebraic sum of 
the moments of the given forces about 0. The concurrent 
forces at 0 must in this case be in equilibrium for other- 
wise they would combine into a single resultant force, 
which along with the couple would give us a single force 
as our resultant, and not a couple. 

Thus, when the given system of forces reduces to a 
couple, the algebraic sum of the moments of the forces 
about 0, which is arbitrary, is always the same, namely, 

equal to the moment of the resultant couple. 

v 

6 a 12. Illustrative Examples. 

Ex. Four forces are completely represented by the sides AB , BC, 

CD , DA of a quadrilateral ABCD ; 
show that they are equivalent to 
a couple , consisting of two equal 
forces through B and D . 

Forces AB and BC are equi- 
valent to a force at B represented 
in magnitude, direction and sense 
by AC. 

Similarly, forces CD and DA 
are equivalent to a force at D 
represented in magnitude, direc- 
tion and sense by CA, 

Thus, the four forces are equivalent to two equal, parallel and unlike 
forces at B and D and hence they are equivalent to a couple. 

Examples on Chapter VI 

1. Forces equal to 3, 5, 3 and 5 lbs. wt. respectively 

act along the sides of a square taken in order ; find their 
resultant. *“ [ C. U. 1932 ] 

2. Show that the forces 3, 8, 7, 11 and 5 lbs. wt. acting 
respectively along AB, BC, CD, DA and AC of rectangle 
ABCD are equivalent to a couple, if 42? -“6 ft. and 
BC^iifh., and show that the moment of the couple is 
79} ft.-lbs. 
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3. Forces of magnitudes 1, 2, 3, 4, 2 s /2 act respectively 
along the sides AB t BC , CD, DA and the diagonal. AC of 
the square ABCD. Show that their resultant is a couple, 
and find its moment. [ C. U. 1947 ] 

’4. Forces P, 2P, — P, 2P act along the sides AB, BC, 
CD, DA of the square ABCD , and a force P J 2 acts along 
each of BD and CA. Show that the forces reduce to 
a couple of moment 2aP, where a is the side of the square. 

5. Unlike parallel forces each equal to 4 lbs. wt. act 
along a pair of opposite sides of length 2 ft. of a rectangle. 
Find the magnitude of the forces which, acting along the 
other sides of length 6 inches, will form with these a system 
in equilibrium. 

0. Two couples with forces acting along the sides of 
a parallelogram are in equilibrium ; find the ratio of the 
forces of the couples. 

7. Four forces acting along the sides of a parallelogram 
are equivalent to a couple. Show that the forces along the 
opposite sides are equal in magnitude and opposite in 
sense. 

^8. Three forces acting along the sides of a triangle 
taken in order, are equivalent to a couple. Show that they 
are proportional to the sides of the triangle. 

9. In a tetrahedron PABC , show that the resultant of 
the couples whose moments are represented by the areas 
of triangles PBC, PCA, PAB is a couple whose moment 
can be represented by the area of the triangle ABC . 

10. Prove that forces represented in magnitude and line 
of action by the sides of two triangles, taken opposite ways 
round, are in equilibrium, provided the triangles are of 
equal area. 

11* Three forces proportional to the sides of a triangle 
act to t\ie*e s\des, a\\ inwards. Show that 

they are in equilibrium or they form a couple. 
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12. P and Q are like parallel forces. An unlike parallel 
force P + Q acts in the same plane at perpendicular distances 
a, b respectively from the forces and between them. Find 
the moment of the resultant couple. 

13. Find the resultant of a force of 7 lbs. wt. and a 
couple in the same plane whose arm is 3i ft. and whose 
forces are each 4 lbs. wt. 

*14. Three parallel forces P, Q, B acting at the angular 
points of a triangle ABC are in equilibrium when they are 
perpendicular to the side BC . Jit their lines of action are 
turned through a given angle in the same sense, show that 
they are equivalent to a couple. 

'VS. D , E, F divide the sides BC , CA, AB respectively 
of an equilateral triangle ABC of side a in the ratio 5 : 1. 
Three forces each equal to P act at D , E , F perpendicular 
to the sides and outwards from the triangle. Show that 
they are equivalent to a couple of moment Pa. 

[ 0. U . 1943 ] 

/ 16. ABCD is a rectangle such that AB^CD^a and 
BC^DA^b. Forces P act along AD and CB and forces 
Q act along AB and CD. Prove that the perpendicular 
distance between the resultant of the forces P, Q at A and 
the resultant of the forces P, Q at C is 

Pa-Qb m 
JP* + Q* 

“17. If three forces P, Q, B acting at the angular points 
of a triangle ABC along the tangents to the oiroum-circle, 
the same way round , are equivalent to a couple, show that 

P : Q : B - sin 2A : sin 2B : sin 20. 

[ Moments about the vertices Of the triangle formed by three tangents 
are equal . ] 
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/s|e 18. P and Q are two like parallel forces. If a couple, 
each of whose forces is F , and who3e arm is a, in the plan© 
of P and Q , is combined with them, show that the resultant 
is displaced through a distance 

Fc l 

P + Q 

'*19. The constituent forces of a couple of moment G act 
at A and B ; if their lines of action are turned through 
a right angle, they form a couple of moment II. When they 
both act at right angles to AB t show that they form a couple 
of moment 


JG*+H 2 . 

*20. ABCD and A'B'C'D' are any two coplanar parallelo- 
grams. If forces act along AA\ B'B, CC', D'D represented 
by these respective lengths, show that they reduce to 
a couple. 

*21. Forces Ka, Kb, Kc parallel to the sides of a triangle 
ABC, act at I±, / a , la* the centres of the escribed circles. 
Show that they are equivalent to a couple of moment 
2KB(a + b + c), where B is the radius of the circumcircle. 

*22. X, Y, Z are points on the sides BC, GA , AB of 
a triangle ABC, such that 


BX GY AZ q 
XG* YA~ ZB~ v 


Prove that the system of forces represented by AX, BY, 
CZ is equivalent to a couple of moment 2 A, where 

A is the area of the triangle. 


*23. H is the orthocentre of the triangle ABC and three 
forces fia, fib, fic act along AH, BH , CH. If the forces are 
rotated through the same angle a, about A, B, G respec- 
tively, show that they become equivalent to a couple whose 
moment is 4 A fi sin a, where A is the area of the triangle 
ABC. 
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*24. If three forces completely represented by the sides 
of a triangle taken in order, are in equilibrium with three 
equal forces acting at the corners of the triangle along the 
tangents to the circumcircle the same way round, prove 
that the triangle must be equilateral. 

ANSWERS 

1. A couple of moment 8a, where a is a side of the square. 

3. 5a, where a is the side of the square. 

5. 1 lb. wt. 

6. Proportional to the sides of the parallelogram. 

12. Pa~»Qb' 

13. 7 lbs. wt. acting parallel to the given force 7 lbs. wt. and at 
a distance 2 ft. from it. 



OHAPTEE VII 

REDUCTION OF COPLANAR FORCES 


7*1. Theorem I. Any system of coplanar forces acting 
on a rigid body can be reduced ultimately to either a single 
force , or a single couple , unless it is in equilibrium . 



Let P, Q t R, S, T,,.. etc. be a system of coplanar forces 
acting on a rigid body. 

Take any three forces P, Q, R of the system. The two 
forces P and Q can be combined into a single resultant by 
parallelogram of forces if they meet, or by the method of 
combining parallel forces when they are parallel, like or 
unlike, excepting in the case when they form a couple. In 
case P and Q form a couple, we can combine P and R into 
a single force, unless P forms a couple with R also. Now, 
if P forms a couple with Q , as well as with R , Q and R 
must be like parallel forces which can be combined intA, 
a single force. In any case therefore, the three forces can 
be reduced to two. 

With these two, take another force S of the system. 
These three forces again, just as before, can be reduced to 
two. Proceeding in this way, when all the forces of the 
system are exhausted, we get ultimately two forces. These 
two, if they are equal and opposite acting along the same 
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line will produce equilibrium. Otherwise, if they are equal 
and unlike parallel forces, they form a couple. In case 
they do not form a couple, we can finally combine them into 
a single resultant. 

7’2. Theorem II. Any system of coplanar forces acting 
on a rigid body can ultimately be reduced to a single force 
acting at any arbitrarily chosen point in the plane , together 
with a couple . 

Also , the resolved part in any direction of the single force 
obtained above , is equal to the algebraic sum of the resolved 
parts of the given forces in thaf direction , and the moment of 
the couple is equal to the algebraic sum of the moments of the 
given forces about the chosen point . 



Let P, Q, B, S,... be a system of coplanar forces acting 
at A , B % C , P f ... etc. of a rigid body, and let 0 be any 
arbitrary point in the plane. 

t Consider a force P of the system. If we introduce at 
0, two equal and opposite forces, each equal and parallel 
to P, these two forces, balancing one another, will not affect 
the given system. Now the given force P, along with the 
eqflal and unlike parallel force P at 0, form a couple whose 
moment is equal to Pp, where p is the perpendicular 
distance from 0 on the line of action of P, and we get in 
addition a force P acting at 0, which is equal and parallel 
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to the original force P at A. Exactly in the same manner 
the force <3 at B is equivalent to an equal and parallel force 
Q at 0 in the same sense, together with a couple of 
moment Qq, which is equal to the moment of the given 
force Q at B about 0 ; and similarly for every force of the 
system. 

Thus, the given system of forces is ultimately reduced to 
a system of concurrent forces acting at 0, equal and parallel 
to the original forces, together with a number of couples 
whose moments are respectively equal to the moments of 
the individual forces of the given system about 0 . The 
concurrent forces at O can ultimately be combined into 
a single resultant force acting at 0, and the couples can be 
combined into one single couple. 

Also, the resolved part of the single resultant in any 
direction, is equal to the algebraic sum of the resolved parts 
in the same direction of the constituent forces at 0 , i.e., of 
the given forces which are equal and parallel to them. 

Again, the moment of the resultant couple, being equal 
to the algebraic sum of the moments of the individual 
couples, is equal to the algebraic s»m of the moments of 
the given forces about 0 . 

Hence the theorem. 

Analytical reduction of a system of coplanar 

forces. 

Let OX and OF be any two perpendicular lines which 
are chosen as the axes of co-ordinates in the plane of 
a given system of coplanar forces which consists of forces 
Pi, P 2 , P 3l ...etc. f acting at the points A x , A 2 , A St ... etc, 
whose co-ordinates are (x lt yj, {x 2t y 2 ), y 2 ),-.- etc. 

Let the direction of Pi make an angle a± with OX, and 
let Xi, Fi be the resolved parts of Pi along OX and OF 
respectively, so that Xi“Pi eos ai and Y x “Pi sin a t . 

At 0, introduce a pair of equal and opposite forces 
Xi, Xi acting in the line OX, and a pair of equal and 
opposite forces Fi, F x acting in the line OF. These forces, 
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balancing one another, will have no effect on the given 
system. 

Now, the component force X± at A lt and the equal and 
unlike parallel force X x at 0, form a couple whose moment 
is clearly equal to -y x X Xl since its tendency of rotation 



is clockwise. Similarly, the component Y x at A lf and the 
equal and unlike force Y± at 0 form a couple of moment 
x x Y x as is easily seen. Also there are left a force X x along 
OX and a force Fi along OY at 0. 

Thus, the force Pi at A x ( i.e x lt y J, having the resolved 
^parts X x , Y x parallel to the axes, is equivalent to the 
components X x and Y x along the axes at 0, together with 
a single couple of moment {x x Y x - y x X x ). 

^Exactly in the same manner, the force Pa at A 9 can be 
replaced by the resolved components X 9 and Fa along the 
axes at 0, together with a couple of moment (a? a F a -tfa-STa) i 
and similarly for every force of the system. 
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Combining all the components along OX and OY 
separately, and combining all the couples, we ultimately 
get the given system of forces reduced to 

a component force X s0 * cos <n) along OX, 

a component force Y=SY^=SP± sin aj along OY, 
and a single couple of moment G=22(xi Yi —y 

The two components X^XX± and Y=2Y t along OX 
and OY will give rise to a single resultant force B acting 
at 0 in a direction 0 with OX, where 

B cos O^X^SX i and B sin 0 = 

so that B - JQBXj' + iEYd* - JX* + Y~*. 

Thus, the given system of coplanar forces is reduced to 
a single resultant force B at the origin 0 (which may be 
chosen arbitrarily in the plane), together with a single 
couple G . 

Note 1. The moment of the force P 1 about any point D(h, k), 
being equal to the algebraic sum of the moments of its components 
about the point is easily seen to be 

Y\ (® i — k) — Xj [y i ~ k), 

i.e«, — + ••• (l) 

if O' be the algebraic sum of the momenta of the system of 
forces if O' be the moment of the resultant R) about D, then 

G'^Z{x l Y l -y l X 1 )~hXY l + kYX l — (2) 

i,e», G'*=G-hY+ kX. ••• (3) 

If the resultant R passes through D, then G'**0. hY—kX—G 
b 0. This shows that (h, k) any point on the resultant R, lies on th£ 
line xY—yX-G = 0 ••• ••• (4) 

which is thus the equation to the line of action of the resultant. 

Again, if y**mz+c be the equation of the line of notion of the 
resultant and R be the magnitude of the resultant, 


„ mh—k—c 
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Note 2. IE R»0, the given system of forces reduces to a couple 
only, which in this case will be the same, whatever point is chosen as 
origin. 

If G=0, the given system reduces to a single resultant force R 
at O. 

If R^O, G^O, then also, the single force and single couple can 
be combined into a single resultant force, same in magnitude and 
direction as R at 0, but shifted in position. 

If R=aO, G=0, the system will be In equilibrium. 

Equation to the line of action of the resultant. 

c 

We have seen that the given system of forces can be 
reduced to a single force B acting at the origin 0, having 
components XX and XY along the axes, together with a 
couple G = X{x±Y ± - */iXl). In case these can be combined 



into a single resultant force, the magnitude and direction 
••of it will be the same as those of B at 0. To get its position, 
let x, y be the co-ordinates of any point on its line of action. 
Then the algebraic sum of the moments of the given forces 
about this point, being equal to that of the resultant, must 
be "zero. In other worcis, the algebraic sum of the moments 
of the components XX along OX, XY along OY, and .of the 
couple G about the point a?, y must also be zero, for this 
set is equivalent to the given system. 
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Thus, vJSXi-sSFx + G-O, or, x2Y 1 -yYX 1 - G = 0, 
i.e. t xY-yX - <7*0, is the relation which must be satisfied 
by the co-ordinates (x, y) of any point on the line of action of 

the resultant. 

* 

Hence, the equation to the line of action of the resultant is 

xY-yX-G = 0. 

7*5. Illustrative Examples. 

Ex. 1. Forces 3, 2, 4, 5 lbs. wt. act respectively along the sides AB , 
BC, CD, DA of a square. Find the magnitude of their resultant and 
the points where its line of action meets AB and AD. 



The resultant of the two unlike parallel forces 5 lbs. wt. along DA 
and 2 lbs. wt. along BC aro equivalent to a forces 6-2 = 3 lbs. wt. 
parallel to DA along some line OE say, external to AB , but nearor to 
AD, along which the greater force acts. Similarly, the resultant of 
4 lbs. wt. along CD and 3 lbs. wt. along AB have a resultant 1 lb. wt> 
parallel to CD along some line FO. Now , the resultant of 3 lbs. wt. 
along OE and X lb. wt. along FO which are mutually perpendicular 
will give a resultant 

2?= + tJlG lbs. wt. 

along some lino YOX, meeting BA and AD, let us suppose, at X and 
Y respectively. Let a be the side of the square ABCD, and let AX=x. 
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Then equating tho algebraic sum of the moments of the given forces 
about X to tho moment of the resultant, we get 
2(a+&) + 4a-5cc=0, 
or, x = 2 a, i.e. f AX=2AB. 

Similarly, assuming AY=y, and considering moment about F, 

3t/ + 2 a — 4(y — a) = 0, 

whence y = 6n, i.<?„ AY-6A D. 

Thus tho line of action of the resultant is obtained. 

Ex. 2. Forces of magnitude 3, 4, 5, 6, 7, 8, acf in order afon£ Me 
sides AB , 7iC, CD, 270, i?F, F.4 o/ a regular hexagon . Find Mcir 
resultant completely. r 



Let 0 be the centre of the regular hexagon. It is known from 
Geometry that the opposite sides AB, ED and the diagonal FOC are 
parallel, and similarly for other sets. Also the angles AOB , B0C t etc. 
aro eaoh equal to 60°. 

Now, reducing each force to a parallel force at 0, together with 
^ couple, we get tho given system of forces equivalent to forces 3, 4, 5, 
6 , 7 , 8 , along OC , 07 ), OE, OF \ OA , OB respectively together with 
a couple moment p(3 + 4+ 5+6 + 74* 8) = 33p, where p is the perpendi- 
cular from 0 on any side of the hexagon. 

Combining the force at 0 in pairs we get the forces 3 along OF, 
3 along OA and 3 along OB. Now 3 along OF and 3 along OB give 
UxSxoos 60° -3 along OA as rosultant. Hence, we ultimately get 
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a single resultant 6 along OA , together with a couple of moments 83p. 
The single force and the couple combine finally into a single force equal 
and parallel to 6 along OA, but shifted from 0 towards the left through 
a distance x , where, considering moment about O, 

6x® = 33p, or, 

Hence, OM being perpendicular on EF , resultant meets OM 
produced at N, where ON = -V- OM, 

or, ON: NM=11: 9. 

Thus, the magnitude, direction and line of action of the resultant 
are completely obtained. 


Ex. 3. Forces L , M, N act along the sides of the triangle formed 
by the lines x+y — l = Q, x— j/+l = 0, t/ = 2. 

Find the magnitude and the line of action of the resultant. 

Lot ABC be the triangle formed by the given lines, the equation 
of BC, CA and AB being 

x+y- 1=0, ®-j/ + l = 0, p«= 2 respectively. 

The point C has co-ordinates (0 , 1), so it is situated on the p-axis 
and AB is parallel to E-axis and at a distance 2 from it, 

The algebraio sum of the resolved parts of the forces along OX> 
(the z-axis) is denoted by X. 


X=Loosi5 0 +Mco3i5 0 -N=^~-^- — (1) 

The algebraio sum of the resolved parts of the forces along OY 
(the y- axis) is denoted by Y. 

Y=*M sin 45®— £ sin 45® = -^g (if— i). — (2). 

Let B be the resultant of the forces. 

R- W+M* + N'~ J2N(L+M)}. 

The algebraic sum o I the moments of the foroes about the origin O 
is denoted by O. 

<3- -L- 


•J 2 


N. 2 
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By Art. 7'4 f the equation of the line of action of the resultant R is 
xY-yX-G** 0. 

here the equation of the line of action of the resultant 
(M-L\ (L + M- J2N\ 2 J2N-L-M A 

•hjrM >i~) * °- 

i.e., x(M-L)-y(L+M- ,J2N)~2 *J2N+L+M~0. 

UV) 

Ex. 4. If a system of coplanar forces reduces to a couple whose 
moment is G , and when each force is turned round its point of applies 
tion through a right angle , it reduces to a couple H ; prove that when 
each force is turned through an angle a, the system is equivalent to 
a couple whose moment is 

G cos a + JET sin a. 

Let P L acting at the point 
ten Vi) at an angle 0 X to the 
z-axis be any one force of the 
system. The components parallel 
to the axes aro P l cos 0 X and 
Pi sin 0 Lt and the algebraic 
sum of their moments about 
0 is 

x v P x sin Ot-ytPi cos 0,. 

enoe, since the system 
reduces to a couple G, we must have, 2P X cos di-0, 2P X sin 0 t -=O, 

and G=*2{x l P l sin 6 l -y l P l cos 0 X ). 

When eaoh force is turned through an angle a, the system reduces 
to a force component 2P X cos (0 X + a) 

— cos aSP x cos 0 x -sin aZP L sin 0 X -O along Ox, 
a foroe component SP X sin (0 x + a) 

• -cos a ZP X sin $ x +ein <tSP x cos 0 L -0 along Oy , 

and a couple Q'~'2[x l P l sin (0 t +o)— p 4 P x cos (0i+«)> 

-oos aS(<e 1 P 1 sin B x -y t P x oos 0 X ) 

+sln a 2(x x P t oos 0 l +y x P l sin fj. 
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In other words, the system in this case reduces to a couple 
G' = G cos a+sin aSfa^Pi cos 0 L +y t P x sin 0 X ). 
Now, when a = 90°, wo are given G' — H. 

.'. J[-2:(x 1 P l cos 0! + w x Pi sin 0 X ). 

Thus, G >S =G cos a + H sin a. 


Examples on Chapter VII 

1. Prove that a force acting in the plane of the 
triangle ABC can be replaced uniquely by three forces acting 
along the sides of the triangle. 

2. Show that a system of coplanar forces can be 
reduced to 

(i) two forces acting through two given points ; 

(ii) two forces, one of which acts through a given 
point, and the other along a given straight line ; 

(iii) three forces acting along the sides of a given 
triangle, in the same plane. 

8. (i) If two coplanar systems of forces have equal 
algebraic sum of moments about each of three non-collinear 
points, they are equivalent to each other. 

(ii) A system of forces P, Q, B acting along the sides 
of the triangle ABC is equivalent to a system X , Y t Z along 
the sides of the pedal triangle. Sliow that 

2X- Q/cos B + B/ cos C. 

4. The sum of the moments of a system of coplanar 
forces about each of three non-collinear points in the plane 
of the forces is the same (without being equal to ze *o). 
Prove that the system is equivalent to a, couple. 

Hence show that three forces represented in magnitude, 
direction and position by the three sides of a triangle taken 
in order are equivalent to a couple. [ 0. U. 1937 ] 
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5. The algebraic sum of the moments of a system of 
coplanar forces not in equilibrium, is zero about each of 
two points A and B. Show that the algebraic sum of the 
resolved parts of the force system in the direction perpendi- 
cular to AB is zero. 

6. Forces P, Q, B act along the sidss BC , CA, AB of 
the triangle ABC . If F be the magnitude of their resultant, 
then 

F 2 =P 2 + Q 2 + B 2 - 2QB cos A - 2BP cos B - 2 PQ cos C. 

7. The moments of a system of coplanar forces (not 
in equilibrium) about thre6' collinear points A , B, C in 
their plane are G lt G 2 , G 3 ; prove that (with due regard 
to the sign) 

G X .BC+ G 2 .CA+ G 3 .AB = 0. [P. U. 1939 ] 

*8. The moments of a force lying in the plane of the 
triangle ABC about A, B, C are L , M, N respectively. If 
the force is the resultant of three forces P, Q, B acting 
in the same sense along BC , CA, AB respectively, then 

P : Q : B — aL \ bM : cN. 

*9. A system of forces acts in the plane of an equilateral 
triangle of side 2 units. The algebraic sum of the moments 
of the forces about the three angular .points are G±, G 2 , G a . 
Prove that the magnitude of their resultant is 

[KGfi* + G a a + G> a -G a G 0 -G a G 1 .- <?!<?,)]* 

*10. The algebraic sum of the moments of a system of 
coplanar forces about three non-collinear points A, B, C 
in their plane are L, M, N respectively. Prove that their 
resultant B is given by B 9 * Sa 2 (L - M\L — N )/ 4 A a . where 
a, b, o are the sides of the triangle ABC t and A is its area. 

*11. Two systems of forces P, Q, B and P' f Q\ B! act 
aloAg the sides BO, CA, AB of a triangle ABO ; prove that 
their resultants will be parallel if 

(QR' - Q'B) sin A + (BP' - B'P) sin B 

+ (PQ' - P f Q) sin 0 = 0. [ Lucknow , 1929 ] 
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*12. Three forces each equal to P act along the sides 
of a triangle ABC in order. Prove that the resultant B is 

given by B — P (1 - 8 sin \A sin \B sin iC)^ 

and find the distance of its line of action from A . Examine 
the case when the triangle is equilateral. 

*13. Forces l.BC , m.CA, n.AB, where l, m, n are positive, 
act along the sides BC, CA, AB respectively of a triangle 
ABC , in the senses indicated by the order of the letters. 
Show that the line of action of their resultant divides BC , 
CA, AB externally in the ratios m : n, n : l, l : m. 

What happens if l^m^n ? 

14. . ABC is an equilateral triangle ; forces of 4, 2 and 
1 lb. wt. act along the sides AB, AC, BC respectively, in 
the senses indicated by the order of the letters. Find the 
magnitude, direction and the line of action of the resultant. 

[ P. U. 1932 ] 

15. The algebraic sum of the moments of a system of 
forces about the three vertices A, B, C of an equilateral 
triangle whose sides are 2 ft. long are + 10, + 20 and — 10 
foot-pounds. Find the magnitude of the resultant force, and 
the points where its line of action intersects AB and AC. 

16. Forces proportional to 1, 2, 3, 4 act along the sides 

AB, BC, AD, DC respectively of a square ABCD, the length 
of whose sides is 2 ft. Find the magnitude and the line of 
action of the resultant. [ Bombay, 1934 ] 

*17. ABCDEF is a regular hexagon of which 0 is the 
centre. Forces of magnitudes 1, 2, 3, 4, 5, 6 act along 
AB,*CB, CD, ED, EF, ^IPinthe senses indicated by the 
order of the letters. Reduce the system to a force at 0 and 
a couple, and find the point in AB through which the single*" 
resultant passes. [ I. C. S. 1938 ] 

*18. If six forces of relative magnitudes 1, 2, 3, 4, 5 and 
6 act along the sides of a regular hexagon, taken in order, 
show that the single equivalent force is of relative magni- 
tude 6 and that it acts along a line parallel to the force 5, 
at a distance from the centre of the hexagon Sir times the 
distance of a side from the centre. [ M. T. 1908 ] 
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19. Six coplanar forces act on a body along the sides 
AB , BC, CD f DE, EF , FA of a regular hexagon ABCDEF , 
in which AB is one foot long ; their magnitudes are 10, 20, 
30, 40, P and Q lbs. wt. respectively. Find P and Q so that 
the system reduces to a couple. [ P. U. 1930 ] 

*20. ABC is an equilateral triangle and D, E, F are 
the mid -points of the sides BC , CA, AB . Forces P, 2P, 
3P act along BC, CA, AB and forces 4P, 5P, 6P act along 
FE, ED, DF. Find the line of action of the resultant. 

21. Forces 1, 2, 4, 5 lbs. wt. act along the Bides AB, 
BC, CD, DA of a square ABCp and a force P acts at the 
centre of the square. If the^five forces are equivalent to 
a couple, find the magnitude and direction of P. 

22. Forces 1, 2, 3, 4, 5, 6 lbs. wt. act along the sides of 
a regular hexagon, taken in order, and a force acts at the 
centre of the hexagon. If the several forces are equivalent 
to a couple, find the moment of the couple and the magni- 
tude and the direction of the force at the centre. 

23. (i) ABCD is a quadrilateral in which the sides BC and 
AD are parallel. If forces p.AB , q.BC, r.CD, s.DA acting 
along AB, BC , CD, DA are equivalent to a couple, show 
that p = r and (p - s) AD * (r - q) BC . 

(ii) Forces act along the sides AB, BC, CD, DA of 
a plane quadrilateral, taken in order and their magnitudes 
ar e p, q, r, s times the lengths of the sides in which they 
act. Prove that if they are equivalent to a couple, then 

(p-q) 0B = (r-s) OD y and (q — r) OC^is—p) OA. 

24. ABCD is a square whose side is 2 units in length. 
Forces a, b, o, d act along the sides AB, BC, CD, DA, 
taken in order, and forces p J2, q J2 act along AC and BD 
respectively. Show that if p + q — c — a, and p-q* d- 6, 
the forces are equivalent to a couple of moment a + 6 + c + d. 

25. A foroe has moments 6 units, - 26 units and 36 units, 
about the origin, the point (8, 0) and the point (0, 10) respec- 
tively. Find the magnitude and the line of action of the 
iorce. 


8 



114 


STATICS 


[ Ex. VII 


*20. Find the intercepts made on the rectangular axes 
OX, OY by the line of action of the resultant of a force of 
7 units along OP, where the co-ordinates of P are (3, 4) and 
a counter-clockwise couple of moment 21 units. 

27. Forces 2, 4, 6, 8, 8 J2 act along the sides AB, BC, 
CD, DA and the diagonal BD of a square of side 2 units 
in the senses indicated by the order of the letters. Taking 
AB, AD as axes of x and y respectively, find the magnitude 
of the resultant force, and the equation of its line of action. 

*28. A system of coplanar forces P lt P 2 , Pa.-*- acting at 
the points (x ± , y x ), ( x 2 , ya), ( x s , 2/ s )... are equivalent to 
a couple. The components of P ± , P 2 ,... parallel to the 
axes are (X lf Y 1 ),(X 2 , Y 2 ),... etc. Prove that by turning 
the forces about their respective points of application 
through a certain common angle, the system can be reduced 
to equilibrium. 

*29. Moments of the resultant B of a system of coplanar 
forces about three points 0, A and B lying in the plane of 
the forces are Q,G + J X and G+ J 2 respectively. If referred 
to 0 as origin the polar co-ordinates of A and B be ( r x , 0i) 
and (r 2l 0 2 ), show that 

R* sin 2 (0! - 6 a ) - + —i - 2— 02 

r 2 r x Ta 

[ C. H. 1954 ] 

*30. The algebraical sums of the moments of a system of . 
coplanar forces about points whose co-ordinates are (l, 0), 
(0, 2) and (2, 3) referred to rectangular axes, are G±, <? 2 . O s 
respectively. Find the tangent of the angle which the 
direction of the resultant force makes with the axis of x. 

[ C. H. 1956 ] 

^♦Sl. The straight line 4® + 3y “ 6 meets the rectangular 
■axes OX and OF at the points A and B respectively. If 
forces P, Q t B act along the lines OB, OA and AB, find the 
magnitude of the resultant and the equation of the line of 
action. i C . H . 1958 } 
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*32. ^i) A plane system of forces is equivalent to a couple 
of moment M, and if the forces are turned through a right 
angle, about the respective points of application in the same 
sense, they are equivalent to a couple N. Prove that when 
each force is turned about its point of application through 
an angle a in the same sense, the system will be in equili- 
brium if tan a — - M/N . ( [ C. H . 1949 ] 


Show that if the forces be turned through an angle 


2 tan" 1 


N 

M 


* the system is equivalent to a couple of moment M. 


^ii) A system of coplanar forces reduces to a couple 
whose moment is G and when each force is turned round 
its point of application in the plane of the forces through 
a right angle, the system reduces to a couple of moment 
G J 3. Prove that when each force is turned through 60° 
in the same plane, the system is also equivalent to a couple. 
Find its moment. [ C. H. 1962 ] 


\S 

*33. The moments of a system of coplanar forces acting 
in the (x, t/)-pfane about (0, 0), (a, 0), (0, a) are aW, 2aW, 
3a W respectively. Find the components parallel to the 
co-ordinate axes and the line of action of the single force to 
which the system is equivalent. [ G. H . 1960 , Old ] 


*34. A system of coplanar forces has the total moments 
H, 2 H respectively about points whose co-ordinates are 
(2a, 0), (0, a), referred to fixed rectangular axes. The total 
resolved parts of the forces along the line y^x vanishes. 
Find the points in which the line of action of the resultant 
meets the co-ordinate axes. [ 0. H. 1961 ] 


*35. Forces P, Q, B act along the lines a?— 0, y-0 and 
x cos 6 + y sin 0-*p. Find the magnitude of the resultant 
and the equation of its line of action. 

*36. A system of* forces acting in the plane of the 
rectangular axes Ox, Oy is equivalent to a force {X, Y) and 
a couple G at the origin. Show that the locus of points, 
at which the couple constituents of the resultant system is 
G\ is the straight line a?F-yX ss Q— G 9 * [ 0 . 27. 1963 ] 
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«17. M± t Mat M s are the moments of a system of forces, 
acting in the o^-plane about three non-collinear points 
(®i, Vi)t (® 2 , Vs)* (®a» 2/a) respectively. If the resultant of 
the system is a single force at the origin, shew that 

Mi(x 9 y 3 “ ® s 2/2) + 3f. 2 (®3!/i " ® i2/s) + ilfs(®i?/2 “ raS/i) - 0. 

Find the magnitude and direction of the resultant. 

[ C. II. 1963 ] 

*38. A system of forces in the plane of a rectangular 
plate ABGD has moments G ±1 G 2 » G s about the points 
A, B t C respectively. Show that the magnitude of the 
resultant is 

- M<*X - O 2 VAB } 2 + {(Gs - GJ/BC i a ] 
and find the distance from A of the point where its line of 
action intersects AB. 

Discuss the case when G x — G a G a . 

*39. If a variable system of coplanar forces have const- 
ant moments G, G' about two fixed points 0, O' in the 
plane of the forces, show that the resultant passes through 
another fixed point and its least value is (G — G')/00'. 

*40. Let A and B be two points in the plane of a coplanar 
system of forces. Suppose that the system reduces to a 
force at A together with a couple of moment G a and that 
it reduces to a force at B together with a couple of moment 
G b . Show that if the system is reduced to a force at G, 
midway between A and B and a couple, the moment of the 
couple is G c -£ ( G a + G b ). 

-41. The algebraic sum of moments of a system of forces 
about points whose co-ordinates are (®i, f/i), (# 2 , 2 / 2)1 (®s, Vs) 
and (& 4 , Vt) referred to 0X t OY as rectangular axes are G x 
Gat G St G 4 respectively. Show that 

1 ®i Vi G ± 1-0. 

1 ®2 2/2 G * 

1 ®3 Vs G S 
1 ®4 I /4 G 4 
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ANSWERS 

12. 2PA/afl. 

14. 3 J3 lbs. wt. in a direction perpendicular to BC, dividing BC 
internally in the ratio 1:2. 

15. y* is/2T lbs. wt. through the mid.-pt. of CA, intersecting BA 
produced 2 ft. from A. 

16. 5 s/S parallel to AC dividing AD internally in the ratio 2 : 3. 

17. Forces at 0 is 2 <s/3 perpendicular to EF ; couple is — 8 p, where 
p is tho perpendicular distance from 0 on a side. The final single 
resultant passes through tho middle «point of AB. 

19. P = —10 lbs. wt., (2 = 60 lbs. wt. 

20. Parallel to CB , dividing DA in tho ratio 1 : 5. 

21. 3 js/ 2 lbs. wt. along AC. 

22. 21 a, where a is a side of the hexagon ; 6 parallel to the 

A 

force 2. 

25. 5, in a direction joining the points (0, —2) to (}, 0). 

26. 3|,5. 27. 4*yi<5 ; a:+3j/=9. 

30. (8G 2 — 2G a — O ,)/((?. + O t —20,). 

31. JP t +Q*+R i +%PH-lQR ; 

*(5P+ 412) - y(B Q - SB) - 512 = 0. 

32. (ii) 2GF. 88. (i) 2 W, —W\ *+2y+a-0. 

84. (3a t 0) and (0. 3a). 

35. fJ{P* +Q* + R* —2QR sin 0+2BPcos 4), 

Px-Qy+R{x cos 9+y sin 0 -jp)-0. 

37 . sir=s w. * * ton l» 1 «.-jf.« 1 r 

88. 7 T -W- where AB-a\ the magnitude of the resultant vanishes. 
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EQUILIBRIUM OF COPLANAR FORCES 

8*1. Equilibrium of three coplanar* forces. 

Theorem. If three coplanar forces acting on a rigid body 
be in equilibrium , they must either all three meet at a point , 
or else all must be parallel to one another. 


Let the three 
coplanar forces P, 
Q , B acting on 
a rigid body, be in 
equilibrium. 

Let P and Q 
meet at O . Then 
by parallelogram of 
forces they can be 
combined into a 
single resultant at 
O. Since P, Q , B 
are in equilibrium, B 



Pig. (i) 


must balance the resultant of P and Q , and thus must be 



Pig. (ii) 


equal and opposite to it, 
acting along the same 
line. Thus B must pass 
through 0. Hence P, 
Q , B all meet at 0. 

If P and Q be 
parallel (like or unlike), 
their resultant is a 
parallel force, and B t 
balancing their resultant, 
must be acting in the 
same line in opposite 


sense. Hence P, Q, B are all three parallel to one another. 


'See Note 3. 
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Note 1. P and Q can never form a couple in this case, for then 

P, Qf R a couple and a force) can never be in equilibrium. 

Note 2. The above theorem gives a necessary condition of equili- 
brium of throe coplanar forces, but not sufficient . For sufficient condi- 
tions, (i) when tho three forces meet, they must also satisfy Lami’s 
theorem, or the converse of the triangle of forces, (ii) when they are 
all parallel, one being equal and opposite to the resultant of the other 
two, their algebraic sum must be zero, and tho moments of any two 
about a point on the third must be equal and opposite. 

Note 3.* If three forces acting on a rigid body be m equilibrium , 
they must automatically be coplanar ; for in this oase the algebraic 
sum of their moments about any lin# in space must be zero. We can 
first of all consider lines drawn through any point of P intersecting 

Q , whereby it will be shown that each of them interseots R, so that 
Q and R are coplanar. Then P, balancing the resultant of Q and R, 
must bo in that plane. 

8*2. Illustrative Examples. 

Ex. 1. A heavy uniform rod of length a rests with one end against 
a smooth vertical wall, the other end being 
tied to a point of the wall by a string of 
length l. Prove that the rod may remain in 
equilibrium at an angle 0 to the wall , given by 

cos’* = [C. U. 1941 ] 

AB is the rod of length a, BC is the 
striug of length U The three foroes which 
keep the rod in equilibrium are the weight 
of the rod acting vertically downwards 
through the middle point G , the tension 
along the string BC, and the reaction of the 
smooth wall at A which must be normal to 
the wall and therefore horizontal. The three 
foroes in equilibrium, not being all parallel, 
must meet at a point 0, as shown in the figure. , 

*For a note on the method of proof see Appendix B. 
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Now 0 being the inclination to the vertical at which the rod rests, 
from the figure, 

AO = AG sin 0=> % sin 0, QO= AG oos 0* £ cos 0 . 

A A 

Also, QO being parallel to AC through the mid-point O of AB , 
CO=&CB=il and AC=2QO = a cos 0. 

Hence, from the triangle ACO, CO 9 ** AC 9 + AO 9 , 

i-e. , ^ J “(a cos 0) a + ( ® sin 0^ » 

or, Z a = 4a a cos a 0 + a a sin 2 0 = 8a a cos a 0+a 9 . 

72 __ a 

••• 

Note. For the above equilibrium position to be possible, cos a 0 
must be positive and not greater than unity. Hence, Z a > a' 2 anil 
l*— a? 3 a 9 . Therefore, l > a but 2a. 

Ex. 2. A uniform square lamina rests in equilibrium under gravity 
in a vertical plane with tiro of its sides in contact with smooth pegs in 
the same horizontal line at a distance c apart . Show that the angle 0 
made by a side of the square with the horizontal in a non-symmetrical 
position of equilibrium is given by 

c ( sin 0+cos 0)«a, 

where 2 a is the langth of a side of the square . [ C. U. 1946 ] 

ABCD is the square lamina (of side 2a) whose weight acts vertically 
downwards along QO through its centre Q . P and Q are the smooth 
pegs whose reactions are normal to the edges APB and AQD . As those 
are the only three forces which keep the lamina in equilibrium, they 
meet at a point 0 as shown in the figure. QN being drawn perpendi- 
cular to AB, N is the mid-point of AB, so that AN^NQ^a, PQ is 
horizontal and equal to c. Let 9 be the inclination of the side AB of 
the square to the horizon. 

Then AP«c cos 0, OP= AQ**c sin 0. 

Now from the Geometry of the figure, sinoe GO 4s verbioal, the 
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horizontal distance of O from A = the horizontal distance of 0 
from A, 



i.3., AN cos 0 - ON sin 0 = AP cos 0 - OP sin 0 , 
or, a (cos 0 - sin 0) = c (cos 8 0 - sin 8 0), 
whence c (cos 0 + sin 0) - a. 

The other possibility, cos 0- sin 0 = 0, i.e., tan 0 = 1, or, 0=i» gives 
the symmetrical position of equilibrium. 

Ez. 3. Show that the greatest inclination to the horieon at which 
a uniform rod can rest partly inside and partly outside a fixed smooth 
hemispherical bowl placed with its rim horizontal, is sin~ I (t n/5). 

AB represents the rod, G its middle point. The reaotion of the 
smooth bowl at A being along the normal AOD passes through the 
oentre 0 of the bowl. The reaotion at C where the rod is in oontact 
with the rim is along tbe normal OD to the rod and the rim. The 
weight of the rod vertloal downwards through G and the two. reactions 
at A and 0, keeping the rod in equilibrium, must meet at a common 
point JD. Let DG produced meet the bowl at E ; join AE, 
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Now AO being along a diameter, and ACD a right angle, the point 
D must be the extremity of the diameter. Hence AED is also a right 
angle and so AE is horizontal. 

Thus 0 being the inclination of the rod to the horizon, 

0 = /LEAB=/LAGO=LOAC. [V OA = OC ] 



Thus, if a be the radius of the bowl, and l the length of the rod, 

at * n l * ,4 a cos 20 

2a cos 2d = AE = AQ cos 0 = - cos 6, or, J = -• 

2 cos Q 

But part of the rod being out, l < AC, 

or, ~ a cos . *£ 2 a cos 0 , or, 2 cos 20 < cos 9 0, 

COS 0 

2(1-2 sin 9 0) < (1 — sin 9 0). 
sin 9 0>|i sin0>-i-; 

in other words, 0 > sin“ l (l <y/§). 

Ex. 4. Equal weights P and P are attached to two strings ACP and 
BCP passing over a smooth peg 0 . AB is a heavy beam of weight W, 
whose centre of gravity is a feet from A and b feet from B ; show that 
AB is inclined to the horizon at an angle 



The rod AB is in equilibrium under the two tensions along AC and 
BC , and the weight W vertically downwards through, its centre of 
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gravity G. These three forces then must meet at a common point C. 
The tensions in the strings, supporting the equal weights P t P at the 


other ends, are equal. The resultaiit 
of the two equal tensions balancing 
the weight along CG , CG ■ must 
bisect the angle ACB. Thus, 

L.ACG = LBCG = 90°-ct (s.*y). 

Then, 

W—2P cos (90° — a) = 2 P sin a, 
W 

°r, ain-‘ 2 p - 



Again, 8 being tho required inclination of the rod to the horizon , 
Z-CGB - 90° -8. Hence, Z.CAG - (90° -9) - (90° -a) = a-8 and 
Z. CBG = (90° + 8) - (90° - a) - a + 8. 


AG AG GO _sin ACQ sin CBG 
■N°w» gQ GO BG “ sin GAG sin BCG 

_ cob a _ sin (a+ 8) m sin (a + &) f 
sin (a-8) ~ cos a sin (a — 8) 

and ne AG = a and GB=b (given), 


wo get, | 


sin (a + 6)' 
sin (a - 0)" 


tan fleet «. 

a + 6 sm a cos 0 






Examples on Chapter VIII(a) 

( T/iree forces in equilibrium ) 

1. A heavy rod is suspended from a point 0 by two 
strings OA and OB. Show that the plane OAB is vertical. 

[ 0 . U. 1925 ] 

2. If a uniform heavy rod be supported by a string 
fastened at its ends and passing over a smooth peg, show 
that it can only rest in a horizontal or vertical position. 

3. Show that it is impossible for a heavy rod to rest 
in equilibrium with its ends on two smooth planes, one of 
which is horizontal and the other inclined to the horizontal 
at any angle. 
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4. Prove that a uniform rod cannot rest entirely within 
a smooth spherical bowl, except in a horizontal position. 

5. A uniform rod has its lower end fixed to a hinge, and 
its other end attached to a string which is tied to a point- 
vertically above the hinge ; show that the direction of the 
action at the hinge bisects the string. 

6. A uniform rod can turn f reely about one of its ends,- 

and is pulled aside from the vertical by a horizontal force 
acting at the other end of the rod, equal to half its weight. 
Prove that the rod will rest at an inclination of 45° to the 
vertical. [ 0. U. 1951 \ 

7. A uniform rod AB is suspended with its end in 
contact with a smooth vertical wall AC by a string CE ; if 
AE*=&AB, show that CB will be horizontal. [ P. U . 1928 ] 

8. A uniform rod of weight W and length 2 1 has one 

end against a smooth vertical wall and rests at an inclina- 
tion of 45° with the vertical upon a smooth rail parallel to* 
the wall. Find the distance of the rail from the wall, and 
the reactions. L C . U . 1914 ] 

9. A heavy uniform rod of length 2 a rests in equili- 
brium, having one end against a smooth vertical wall, and: 
being placed upon a peg at a distance b from the wall. 
Show that the inclination of the rod to the horizon is 

cos~ 1 (6/a)^. 

10. A heavy uniform rod is in equilibrium with one end 
resting against a smooth vertical wall, and the other against, 
a smooth plane inclined to the wall at at an angle 0. Prove 
that if a be the inclination of the rod to the horizon, then 

tan a - 4 tan 0. [ P. U. 1932 } 

11. Two strings have each one of their ends fixed to 
a peg, and the others to the ends of a uniform rod. When 
the rod is hanging in equilibrium, show that the tension of 
the strings are proportional to their lengths. 

12. A uniform beam of length l and weight w W hangs 
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from a fixed point by two strings of lengths a and b. 
that the inclination of the rod to the horizon is 

a 2 — 6 2 

8m 1 + 

Find also the tensions of the strings. 


Prove 


13. A uniform beam is hinged at A t and is kept in 
equilibrium at an angle of 60 J to the horizontal plane 
through A by a string BC which connects B to a point C 
in this plane behind A. If AC — AB, find the direction of 
the reaction at A. [ C . U . 1948 ] 


14. A uniform rod AB of weight W can turn freely about 
a hinge at A , and to the end B is attached a string which 
passes over a small smooth pulley at C, vertically about A , 
and carries a weight w hanging freely. Prove that in the 
position of equilibrium 

BC : AC = 2w : W. 

15. One end of a uniform rod of weight 40 lbs. is 
attached to a hinge, and it is supported by a string attached 
to the other end and to a point at the same level as the 
hinge, the rod and the string being inclined at the same 
angle 30° to the horizontal. Find the tension in the string, 
and the action at the hinge. 

*16. A uniform rod 4 inches long, is free to turn in 
a vertical plane about its upper end which is hinged. To 
a point of the rod 3 inches from the hinge is attached a string 
which running perpendicular to the rod passes over a pulley 
and supports a weight P. The rod is in equilibrium at an 
angle of 60° to the horizontal. Prove that P is one-third 
of the weight of the rod, and the reaction at the hinge makes 
an angle tan' 1 (£ JS) with the horizontal. [ Allahabad ] 

*17. A uniform beam AB which is 6 feet long and weighs 
40 lbs. can turn freely about its end A which is attached to 
a vertical wall, and the beam is kept in a horizontal position 
by a f rope attached to a *point of the beam li feet from 
A and to a point of the wall vertically above A. If the 
tension of the rope is not to exceed 120 lbs. wt., show that 
' the height above A of the point of attachment of the string 
to the wall must not be less than If ft. 
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18. A uniform rod AB is in equilibrium at an angle a 
with the horizontal, with its upper end A resting against 
a smooth peg, and its lower end B attached to a light cord 
which is fastened to a point C on the same level as A . If 
the cord is inclined to the horizontal at an angle 0, then 

tan 0 = 2 tan a + cot a. 

19. A uniform rod of weight W rests with its ends in 
contact with two smooth planes, inclined at angles a and 0 
respectively to the horizon and intersecting in a horizontal 
line. If 0 be the inclination of the rod to the vertical, 
show that 

2 cot 0 — cot 0 — cot a. 

Also find the reactions at the ends of the rod. 

[ P. U. 1933 ] 

*20. A uniform rod of length 2 1 rests with its lower end 
in contact with a smooth vertical wall. It is supported 
by a string of length a, one end of which is fastened to 
a point in the. wall and the other end to a point in the rod 
at a distance b from its lower end. If the inclination of 
the string to the vertical be 0, show that 

>■ lc.n.1940] 

21. A uniform rod whose weight is W is supported by 
two fine strings one attached to each end, which, after 
passing over small fixed sipooth pulleys, carry weights W ± 
and W g respectively at the other ends. Show that the 
rod is inclined to the horizon at an angle 

. W^jrWg 2 

Bin W 2 4- W„ 2 ) -w* 

22. A uniform bar of length a rests suspended by two 
strings of lengths l and V fastened to the ends of the 
bar and to two fixed points in the same horizontal line at 
a distance b apart. If the directions of the strings produced 
meet at right angles, and if T ± and Tg be the tensions of 
the strings, then 

Ti^al + bV 
Tg ~ al' + bl 
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23. A picture of weight 5 lbs. is hung from a nail by 
a cord 5 feet long fastened to two rings 3 feet apart. Find 
the tension in the cord. 


24. A heavy equilateral triangle hung upon a smooth 
peg by a string, the ends of which are attached to two of 
its angular points, rests with one of its sides vertical. 
Show that the length of the string is twice the altitude of 
the triangle. 


25. A square of side 2 a is placed with its plane vertical 
between two smooth pegs wh^ch are in the same horizontal 
line and at a distance d. Show that it will be in equili- 
brium when the inclination of one of its edges to the horizon 
is either 


71 1 . — i 

7 or 4 sin 
4 



26. A uniform square lamina of side 2 a rests in a vertical 
plane on two smooth pegs in a horizontal line. Show that 
if the sum of the distances of the pegs from the lowest corner 
is equal to a, there is equilibrium. 

*27. A beam whose centre of gravity divides it into two 
portions a and b is placed inside a smooth sphere. Show 
that if 0 be its inclination to the horizon in the position of 
equilibrium, and 2a be the angle subtended by the beam at 
the centre of the sphere, 

tan 0 * ? tan a. [ C. U. 1924 } 

b + a 

[ The centre of gravity of a body is the point at which Us weight 
may be assumd to act . ] 

*28. A rod of length l rests wholly inside a fixed smooth 
hemispherical bowl of radius a placed with its axis vertical. 
The centre of gravity of the rod divides its length in the 
ratio m : n. Show that the inclination of the rod to the 
horizon is 


. — i in-m)l 

sm 2 *J(m+ n) a a 9 - mnl* 
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29. A fixed smooth hemispherical bowl of radius a is 
placed with its axis vertical, and a uniform rod of length l 
rests with one end inside the bowl, and the other projecting 
over the rim. Prove that the length of the rod outside the 
bowl is 

i (71- JP + Wa?) 

and hence deduce the shortest length of a rod that can rest 
in this manner. 

30. A smooth hemispherical bowl of radius r is placed 
on the ground with its rim in contact with a smooth vertical 
wall. A heavy uniform rod is placed with one end inside 
the bowl, and the other in contact with the wall. If 0 be 
the inclination to the horizon at which the rod rests, prove 
that the length of the rod is 

31. A smooth bowl in the . form of a part of a sphere is 
placed with its axis vertical, and a rod rests with one end 
within it, and a part of it projecting out over the rim. If 
a be the angle made by any radius to the rim with the 
vertical axis, and 0, that made with the same axis by the 
radius to the lower extremity of the rod in the position 
of equilibrium, prove that the length of the rod is 

4 a sin 0 sec J (a - 0). 

32. A solid cone of height h and semi-vertical angle a 

is placed with its base against a smooth vertical wall and 
is supported by a string attached to the vertex and to a point 
in the wall. Show that the greatest possible length of 
the string is 

h ^/^4 : V tan 2 a. 

[ The centre of gravity of a solid right circular cone is on the axis 
at a distance ithfrom the vertex . ] 

*33. Inside a smooth hollow vertical rjght circular 
cylinder of which the external radius is B and the internal 
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radius is r, two spheres whose radii are a and b rest. If 
the sphere of radius b is upper and if w be its weight, show 
that the cylinder will not overturn if its weight exceeds 
w (2r-a-b)/B. 


ANSWERS 


8. II sj2 ; W and W >J2. 

Wa Wb 


12 . 


n/2 (o a +V)-l* d2(a m + b*)-P 


13. At an angle tan~ x (f JE) to the horizon. 

15. 20 lbs. wt. ; 20 s/3 lbs. wt. at an angle 60° with the horizon. 


19 W - sin a , W sin /3 
Bin (a + p)' Bin (a + p)' 


23. 3& lbs. wt. 29. 2a 


8’3. General conditions of Equilibrium of any system 
of coplanar forces. 

(A) The necessary and sufficient conditions that a system 
of coplanar forces acting on a rigid body may be in equili- 
brium are that 

(i) & (ii) the algebraic sum of the resolved parts of 
the forces in any two mutually perpendicular* directions 
should be separately zero, 

and (iii) the algebraic sum of the moments of the 
forces about any point in their plane shauld also be 
zero. 

To prove that the conditions are sufficient : 

Let Pi, P a , P 8 ,... be a system of coplanar forces acting 
on a rigid body, and O any point in their plane. 

* By introducing at O two equal and opposite forces each 
equal and parallel to Pi (which neutralise each other) the 
given force Pi may be taken as equivalent to an equal and 

*or any two different directions in the plane. 

9 



180 


8TATI08 


parallel force Pi at 0 , together with a couple. Dealing 
with each of the other forces in a similar manner, and then 
recombining, the given system of forces can be reduced ulti- 
mately to a single resultant force B at 0 together with 



a couple G (See Art. 7' 2). Moreover, the resolved part of B 
in any direction, say OX ’, is equal to the algebraic sum of 
the resolved parts of the given forces in that direction, and 
the moment of the couple G is equal to the algobraic sum 
of the moments of the given forces about 0 . 

Now, if the algebraic sum of the resolved parts of the 
given forces in any two perpendicular directions OX and 
OY, namely SX and SY, be separately zero, these being 
also the resolved parts of the resultant B in these direc- 
tions, B 2 **{2X) a + (2Y) a = 0. If in addition, the algebraic 
sum of the moments of the given forces about 0 be zero, 
we get G = 0. Hence, both B and G being zero, the force 
system is in equilibrium. 

Thus, the above three conditions being given, the force 
system will be in equilibrium. Hence the conditions are 
sufficient. 

To prove that the conditions are necessary : 

Let the given force system be in equilibrium. As 
proved above, the given system is reducible to a single 
force B at 0, together with the couple G . In this case 
12 and G must be separately zero, for a couple and a single 
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force can never produce equilibrium. Now the algebraic 
sum of the moments of the given forces about 0, being 
equal to the moment of O , must therefore be zero. Again, 
the algebraic sum of the rosolved parts of the given forces 
in any two perpendicular directions, being equal to the 
resolved parts of B in those directions, must be separately 
zero, since B is zero here. 

Thus, the force system being in equilibrium, the three 
above conditions follow as a necessary consequence. 

Note. Analytically, if OX and OY be any two perpendicular direc- 
tions in tho plane of a system of coplanar forces, and 2Z, 2F, the 
algebraic sum of the resolved parts of. the given forces along OX and 
OY respectively, and G = 2(&F— yX) be the algebraic sum of the 
moments of the given forces about O, the conditions of equilibrium are 
2X = 0, 2Y=0, G=2(xY— yX) = 0. 

(B) Another set of necessary and sufficient conditions of 
equilibrium of a given system of coplanar forces is that 

(i), (ii) & (iii) the algebraic sum of the moments of 
the given forces about any three non-collinear points in 
their plane should separately vanish. 

Let a given system of coplanar forces acting on a rigid 
body be such that the algebraic sum of the moments of 
the forces about three non-collinear points A % B t 0 in their 
plane are separately zero. 

Now, we know that a given system of coplanar forces 
can always be reduced either to a single force, or to a single 
couple. In this case, the force system cannot reduce to 
a couple, for then the moment of this couple, being equal to 
the algebraic sum of the moments of the given forces about 
any point A , is zero, and so the couple vanishes. Again, 
if the force system reduces to a single resultant force * B, 
its moment about A , being equal to the algebraic sum of 
the moments of the given* 1 forces about that point, is zero. 
Thus the resultant, if it be not zero, must pass through A . 
Similarly, it will pass through B and 0. Now, A , B , 0 
being not in the same straight line, the resultant, which is 
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in a definite direction, cannot pass through all three simul- 
taneously. Thus the resultant must vanish. Hence the 
given system of forces, being neither reducible to a single 
resultant, nor to a couple, must be in equilibrium. 

Thus the three conditions above being given, they are 
sufficient to ensure equilibrium of the given system. 

Conversely, if the given system be in equilibrium, reduc- 
ing it to a single force at any arbitrary point A together 
with a couple, which must both be zero, we can conclude 
that the algebraic sum of the moments of the given forces 
about A must vanish ; and similarly for B and C. Thus the 
conditions follow necessarily. 

8’4. Illustrative Examples. 

Ex. 1. Forces P, Q, P, S act along the sides AB , BC , CD , DA of 
the cyclic quadrilateral A BCD, taken in order , inhere A and B are the 
extremities of a diameter. If they are in equilibrium , prove that 

P a = P a + Q a +S a -J-2PQS/P. [C. U.1945 ] 



Here the resultant of P and Q acting at B at an angle 180® -P 
balances the resultant of R and 8 at D acting at an angle 180® -P i.e . 
at an angle B. [ V the quadrilateral is cyclic ] 

Hence, P* + Q 9 -2PQ cos P« P a + S a + 2PP c<js P. — (i) 
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Again, for equilibrium of the whole system, taking moment 
about B, 

0/1 o 

R.BC sin C + S.AB sin A *0, or, ab~~R* 

[V 180°- C] 

Thus, since ACB is a right angle for AB is a diameter, 


cos B 


BC_ _S 
AB R 


Now from (i), 

P* + Q* + i = B» + S*.-2S’, 
i.e., R* = P* + Q* + 8* + 2PQS/R. 


Ex. 2. A gate 6 feet high and 8 feet wide weights 112 lbs. and is 
supported by two hinges , one foot front the bottom and top respectively. 
The lower hinge can only exert a horizontal reaction . Find the reactions 
at both hinges , if a boy of weight 52 lbs . is sitting on the end of the gate. 

[ C. U. 1942 ] 



Let X , Y be the horizontal and vertical components of reaction at 
the upper hinge U, and X' the reaotion of the lower hinge L, which is 
given to be horizontal only. These reactions at the hinges, together 
with the weight of the gate at its centre G, and the weight of the boy at 
the end B of the gate, keep it in equilibrium. 
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For equilibrium, resolving horizontally and vertically, we get 
X'-X=0, oi, X = X 
F-112-52 = 0, or, 164 lbs. wt. 

Also, taking moment about the lower hinge, (since E7L = 6 — 2 = 4 ft., 
4J3=8 ft., distance of O from the line AD is 4 ft.) 

XA — 112.4 — 52.8 — 0, 
whence X=216 lbs. wt. 

Thus total reaotion at the upper hinge 

= JX* -f F a = *J 216® + 3.64* = 27 1*2 lbs. wt. nearly. 

The reaction at the lower hingo = X' = X=216 lbs. wt. 

Ex. 3. A ladder of weight 24 lbs . rests on a smooth horizontal ground 
leaning against a smooth vertical wall at an inclination tan~ l 2 with 
the horizon and is prevented from slipping by a string attached at its 
lower end , and to the junction of the luall and the floor , A boy of weight 
72 lbs . begins to ascend the ladder . If the string can bear a tension of 
30 lbs, tvt., how far along the ladder can the boy rise with safety ? 



AB being the ladder at an inclination 0 b tan’ 1 2 to the hogizon, 
let T be the tension in the string AO, when the boy rises a distance 
AC—x along the ladder* Let AB°*a, and let R' and R be the reaotions 
at A and B which, since the floor and wall are both smooth, are vertical 
and horizontal respectively. * 
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Now for equilibrium, ' resolving horizontally, and taking moment 
about A , we got 

R — T =0, i,e, t R = T, 


and 

whence, 


R.a sin 0- 24* - cos 0-72.® cos 0 = 

A 


x R 1 _r i _r 

a 72 9 6 72 2 6 ‘36‘ 


0 , 

1 

6 ‘ 


Now maximum value of T that the string can boar is 30 lbs. wt. 
Honco the groatest possible value of x}a consistent with equilibrium is 
| J — & i.e. 8» or the groatest value of x possible is 5a. 

Thus tho boy can rise a disiance 8 of the ladder with safety. 

Ex. 4. A triangle formed of three rode is fixed in a horizontal 
position , and a homogeneous smooth sphere rests on it ; show that the 
reaction of each rod is proportional to its length. 

Lot D, E, F be the points where 
tho sphere touches the rods BC t CA , 

AB. Tho reactions of tho rods on 
tho sphere being along tho normals, 
must pass through tho centre 0 of 
the sphere. 

Let R lt R 9 , R a be these reactions. 

The section of the sphere by the plane 

of the trianglo is a circle whioh 

touches the sides of the triangle ABC 

at D, E, F t and is accordingly the 

in-circle of the triangle. Its centre I 

Is at the foot of the perpendicular 

from the centre O of the sphere on 

the plane ; thus 01 is vertical, and 

along this line the weight of the sphere aots. 

• *. 

Now, DImBI-BI, and so £ 7 ' Yl whloh “P * 68 ® 14 018 

tangents of the angles ODI, OBI, OBI are also equal. Thus DO, BO, 
FO are Inolined at the same angle (0 say) to the horizon. 
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The reactions B lt R 2 , R 3 along DO, EO and FO , together with the 
weight of the splits are in equilibrium. Hence resolving'horizonfcally, 
the horizontal components of R lf R it R 3 which are evidently along 
DI, El , and FI are in equilibrium. v 

Thus, by Lami’s theorem, 

cos 0 JR a cos 0_R a cog J? 
sin EIF** sin FID sin DIE ' 

Now, sin EIF= sin (180° - 4) = sin A. [ v AEIF is cyclic ] 

Similarly, sin FID = sin H, sin DIE*= sin C. 

Thus, : Z2 a : I2 3 = sin 4 : sin B : sin C 
=a : 6 : c, 

i.6., the reactions of the rods are proportional to their lengths. 


Examples on Chapter VlII(b) 

1. A uniform beam who^e weight is 200 lbs. and which 
is 12 ft. long is hinged to a vertical wall. A string attached 
to the other end keeps the beam horizontal and is fixed to 
the wall 9 feet above it. A weight of 300 lbs. is hung from 
this end. Find the tension of the string and the thrust on 
the beam. 

2. A ladder of length 2 1 and weight W rests against 

a amooth vertical wall. Its lower end is in contact with 
the floor which is smooth and is prevented from slipping 
by a string of length a, connecting it with the junction of 
the wall and the floor. If a person of weight 2W stands 
on the rung of the ladder distant il from its lower end, 
determine the reactions at the two ends of the ladder, and 
the tension of the string. [ C. U. 1941 ] 

*3. A ladder resting on a smooth floor and against 

a smooth vertical wall is prevented from slipping by a rope 
tied to a point on it with its other extremity fixed at the 
junction of the floor and the wall. If the centre of gravity 
of the ladder divides it in the ratio m : n, and the ladder 
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and the rope be inclined at angles 0 and <f> respectively to 
the horizon, show that the tension of the rope is 

■pp jn . __cos 0 
m + n sin (0 - <j>) 

where W is the weight of the ladder. 

4. A heavy rod of weight W is hung from a point by 
two equal strings, one attached to each extremity of the 
rod. A weight w is suspended half-way between the mid- 
point and one end of the rod. If T x and T 2 be the tensions 
in the strings, show that 

T Xass 2W+ 3w t 
T a 2W + w 

5. A uniform beam of length 2 a and weight W rests 
with its ends on two smooth planes inclined at angles 30* 
and 60° respectively to the horizon. A ring of weight 2W 
can slide along its length. Find the position of the ring 
when the beam rests in a horizontal position. 

6. A square lamina ABCD of weight W is hinged to 
a vertical wall at A with its plane vertical. A weight W is 
suspended from its corner G and it is supported with AC 
horizontal by means of a horizontal string joining B to the 
wall. Find the tension of the string and the reaction at 
the hinge. 

7. A door 7£ ft. high is hung from two hinges placed 
9 inches from the top and the bottom. If the weight of the 
door be 36 lbs. wt., and its C. G. is at a distance 2i ft. from 
the line of hinges, show that the total force on each hinge 
is 22£ lbs. wt., it being assumed that the weight of the door 
is supported by each hinge. 

8. A gate is supported by two hinges in' such a way 
that* the action of the upper hinge is entirely horizontal. 
The distance between the hinges is 3 ft., and the weight of 
the gate, 60 lbs., acts along a vertical line 3} ft. from the 
line of the hinges. Find the force exerted by each hinge 

[ 0. U. 1944 } 
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9. Forces P, Q, B , S acting along AB , PC, CD, DA 
of a quadrilateral ABCD are in equilibrium, show that 

P * B _ Q x 
.4P x CD PCx £>/ 


*10. Forces P, Q , P act along the sides PC, C.4, -dP of 
e. triangle ABC and forces P', Q', B f act along AO, BO, CG, 
where G is the centroid of the triangle. If the six forces 
are in equilibrium, show that 

PP' , QQ' , 

~AG.BC BG.CA CG.AB 


*11. Forces P, Q. P act along the sides PC, CA , AB of 
the triangle ^4PC and forces P', Q\ B 9 act along OA , OB, 
OC, where 0 is the circum-centre, in the senses indicated by 
the order of the letters. If the six forces are in equilibrium, 
show that 


and 


P cos A + Q cos P + P cos C = 0 

PZ+QQ\W,. o. 

a b c 


12. Forces P± , P 2 , P 3 » Pa. Ps. P« act along the sides 
of a regular hexagon taken in order. Show that they will 
be in equilibrium, if 

SP = 0 and P j - P 4 = Pa "" Pq *“ P« " P 2 - 


13. Three uniform rods -4P, PC, CP whose weights 
are proportional to their lengths a, b , c are jointed at P 
and C, and are resting in a horizontal position on two smooth 
pegs, the distance between which is x . Show that 

„ a* , c* , , 

® 2a + 6 2c + 6 


14. A weight W is attached to an endless string of 
length l which hangs over two smooth pegs distant c Apart 
in a horizontal line. Prove that the pressure on each peg is 


W 
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15. A uniform rod of weight W is supported in equili- 
brium by a string of length l, attached to its ends and 
passing over a smooth peg. If now a weight W' be sus- 
pended from one end of the rod, prove that the system 

lW f 

may be placed in equilibrium by sliding a length y p*) 

•of the string over the peg. 

*16. Two uniform rods AB t AC, each of length 2a, are 
smoothly jointed at A and rest symmetrically in a vertical 
plane on two smooth pegs in the same horizontal level at 
a distance 2x apart. Show <fchat they are in equilibrium if 
each rod makes with the vertical an angle sin -1 %j{xlci). 

17. Two equal uniform heavy rods are connected at 
one extremity by a thin string, and the system is placed 
symmetrically in a vertical plane with the rods resting on 
two smooth pegs in the same horizontal line. If a be the 
length of each rod, b the distance between the pegs and 
l (< b) is the length of the connecting string, show that in 
equilibrium position, the inclination of each rod to the 
horizon is 

C0S_1 (s/it)* 

*18. A triangular lamina of weight W is supported by 
three vertical strings attached to its angular points, so that 
the plane of the triangle is horizontal. A particle of weight 
W is placed on the triangle at its ortho-centre. Prove that 
if Zi, T z , T q be the tensions in the three strings, then 

Zi M Zj a m Ts 

1 + 3 cot B cot C 1 + 3 cot 0 cot A 1 + 3 oot A cot B 

*19. A circular lamina is hung up from three points 
A , B f C on its rim "by equal strings attached to a fixed 
point. If Zi, Z T a , Z T 8 be the tensions in the strings, then 

Zi _ Z T fl _ T a . 
sin 2 A sin 2 B sin 2 C 
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20. A heavy triangular lamina is suspended with its 
plane horizontal from a fixed point by strings attached to 
its corners ; show that the tension of each string is propor- 
tional to its length. 

Prove that the same result is true even if the plane 
of the triangle is not horizontal. 

*21. A sphere rests on three smooth pegs, which lie in 
a horizontal plane, and are at distances a, b , c from one 
another. Prove that the pressure on the pegs are in the 
ratios 

a 2 (i b 2 + c 2 - a 2 ) : b 2 (c 2 + a 2 - b 2 ) : c* (a 2 + b 2 ~ c 2 ). 

22. A light table stands on three equal vertical legs and 
a weight is placed at the in-centre of the triangle formed 
by the points of intersection of the legs with the table. 
Show that the pressures on the legs are proportional to the 
lengths of the opposite sides of the triangle. 

28. Two equal smooth spheres, each of weight W and 
radius r, are placed within a thin hollow vertical cylinder 
of radius a ( < 2r), open at both ends, and resting on 
a horizontal table. Prove that the least weight of the 
cylinder so that it may not be upset, is 

24. Two equal uniform ladders of length Z, freely jointed 
at Ay are connected by a horizontal rope PQ and rest on 
a smooth horizontal plane ; a man of weight W climbs 
a distance x up one of the ladders. If w be the weight of 
each ladder, 26 *= length of the rope, and AP^AQ^a, show 
that the tension of the rope is 

Wx + wl __ b 

2 a ' Ja T -b 2 ' 

25. ABy BCy CD are three equal rods jointed at B and 
C . The rods AB, CD rest on two smooth pegs in the same 
horizontal line, so that BC is horizontal. If a be the 
inclination of AB and 0 that of the reaction at B to the 
horizon, prove that 

3 tan a tan 0 ■* 1. 
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26. A solid hemisphere of weight W and radius a is 
placed with its curved surface on a smooth horizontal table 
and a string of length l ( < a ) is attached to a point on 
its rim and to a point on the table ; show that the tension 
of the string is 


iw- 


a- 1 

J2 al-l* 


27. Two smooth balls of the same material of radii a 
and b are placed inside a hemispherical bowl of radius B ; 
prove that the line joining the centres of the balls will be 
horizontal, if 

r Ja + b)(a 2 +b*)[ 
a 2 - ab + b 2 


28. Inside a fixed vertical ring of radius B , there are 
placed symmetrically two equal small rings of radius r, and 
a third equal ring is placed symmetrically on them. Prove 
that the rings will remain in contact, provided 

B <r (1 + 2^7). 


29. Two uniform spheres of equal weight but unequal 
radii a, b are connected by a cord of length l attached to 
a point on each surface. They rest in contact, the string 
hanging over a smooth peg. Show that the two portions of 
the string make equal angles 


sin 


i a + b 
a+b + 1 


with the vertical. 


*30. Two smooth spheres of radii a and b , of equal 
density, are connected by a light string of length l , the ends 
of the string being attached to points on the surface of the 
spheres. The string is slung over a smooth fixed peg and 
tlje spheres hang freely Jn contact with one another. Show 
that in the position of equilibrium, the peg divides the 
length of the string in the ratio 

6® (6+ Z)-a 4 : a® (a + 2)-6 4 . 
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81^ The height of a solid homogeneous right circular 
cone is h and the radius of its base is r ; a string is fastened 
to the vertex and to a point on the circumference of the 
circular base, and is then put over a smooth peg ; if the 
cone rests in equilibrium with its axis horizontal, show 
that the length of the string is J(h 2 + 4r a ). 

[ C. H . 1960 ] 

*32. A smooth plane is inclined at an angle 6 to the hori- 
zon. A smooth rod of length 2 1 has one end resting on the 
plane and is supported by a horizontal beam which is parallel 
to the plane and at a distance d from it. If a be the 
inclination of the rod to the inclined plane, then 

d sin 6 = l sin 2 a cos (a - 6). 

*38. ABC is an equilateral triangle formed by three 
smoothly jointed uniform rods, each of weight w . If D be 
the middle point of the rod AB which is the uppermost 
and C be the lowest vertex of the triangle, find the action 
at C and at each of A and B. 

*34. Two rods OA, OB are fixed in a smooth vertical plane 
with 0 uppermost, each rod making an acute angle a with 
the vertical. Two smooth rings of equal weight tv, which 
can slide one upon each rod, are connected by a light inex- 
tensible string, upon which slides a third smooth ring of 
weight 2 w. Show that in the symmetrical position of 
equilibrium, the ratio of the distance from 0 of the third 
ring to the distance from 0 of either of the other strings 
is i(sec a + cos a). 

*35. The ends of a light string are attached to two 
smooth rings Q, R of weights w u w 2 and the string carries 
a third smooth ring P of weight W which can slide upon 
it. The rings »i, w 2 are free to slide on two fixed rods 
inclined at angles a and 0 to the vertical. If y be the angle 
which either part of the string makes with the vertical* 
then in equilibrium, show that 

cot y : tan 0 : tan a = W : W+2w* : W+ 2 w ± . 

*36. Two circular discs, each of radius P, with smooth 
edges, are placed on their flat sides in the corner between 
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two mooth vertical planes, which are inclined at an angle 28. 
The discs touch each other in the line bisecting the angle 
2 0. Show that the radius of the smaller disc that can be 
pressed between them without causing them to separate 
is p (sec 0-1). 

*87. Four equal uniform rods jointed together form 
a square figure LMNP and the system is suspended from 
the joint L t and kept in the form of a square by a string 
connecting L and N. If T be the tension of the string, 
and W, the sum of the weights of the four rods, show that 
T=iW ; and if B be the reaction at either of the joints 
B or D, find the magnitude and direction of B. 

*88. ABCD is a square board ,‘ r which is hung flat against 
a smooth vertical wall by means of a string APB , which is 
fastened to the two extremities A and B of the upper edge 
AB and which passes over a smooth nail at P. When the 
string APB is less than the diagonal AC of the board, show 
that there are three positions of equilibrium. 

*39. A right circular cone of height h and vertical angle 
2 a is placed with its vertex in contact with a emooth verti- 
cal wall and its slant side resting against a smooth hori- 
zontal rail fixed parallel to the wall and at a distance C 
from it. Show that if in the position of equilibrium, the 
axis makes an angle 0 with the horizon, then 

3/a = 4c seo 2 (0-a) sec 0. 


ANSWERS 

1. 6668 lbs. wt. ; ^ s/265 lbs. wt. 

dW 

2. Tension = reaction of the wall = *— 7T ==-== S ; 

sf 4l a -a* 

reaction of the floor®* 8TT. 

5. ia from the end on 80° plane. 

6. 3W ; W is/I5 making an angle tan* 1 8 with the horizon. 
8. 70 lbs. wt., and 10 s/55 J bs. wt. 

33. At C, w ; at each of A and JB, 

87. R = iW and acts in the horizontal direction. 
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9*1. Hitherto we have considered examples of bodies 
acted on by forces, which in some cases had been in contact 
with other smooth bodies or surfaces. Such a surface, from 
the very definition, can exert a reaction in the normal 
direction only, and is incapable of exerting any force in the 
tangential direction. A perfectly smooth body or surface 
is however an ideal one, as is never to be met with in nature, 
and all bodies or surfaces which are experienced by us are 
more or less rough . < 

( When a body is in contact with a rough surface (or 
some other rough body), and is acted on by external forces 
whereby it is urged to slide over that surface , it experiences 
a tangential resistance at its point of contact, which is known 
as the force of friction between the body and the surface 
( or between the two bodies ). ) 

As an illustration, let us consider a book resting on 
a rough horizontal table. Evidently, the reaction of the 
table, which is vertically upwards, balances the weight of 
the body. Now, suppose we apply a horizontal pull on the 
body by a string ; for instance, a string attached at one 
extremity of the book, after passing over the table, has 
a weight hanging from it at the other end. If the weight be 
not sufficiently large, it is found that the book does not 
move. This shows that the table (in addition to the vertical 
reaction balancing the weight of the body), exerts a hori- 
zontal force opposing the tension, and keeps the book in 
equilibrium. This is the force of friction. If now the 
hanging weight is increased a little, provided it does, not 
exceed a certain limit, the body is stilr found to remain at 
rest. The force of friction must accordingly have increased. 

If the weight be diminished or removed, the body con- 
tinues to remain at rest, which shows that^he frictional ^ 
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force also diminishes or disappear simultaneously, or 
otherwise the body would move in the opposite direction. 
The direction of the horizontal pull may be altered and the 
experiments repeated. The results in all cases will indicate 
that the force of friction ip a self-adjusting force, of the 
nature of a passive resistance, appearing only when neces- 
sary and being always (up to a certain limit) just sufficient 
to prevent motion, and in the requisite direction. 

Now suppose the external force urging the body to slide 
over the rough surface (the tension in the above case) be 
gradually increased. A time comes when the urging force 
is sufficiently large, and friction is no longer able to 
keep the body in equilibrium', and the body begins to 
move. There is thus a limit to which friction can rise. 
The value of this limiting friction depends on the weight 
of the body on the table, (or more generally, on the normal 
reaction between the body and the rough surface), as can 
be verified by placing different additional weights on the 
book, and finding the limiting friction in each case by 
increasing the tension and seeing when the body just 
begins to move. 

All three experiments performed suitably and repeated 
under different circumstances ultimately lead to certain 
lawB satisfied by the force of friction which are given below. 
For experiments, the students are referred to any book on 
General Physics. 

As we have already mentioned, perfectly smooth bodies 
are never to be met with in nature. In fact friction plays 
a very important part in our everyday life. If there were no 
friction of the ground, walking would have been impossible. 
Screws or nails would not stick to wood. Nothing would 
rest on any slope, and would slide down. Ladders would 
not rest on the ground leaning against a wall. Wheels and 
carriages would not roll. No heat: could he generated without 
friction, and our everyday life practically would be upset. 

9*2. The laws of Statical Friction. 

When a body rests in contact with a rough surface (or 
another rough body), and is acted on by forces urging it 


10 
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to slide on the surface, the force of friction at the point of 
contact satisfies the following laws. 

Law I. The direction of the force of friction is always 
opposite to that in which the point of contact has the tendency 
to slide . 

Law II. The magnitude of the force of friction is such 
as would be just sufficient to prevent the sliding motion of the 
point of contact , subject to a certain maximum limit . 

When the forces acting on the body urging the sliding 
motion are sufficiently large, such that the limiting value 
of the friction is reached, and the body is on the point of 
sliding, the law satisfied by this limiting friction is as 
follows : 

Law III. The magnitude of the limiting friction always 
bears a constant ratio to the normal pressure between the 
two bodies in contact , and this ratio depends only on the 
nature of roughness of the materials of which the bodies are 
composed , but not on the shape or extent of the surfaces in 
contact. 

The law of Dynamical Friction. 

When a body in contact with a rough surface is acted on by forces 
such that it actually slides on the surface, the force of friction at the 
point of contact is in a direction opposite to that in which the point of 
oontact slides, and its magnitude bears a constant ratio to the normal 
pressure between the bodies in contact. 

In fact in this case the maximum amount of friction that can be 
called into play between the bodies is exerted at the point of contact. 

0*3. Definitions. 

Limiting Equilibrium and Limiting Friction. 

When a body in contact with a rough surface (or another 
rough body) is acted on by forces , and is in such a condition 
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that it is about to slide on the surface , the force of friction 
at the point of contact having reached a maximum limit , the 
body is said to be in limiting equilibrium . amd the force of 
friction then called into play is known as limiting friction . 

Coefficient of:frlction. 

When a body in contact with another rough body or 
surface is about to slide on it % the constant ratio which the 
limiting friction bears to the normal reaction betioeen the 
two bodies in contact is defined as the coefficient of friction 
between the bodies . 

Thus, in case of limiting equilibrium of a body on 
a rough surface, if F be the limiting friction at the point of 
contact, E the normal reaction between the bodies, then 
F 

^ -0, or, F-#iR, 

where n is a constant which represents the coefficient of 
friction in this case. 

Note. The value of p is different for different pairg of bodies in 
contact. Even if one of the pair of bodies in contact has got its rough- 
ness altered, say by rubbing or otherwise, the value of p alters. 

As far as is known, in no case p has been found to be greater 
than unity. 

The coefficient of dynamical friction, though very nearly equal to 
the coefficient of statioal friction, is strictly speaking, between the same 
pair of bodies, slightly less than it, for experiments show that the 
least tangential force necessary to start into motion a body, resting 
on a rough surface, is slightly greater than that required to continue 
the motion once started, though the normal pressure between the 
bodies is the same in the two oases. 

Angle of friction. 

In case of limiting equilibrium of a body on a rough 
surface , the angle made by the resultant of the forces of 
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limiting friction and the normal reaction ( i.e the resultant 
reaction of the rough surface) with the normal to the surface 
at the point of contact is defined as the angle of friction. 



Thus B being the 
normal reaction, the 
limiting friction is 
F^pB, where p is the 
coefficient of friction, and 
their resultant S making 
an angle A with the 
normal, A is defined as 
the angle of friction. 

Now from the figure 
it is clear that 


tan A — 


F ^pR 
B B 


P- 


Thus we may give another definition for the angle of 
friction as follows : 


The angle of f riction is that angle of which the tangent 
is equal to the coefficient of friction. 

It may be noted that for a body in contact with' 
a rough surface, if ON represents the normal at the point 
of contact, and if OL and OM be drawn on either side of 
ON making the same angle A with ON, then in the case of 
limiting equilibrium of the body, the direction of total 
reaction of the surface (resultant of normal reaction, 
and friction which is limiting) will be along OL or OM 
according as the body is on the point of sliding one way 
or the other. 

In case of non-limiting equilibrium of the body, the 
force of friction F being less than pB, where B is the 
normal reaction, the angle 0 made by the resultant reaction 
with the normal is given by 

tan 0— ^ < tan A, 


Thus 0 < A. 
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Hence, in any case of equilibrium of the body on the 
rough surface , the total reaction of the surface must be within 
the angle LOM. 

Accordingly, if the resultant of the external forces 
acting on the body be outside the angle vertically opposite 
to LOM , the body can never be in equilibrium, for the 
total reaction of the surface in the case cannot balance the 
resultant of the external forces. On the other hand, if the 
resultant of the external forces be within the said angle, 
the force of friction will adjust itself so that the resultant 
reaction will balance the resultant of the external forces and 
will keep the body in equilibrium. 

Cone o! friction. 

When a body is in contact with a rough surface , and 
with the common normal at the point of contact as axis t 
we describe a right circular cone whose semi-vertical angle 
is X^tan^ii, where fi is the coefficient of friction, this cone 
is defined as the cone of friction. 

Every generator of the 
cone of friction, therefore, 
makes an angle equal to 
the angle of friction with 
the normal. 

If the body is capable 
of sliding in any direction 
on the surface, it is clear 
that the resultant reaction 
of the surface cau never 
have a direction outside 
the cone of friction. 

Accordingly, for equili- 
brium of the body it is 
essential that the resultant of the external forces on the 
body should be within the vertically opposite cone. 
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9 '4. Rolling of a body on a rongh surface. 

Let a body having a point in contact with a rough 
surface be acted on by any system of external forces. If 
this force system reduces to a single resultant through the 
point of contact, then if this resultant force makes an angle 
not exceeding the angle of friction with the produced direc- 
tion of the normal at the point of contact, the total reaction 
•of the surface will adjust itself to neutralise the above 
resultant, and the body will remain at rest ; otherwise the 
body will slide. 

If, however, the external force system acting on the 
body does not reduce to a single resultant through the 
point of contact, the total reaction of the surface, by any 
adjustment whatever, cannot keep the body in equilibrium. 
In this case we can always reduce the external force system 
into a single force acting at the point of contact, together 
with a couple which does not vanish. Now, if the total 
reaction of the surface can balance the single resultant 
(which will be- the case when the resultant does not make 
with the normal an angle greater than the angle of friction), 
tlje point of contact will have no sliding motion, but the 
couple will produce a turning effect on the body which 
will turn about the point of contact ; in other words, the 
body will roll. This is the case of pure rolling. 

If on the other hand, the single resultant makes an angle 
with the normal greater than the angle of friction, the point 
of contact will slide, while the body will turn due to the 
couple. 

In the case of pure rolling, the force of friction at the 
T>oint of contact is, in general, less than the limiting friction. 

If the body instead of having a point of contact with 
a rough surface, has an area in common with it, then in 
case where the external forces reduce to a single resultant 
intersecting the area of contact, the body will either be in 
equilibrium, or will slide, according as this single resultant 
makes with the normal to the surface at its point of inter- 
section, an angle, not exceeding, or exceeding the angle of 
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friction. If however, the single resultant does not intersect 
the area of contact, the body must topple. 

In working out examples where a body with an area 
in contact with a rough surface, and acted on by external 
forces, has got the equilibrium broken, and it is not known 
whether it will begin by rolling or by sliding, it is always 
advisable to assume rolling first, and work out the magnitude 
of the friction Decessary to prevent the sliding motion. If 
it is found to exceed the limiting friction, then sliding will 
take place before this rolling stage is reached. Otherwise 
the body will roll, and the necessary friction, not exceeding 
the limiting friction, will come 4tato play to prevent sliding. 

9’5. Equilibrium of a heavy body on a rough inclined 
plane under any force. 

Let a heavy body 
of weight W be placed 
on a rough inclined 
plane of inclination a 
to the horizon, and be 
acted on by a force P at 
an angle 0 to the plane. 

Let i u be the coefficient 
of friction. 

Case I. Let the body be just supported , i.e., just on the 
point of slipping down . 

If It be the normal reaction of the plane, the friction 
in this case, which is limiting, is ftR up the plane. 

Hence for equilibrium, resolving along and perpendicular 
to the plane, 

P cos 0 + fiR “ W sin a 
P sin 0 + R — W cos a, 
whence, eliminating R , 

P(cos 5 — fi sin 0)* TF(sin cos a). 

P-w Bina - p ® q8 -- 

cos $ - fi sin 0 
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If A be the angle of friction, so that fi ■■ tan A, 


we get P W 


sin a — cos a tan A 


W 


fa -A) 


cos 5 — sin 8 tan A cos (0 + A) 


giving the necessary value of P in the given direction just 
to support the weight on the plane. 

Case II. Let the body be on the point of sliding up . 


In this case the limiting friction ptR is down the plane, 
and hence the equations for equilibrium give 

P cos 8 - iiR ■* W sin a 
and P sin 0 + R~W cos a, 

, n r^sin a + fi cos a^^sin fa + A) 

cos 0 + (i sin 8 cos (8 - A) 


Alternative method. 




In case I, the total reaction S of the inclined plane is 
making an angle A with the normal to the right as in fig. (i), 
when the body is in limiting equilibrium, about to slide 
down. Thus angl e between P nnd S is 90° — 8 - A, and that 
between W and S is 90°-a + 90° + A. Now, for equilibrium 
of the three forces P, S and W , by Lamis* theorem. 


W 


sin (90° - 8 - A) sin (180° - a + A) 


whence P = W 


sin 


(a — A) 


cqs (8 + A) 
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In case II, when the body is on the point of sliding up, 
I being on the opposite side as in fig. (ii), we get, as before 

_______ W P n _sin(a + A) 

sin(9O°-0 + A) sin (180° -a- A) w eDC0 cos(0-A) 

Cor. 1. If a £ X, it is found that for case I, P« W s * n !vrvr i» 

cos (0 + X) 

negativo or zero. In other words, ro force is required to support the 
body on the plane, which will rest of itself (in non-limiting equilibrium 
in case a < X). The maximum value of a for P not to be positive is X. 
Thus, the greatest inclination of the rough plane to the horizon so that 
the body will rest on it without support is the angle of friction, and in 
this extreme case tho body will be in limiting equilibrium, just on the 
point of slipping down. 

Cor. 2. If a > X, and ff*0. tho extreme values of P applied parallel 
to the plane, when the body is on tho point of slipping down, and when 
it is on the point of slipping up, are respectively W sin (a— X) sec X and 
IF sin (a + X) sec X. If P has any value between these, the body will 
rest on the plane in non-limiting equilibrium. 

Cor. 3. In goneral, when a > X, the least foroe that will just 
support the body on tho pi me is P = W sin (a — X), when applied in 
a direction given by 0= —X, and the least force necessary to drag the 
body up the plane is P»TPsin (a + X) applied in a direction given by 
0®X. 

The last result can be put in the form, ‘the least angle of traction 
up a rough inclined plane is the angle of friction*. 

9*6. Illustrative Examples. 

Ex. 1. A uniform ladder is in equilibrium with one end resting on 
the ground and the other against a vertical trail; if the ground and 
wall be loth rough , the coefficients of friction being and /*' respectively , 
and if the ladder be on thejfoint of slipping at both ends , show that the 
inclination of the ladder to the horizon is given by 

[ 0. U. 1936 ; B. B. U. 1943 ; U. P. 1947 ] 
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Let the length A B of the ladder be 2a. i2 and S denoting the 
normal reaction of the ground and the wall, the limiting friction at 
these points are fiR and pS in directions shown in the figure. 



Now for^ equilibrium, resolving horizontally and vertically, and 
taking moment about A , we get 

S = /W i - - (i) 

Ii + fi'S=W - ... (ii) 

and S.2a sin O+p'S.Va cos 0- W.a cos 0-0. ••• (iii) 

From (i) and (ii), S ( * + » W 

and then, from (iii), 

2S (tan $+n')= 1F=S^ +*»')• 


tan 0 = 



1 -_#**' 


Ez. 2. A straight uniform beam of length 2 h rests in limiting 
equilibrium, in contact with a rough vertical wall of height h, with 
one end on a rough horizontal plane and with the other end projecting 
beyond the wall . If both the wall and the plane be equally rough • 
prove that X, the angle of friction, is given by 
sin 2A=» sin a sin 2a, 

where a is the inclination of the beam to the horizon . ’t £7. U. 1944 ] 
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AB is the beam, O its middle point, so that AG**GB=h. 
CO iB tho wall»= h. Hence, AC^h cosec a. 

Thus, GC=h (cosec a-1). 



Now the equilibrium being limiting, the total reaction R at A is 
along AD making an angle X with the vertical, and the total reaction 
li' at C is along CD, making an angle X with the normal CE to the rod 
at C. As the three forces R % It' and the weight W of tho rod at Q 
are in equilibrium, they must meet at a common point D , so that DG 
is vertical, intersecting CE at E say. 


Clearly, /LADG^h^lLECD, /_QEG *a, and so /LEDC=*a-\. 

v GC GD sin GDC sin DAG 

' ~AG~GD AG** sin GfCZ>'sin ~ADG' 

Mcosec a — 1) sin (a-X) sin(90° — a — X) 

* e " ~ h **Bin (90°+X)* sin \ 


or, 


. sin (a-X) cos (a +X) sin2a— sin2X 

(cosec «-l)- sin X cos A iln^ ' * 


sin 2X cosec a««in 2a, or, sin 2X — sIn a sin 2a. 


Ex. 8. Two equal uniform ladders are jointed at one end and stand 
with the other ends on a rough horisontal plane* A man whose weight 
is equal to that of one of the ladders ascends one of them . Prove that 
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the other will slip first . Supposing that it slips when he has ascended 
a distance x % prove that the coefficient of f notion is 
(a + a) tan a/(2 a + r), 

a being the length of each ladder , and a the angle which each makes with 
the vertical. 



Let M bo the position of the man on the ladder AB at any instant 
when BM*=x, R, R the normal reactions of the ground, and F, F' the 
frictions at the instant at B aud C respectively. 

Now, considering the two ladders AB and AC as forming one 
system, action and reaction at A on the two neutralise each other. 
Hence, resolving horizontally and vertically and taking mom on t about . 
B , for the equilibrium of the combined system, we get 

F^F* — ••• 0 ) 

R + R’=3W — — (ii) 

R\2a sin a® sin a+W.x sin a+TT* ~ sin a. ••• (iii) 


Again, considering the equilibrium of the ladder AC separately, 
taking moment about A whereby the unknown aotion at A of AB on 
AC will not enter the equation, we get 

F\a cos a« R\a sin a- W • ~ sin a. ••• (to) 

* t 


From (iii), B'« 


■ W‘ • and then from (ti), R-W- ■ 
*a 


2a 
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Hence, from (i) and (iv), 

F- tf'-tan o { = W tan a-—-* 
l 2a 2 J 2a 

mi. 2* T a+nrc . - F' a + a . 

Thus, tana, and 7V “r, — r— tan a. 

It 4a — a: 1 2a + s 

Now, (4a — x) — (*2a + a) = 2(a — cr) is positive, for x < a. 

F' F 

Hence, - -7 > for all values of a:. 

xt 2b 

JV 1 j}*' 

One of the ladders will slip when either or is equel to the 
F' 

oooffidont of friction fc, and us * je the greater, this will attain the 

value /* first. Thus the other ladder AC will slip first, and the co- 
efficient of friction is connected to x by 1 I 10 relation 

F’ a + x . 

#t = — >*z— - tana, 
it 2a + x 


Note. Initially, when aj*=0, i c., tho man is on the lowest rung of 

»' j?' 

the first ladder, tan a, and — , = 4 tan a, and ft must be > 4 tan a 

in ordor that the Udders may not slip. Provided this is satisfied. 


F F' F' 

r - and —p both increase with x , but -/ being always 
tt it a 

the value m first. 


> will attain 

it 


Ex. 4. A heavy solid right circular cone is placed with its bass on 
a rough inclined plane , the inclination of which is gradually increased ; 
determine xvhether the initial motion of the cone will be one of sliding 
or tumbling over . 

[ The C.Q. of a solid right circular cone is on the axis at & height 
one-fourth of the height of the vertex from the base . ] 

Tho to'jal reaction of the plane (resultant, of normal reaotion and 
friction at all points of tho bise) must be a foroe, acting somewhere 
on tho bbse AB. Hance, if the external force, namely the weight of 
the ome, which act* Virtually downwards through its centre of 
gravity O, falls outside the base AB % the total reaction of the plane 
will not ba able to blanoe tho weight, and the cone will topple. 
Thus, assuming 0 to ba the inoli nation of the inclined plane In the 
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marginal case when the weight passes through the extremity A of 
the base, and the cone is on the point of tumbling over about A, the 



base will not slip before this stage is 
reached provided the external force i.e., 
the weight makes with normal to the 
plane an angle, loss than the angle of 
friction X, i,e„ provided A.AGN^S < X. 
This requires 

AN 

tan 0 < tan X, or, < p. 

Now, a being the semi -vertical angle 
of the cone, 

AN AN , 

tan a — 4QN It&nO. 


Hence, the cone will tumble if 4 tan a < /a. 

If 4 tan a > /a, then before the contemplated position for tumbling 
is reaohod, the base will slip. 

Hence, the initial motion of the cone will be one of slipping or 
tumbling over according as 

/a < or > 4 tan a. 

In case /a < 4 tan a, the cone will slip when the inclination of the 
plane to the horizon, i.e., 0 = X = tan ~ l fi. If /a > 4 tan a, the cone will 
tumblo when 0= tan -1 (4 tan a). 

Ex. 5. Two weights P and Q (P>Q) are placed on a rough inclined 
plane , being, connected by a thin string passing over a small smooth 
pulley on the plane , the parts of the string being parallel to the line of 
greatest slope . The inclination of the plane to the horizon is gradually 
increased . Prove that the weights will begin to slip on the plane when 
its inclination 0 to the horizon is given by 

tan 0 s3 JtTq tan \ 

where X is the angle of friction of the plane % assumed same with respect 
to either weight . 

$ being the inclination of the plane when P is on the point of 
slipping down, and m denoting the coefficient of frfetion, If B be the 


Ex. IX ] 


FRICTION 


159 


norma] reaction on P, the friction is mR up the plane. If 8 be the 
normal roaction on Q t as Q is on the point of moving up, the friction 
/iS will act down the plane. Let T be the tension of the string. 



Now, for equilibrium of P and Q , resolving along and perpendicular 
to the plane in each case 

P sin 0 = T+mR, P cos 6 = R 
<2 sin 0= T-mS, Qcosd = S. 


Prom these, 

P (sin 0 — m cos 0) = T=<2 (sin 0+/x cos 0). 
sin 0 (P — Q) = m cos 0 (P+Q). 


4 A P + Q 
tan 0 = p jTZlri 


P + Q 
P-Q 


tan X. 


: Examples on Chapter IX 

1. A body of weight W rests on a rough horizontal 
plane, A beiDg the corresponding angle of friction. It is 
desired to move the body on the plane by pulling it with 
the help of a string. Find the least angle of friction, and 
the least force necessary. 

2. A body of weight 4 lbs. rests in limiting equilibrium 
on an inclined plane whose slope is 30*. Find the co- 
efficient of friction and the normal reaction. 

[ C. U. 1916 ; B. E . Allahabad , 1988 ] 
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[ Ex. IX 


3. How high can a particle rest inside a hollow spher? 


of radius a, if the coefficient of friction be ^ ? 


[ P. U. 1929 , '31 t ' 39 ] 


4. Prove that the horizontal force which will just 
sustain a heavy particle on a rough inclined plane, will 
sustain the same particle on a smooth plane whose inclina- 
tion is less than that of the rough plane by the angle of 
friction. 


5. A weight 30 lbs. can just rest on a rough inclined 
plane when its inclination to the horizon is 30°. When the 
inclination is increased to 00°, find the least horizontal force 
which will support it. 

Find also the least force along the plane that will drag 
it up. 

0. A body of ma3S 100 lbs. is placed on a rough inclined 
plane, and is just supported by a force 40 lbs. wt. applied 
along the plane. When this force is increased to 80 lbs. wt., 
the body is on the point of sliding up. Find the coefficient 
of friction. 

7. A body of weight W can just be sustained on 
a rough inclined plane by a force P f and just dragged up the 
plane by a force Q, P and Q both acting up the line of the 
greatest slope. Show that the coefficient of friction is 

ji~W*-(P + Q)* 

8. The force P acting along a rough inclined plane 
just supports a body on the plane, the angle of friction A being 
less than a, the inclination of the plane to the horizon. 
Show that the least force acting along the plane, which is 
sufficient to drag the body up the plane is 

p SLH h * ). 
sin (a - A) 

9. The least force which will move a weight up an 
inclined plane is P. Show that the least force, acting 
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parallel to the plane which will move the weight upwards, 
is 

P n/1+7?. 

H being the coefficient of friction of the plane. 

10. A body is resting on a rough inclined plane of 
inclination a to the horizon, the angle of friction being A, 
(A > a). If P and Q be the least forces which will respec- 
tively drag the body up and down the plane, then 

P ^ sin (A+ q ) 

Q sin (A ~ a) 

11. If the force, which acfing parallel to a rough plane 
of inclination a to the horizon is just sufficient to draw 
a weight up, be n times the force which will just let it be 
on the point of sliding down, show that 

. n + 1 

tan a = <«— Y 

*12. Two rough particles connected by a light string rest 
on an inclined plane, the string passing round a smooth 
pulley on the plane, and the parts of the string being parallel 
to the line of the greatest slope. If the weights and corres- 
ponding coefficients of friction are W± 9 W 2 , and fi i, n 2 
respectively, show that the greatest inclination of the plane 
consistent with equilibrium is 

tan" 1 I-TPiT*)* £ Punjab, 1940 ] 

*13. A beam rests with one end on a horizontal ground 
and the other against a vertical wall. Prove that for equili- 
brium, there must be friction between the beam and the 
ground, and need not be friction between the beam and the 
wall. 

*14. A uniform ladder rests' with one end on the rough 
horizontal ground and % the other against a rough vertical 
wall. The coefficients of friction at the lower and upper 
ends are 9 and i respectively. Determine the angle which 
the ladder makes with the ground when it is about to slip* * 

E.0. Rlftfl. 


ll 
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15. A uniform ladder rests in limiting equilibrium with 
its lower end on a rough horizontal plane and its upper end 
against a smooth vertical wall. If 0 be the inclination of the 
ladder t<$ the vertical, prove that 

tan 0 — 2//, 

where (i is the coefficient of friction. 

What happens if the ladder be non-unifbrm ? 

16. A uniform ladder rests with its lower end on a rough 
horizontal ground and its upper end against a rough vertical 
wall, the ground and the wall being equally rough, and the 
angle of friction A. Show that the greatest inclination of 
the ladder to the vertical is 2A. 

17. A ladder, 30 feet long, rests with one end against 

a smooth vertical wall and with the other on the ground , 
which is rough, the coefficient of friction being i ; find how 
high a man whose weight is 4 times that of the ladder can 
ascend before it begins to slip, the foot of the ladder being 
6 ft. from the wall. [ B. H. U . 1946 ] 

18. A uniform ladder rests inclined at 45° to the vertical 
with one end on rough horizontal ground, the coefficient 
of friction being f , and the other end against a smooth verti- 
cal wall. Show that a man whose weight is equal to that 
of the ladder cannot ascend to the top. 

What weight must be placed on the bottom of the ladder 
to enable the man to ascend to the top ? 

19. A man weighing 140 lbs. climbs up a uniform 
ladder 20 ft. long and 70 lbs. in weight, which rests against 
a rough vertical wall at an angle of 45°. If the coefficient 
of friction at each end of the ladder is 0'5, how far will the 
man be able to climb up the ladder before it begins to 
slip ? 

Find also the greatest weight of a creature which oan 
climb to the top. [ B. H. U . 1940 } 

20. A uniform ladder rests in limiting equilibrium with 
one end on a rough horizontal plane and the other against 
a smooth vertical wall. A man then ascedBs the ladder. 
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Show that, whatever his weight, he oannot go more than 
half-way up. What happens if the horizontal plane also be 
smooth ? Give reasons for your answer. I G. U . 1942 ] 


21. A uniform ladder rests in limiting equilibrium with 
one end against a rough vertical wall and the other on 
a rough horizontal plane, the angles of friction being A and A' 
respectively. Show that the inclination 0 of the ladder to 
the horizon is given by 


tan 0 ■ ■ 


co s (A + A ; ) 

2 sin A' cos A 


[ C. U. 1947 ] 


*22. A uniform ladder of ^eight W, inclined to the 
horizon at 45°, rests with its upper extremity against a rough 
vertical wall and its lower extremity on the ground., Prove 
that the least horizontal force which will move the lower 
end towards the wall is just greater than 


W 

2 


(' 


l±£), 

1 + #i7 


where /i and yl are the coefficients of friction at the lower 
and upper end respectively. [ C. U. 1939 ] 


23. A uniform ladder of weight w rests on a rough hori- 
zontal ground and against a smooth vertical wall, inclined 
at an angle a to the horizon. Prove that a man of weight 
W can climb to the top of the ladder without the ladder 
slipping if 

v) ^ 2( 1 - y t an q) | 

W 2 y tan a - 1 

y being the coefficient of the friction. [ 0. U, 1933 ] 

24. Two equal uniform rods AG, GB are freely jointed 
at G and rest in a vertical plane with the ends A and B in 
contact with a rough horizontal plane. If the equilibrium 
is limiting, and the coefficient of friction is y, show that 

sin ACB ■ s [ 0 . U. 1935 ] 

25. Two equal ladders of weight W are placed so as 
to lean against eaoh other at an angle 26, with their ends 
resting on a rough horizontal floor, the coefficient of 
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friction of which with respect to either being n % where 
tan 0 > ii > J tan 0. If W f be the weight which placed on 
the top causes the ladders to slip, show that 

tan 0 - fi 

Explain the case when fi < $ tan 6 or > tan 0. 

26. A bar rests on two pegs and makes an angle a with 
the horizontal. The centre of gravity is between the pegs 
at distances a, b from them. Prove that for equilibrium 

. ^ jLt±b + /{ 2 a 

a + b 

where fi* are the coefficients of friction at the pegs. 

[ Agra , 1940 ] 

27. A heavy uniform rod is placed over one and under 
the other of two horizontal pegs, so that the rod lies in 
a vertical plane ; shew that the length of the shortest rod 
which will rest in such a position is 

a (l + tan a cot A), 

where a is the distance between the pegs, a is the inclina- 
tion to the horizon of tho line joining them, and A is the 
angle of friction. 

*28. A straight uniform beam is placed upon two rough 
planes whose inclinations to the horizon are ai and a 8 f and 
coefficients of friction tan Ai and A a . If 6 be the incli- 
nation of the beam to the horizon in limiting equili- 
brium, 

2 tan 6 ■= cot (a 8 + A 2 ) - cot (ai - A*). 

*29. A heavy uniform rod rests in limiting equilibrium 
within a fixed rough hollow sphere. If A be the angle of 
friction, and 2a the angle subtended by the rod at the 
centre of the sphere, show that the inclination 0 of the rod 
to the horizon is given by 

2 tan 6 — tan (a + A) - tan (a - A). 

[ P. W. 1934 , 1943 ] 
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*30. A thin uniform rod of length 2 1 rests in limiting equi- 
librium inside a rough vertical circular hoop of radius a. 
Prove that the inclination of the rod to the horizontal is 


cot 



l 2 -/i 2 l 2 \ 
— )' 


whore n is the coefficient of friction. 


*31. A glass rod is balanced partly in and partly out of 
a cylindrical tumbler with the lower end resting against the 
vertical side of the tumbler. If a and 0 are the greatest 
and least angles which the rod can make with the vertical* 
prove that the angle of friction <£s 


! , _i / sin a — si 

i tan M .-5 -7— 7 

\sin a cos a + si 


- sin 0 


sin 0 cos 0/ 


*32. Prove that the least force, which applied to a uniform 
heavy sphere of weight W will maintain it in equilibrium 
against a rough vertical wall, is W cos A, provided A, the 
angle of friction, is less than 



*33. A rectangular block of wood with a square base is 
placed on a rough inclined plane with two sides of the base 
horizontal, and the inclination of the plane to the horizon 
is gradually increased. If n be the coefficient of friction, 
and a side of the base, find the greatest height of the block 
so that it may slide down the plane before toppling. 

34. A uniform solid circular cylinder is placed with its 
plane base on a rough inclined plane and the inolnation of 
the plane to the horizon is gradually increased ; show that 
the cylinder will topple over before it slides, if the ratio 
of the diameter of the base of the cylinder to its height is 
less than the coefficient of friction. 


35. A solid right circular cone is placed with its base 
on a rough inclined plane, the inclination of which to the 
horizon is gradually increased. If the angle of friction be 
30°, find the angle of the cone when it is on the point of 
both slipping and turning over simultaneously. 



166 


STATICS 


[ Ex. IX(a) 


ANSWERS 

1. X, W sin X. 2. 2 a^ 3 lbs. wfc. 

3. Ja(2— s/3) above the lowest point. 

5. 10 s/3 lbs. wt. ; 20 s/3 lbs. wt. 

6. h 14. 45°. 15. If the c.g. divides the ladder 

in the ratio m : n, tan 0 = m (?»4-w)/m. 

17. He can rise to the top without the ladder slipping. 

18. } of the weight of the ladder. 19. 13 ft. ; 17J lbs. 

25. If jj. > £ tan 0, the ladders cannot rest without W ' being nega- 
tive i.e. t the top must be pulled upwards, in which case the ladders will 
be in limiting equilibrium, the lower ends tending to slip outwards. 
If n > tan 0, the ladders will be in non-limiting equilibrium whatever 
positive value W' may have, and to put them in limiting equilibrium 
W* must be negative i.e ., the top must be pulled upwards, when the 
lower ends will tend to approach eaoh other. 

33. -• 35. cos -1 $1. 

A* 


Examples on Chapter IX(a) 


*1. A hemispherical shell rests on a rough inclined 
plane whose aDgle of friction is A. If 0 be the inclination 
of the plane base to the horizon, show that 0 cannot be 
greater than sin _1 (2 sin A). 


*2. A heavy particle rests on a rough parabola with its 
axis vertical and vertex downwards. If the latus rectum 
of the parabola is 4 a and if the greatest height above the 
vertex at which the particle can remain at rest be b and 

if ft be the coefficient of friction, show that ft^ib/a)^ 


*8. (i) A rough ellipse $*fa* + y*/b 2 •• 1 is placed with its 
<r-axis vertical. Find in which position a heavy particle 
can rest on it, if ft be the coefficient of friction. 


(ii) A particle rests on a rough wire in the shape of the 

0 8 I/ 8 

ellipse ~s + *■ 1 whioh is so placed that its x-axia is verti- 

cal and y-axis horizontal. If ft be the coefficient of friction. 
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find the depth of the position of the limiting equilibrium 
of the particle below the tangent at the highest point of 
the ellipse. [ C. H. 1954 ] 


*4. A heavy uniform wire in the shape of the ellipse 
x*/a 2 + y*ib*~l is hung- over a small rough peg. If the 
wire can be in equilibrium with any point in contact with 
the peg and if (jl be the coefficient of friction, show that 

u a b 
* * 2 ab 


*5. A rough cycloid is placed with its axis vertical and 
vertex downwards. Show that a particle can rest on it at 
any height h above the lowest point where h ^ 2a sin*A, 
A being the angle of friction and a the generating oircle of 
the cycloid. 

*6. A hemisphere rests in equilibrium with its curved 
surface in contact with a rough plane inclined at an angle 0 
to the horizon. If 6 be less than sin' 1 ! and also less 
than the angle of friction, show that the plane base of 
the hemisphere is inclined at an angle shT^# sin 6) to 
the horizon. 


*7. A uniform hemisphere of radius r, and weight w, 
rests with its spherical surface on a horizontal plane and 
a rough particle of weight w f rests on the plane surface at 
the point P. If C be the centre of the plane base of the 


hemisphere, show that CP ^ r, where n is the co- 

O V) 

efficient of friction. 

*8. A rigid framework ABCD in the form of a rhombus, 
of side 'a* and acute angle 0, rests on rough peg whose 
coefficient of friction is fi. Show that the distance between 
the two extreme positions which the point of contact with 
the peg can have is a/i sin 0. SiHfl 

*9. The handles of a drawer ABOD whose length and 
depth AB, BC are 2 a and 2b respectively, are distant 2d 
from each other. If p be the coefficient of friction at the 
sides of the drawer and its base be smooth, show that it 
is not possible to pull out the drawer by pulling one handle 
straight outwards if b < fid. 
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*10. A uniform cylinder of mass m is supported against 
a smooth vertical wall by a wedge of mass M and angle a, 
which can slide on a rough horizontal floor. If slipping 
is about to take place, calculate the coefficient of friction 
between the wedge and the floor. 

*11. A particle of weight TTi lies on the rough plane 
face of a solid homogeneous hemisphere of radius a and 
weight W resting with its curved surface on a fixed hori- 
zontal plane. In the position of the equilibrium of the 
system, the particle is at a distance x from the centre. 
Prove that the friction exerted between the particle and 
the hemisphere is equal to 

QxW^Oa 2 W* + 64a; 2 WSY*. [ C. H. 1959 ] 
*12. A solid homogeneous hemisphere rests on rough 
horizontal plane and against a smooth vertical wall. If the 
coefficient of friction p be greater than £, the hemisphere 
can rest in any position and if it be less, the least angle 
that the base of the hemisphere can make with the hori- 
zontal is shTMffi). 

If the wall be rough (coefficient of friction 11 ) show that 
the angle is sin" 1 


*13. A % B are the lowest points of the wheels of a bicycle. 
The length of AB is 2 1 and the centre of gravity is at 
a height h above AB and at a distance d in front of its 
middle point. Neglecting the axle friction, show that the 
greatest incline on which the bicycle can rest without 
slipping, is , , 

* 21 - (th ' * 21 + nh 

according as the front or back wheel is braked, (fi being 
the coefficient of friction). 

ANSWERS 


8. (1) Depth of the particle below the highest point of the ellipse is 
a* 


£ «“ 


(a* +#•*&*)* 


(«) «- 




10 . 


m tan a 
w+3 f 



CHAPTER X 

CENTRE OF GRAVITY 


10*1. Centre of like parallel forces. 

Let P lf P a , P 8 f be a set of like parallel forces acting 

on a rigid body at A lf A 2 , A 8t respectively. Join A±A a 



and divide it internally at C lt such that AxC± : C^A a — 
P% • Pi. Then the resultant of Pi and P 2 is a parallel 
force Pi + Pa acting at C±. Join OxA St and divide it inter- 
nally at C 2 such that CiC 8 : Ca^a^Ps * Pi + P 8 « Then 
the parallel force Pi + P 8 + P a acting at C 2 > is the resultant 
of P1 + P2 at Ci and P 8 at A 8t t,e., of P x at A lf P 2 at A 2 
and P 8 at A 9 . Next join C s ^ 4 » and divide it at 0 8 such 
that C2C3 : CsAt — Pt : Pi + P a + Ps. Proceeding in this 
manner till all the forces are exhausted, we finally arrive 
at a point 0 through which passes a force SP parallel to 
the system, which is the resultant of all the given parallel 
forces. 

Now, it is evident that the positions of Ci, C fll C 8l etc., 

depend only on the magnitudes of Pi, P 8 , P 8 , and on 

the positions of the points A±, A% % A a , where they act*. 

but have nothing to do with the common direction of the 1 
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parallel forces. Hence, the point C arrived at, through 
which the final resultant of the parallel forces passes, is 
fixed, whatever be the common direction of the parallel 
forces, so long as their magnitudes and points of application 
remain unchanged. The fixed point C is defined as the 
centre of the given system of like parallel forces. 

We may note that C being the point through which the 
resultant SP always passes, whatever be the common direc- 
tion of the given parallel forces P t , P a , Pa, it is a unique 

point, and will come out to be the same in whatever order 
we proceed to combine the given forces in succession. 

Analytical determination. 

We shall confine ourselves to the case of a set of like 
parallel forces acting in one plane. 



Y' 


Let Pi, Pa» P 8 be a set of like parallel forces acting 

at A lt A%, A&, on a plane, and let ( , yj, (cc a , y 2 ), 

(#si Vs), he tho co-ordinates of A 1% A 2 , A St referred 

to a set of rectangular axes on the plane. 
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The resultant of Pi at A% and P a at A 2 is Pi+P a 
acting at C x on A±A 2 such that A ± Ci : C 1 A 2 t =P* : Pi. 
Let fii. Vi be the co-ordinabes of C±. Then, A 1 L± t A 2 L 2 
and C x Mi being perpendiculars upon OX, since these are 
parallel lines, 

L±Mt _ AxC\ • P a 

JfxL. C!^ a % ' § " X 2 ~U Px 


whence we get £1 


Pig ? i + P a a? g 
Pi + P 2 ' 


(0 


Exactly in a similar manner, the sc- co-ordinate (£ a say) of 
C 2 , where the resultant Pi<*- P a + P 8 of P L -4- P 3 at C a and 
P 3 at A a acts, is given by’ 


£2 


(Pi+Pa) £1 + P 3 # 3 „Pi^i + Pa*a + P 8 ® 8| 
(Pi + P a ) + P 3 ” Pi + P a + P 3 


/rom ro. 


Proceeding in this manner, when all the forces are exhausted, 
the centre of the parallel forces through which the final 
resultant passes having co-ordinates £, r\, we get 


* Pi®i + Pfl?2_+ P«£ «_+ •“ = ^Px 
‘ Pi + P 3 + P 3 + ••• UP 


and similarly 

t] ,Pif/t + P 3 ya + P»y» + m ^?Py 
n Pi + P a + Pa + — -SP 


10*2. Centre of mass. 

Let a system of particles of masses mi, m a , m a ,... be 
placed at the points A l9 A 2 , ^ 3 , 

Divide Aid a at (?i in the inverse ratio of the masses 
at its extremities, i,e., A^Gx • G 1 A 2 mm m 2 : m x . Assume 
the total mass mi + m a collected at G x . Divide GxA s at G 2 
in the inverse ratio qf the masses at the extremities, such 
that <?i(? a : G 2 A 2 mm m Q :(m!+m a ), and assume the total 
mass at the extremities, m x + m a +m a collected at G a . 
Proceeding in this manner, when all the particles have bfeen 
exhausted, we arrive at a final point G which is defined as 
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the centre of mass , or centre of inertia of the given system 
of particles . 



Ae 

{m s) 
A 5 


It is evident from the mode of construction, that the 
point G is identical with the centre of a set of parallel forces 
proportional to Wi, w 2l w 3 , etc. acting at A lt A 2t A s , etc., 
and hence, as proved in the previous article, the point* 
is unique. 

Again, if the particles m lt m 2 . m s » etc. be in one plane, 
and their co-ordinates referred, to a set of rectangular axes 
be (x lt # 1 ), (<r 2l y 2 ), (x 9 , y 9 ) etc., the co-ordinates (a?, y say) 
of the centre of mass G , exactly as in the previous article, 
will be given by 

£ — +^27*8 + m 9 x 9 + ••• ^ Smx 

mi+m2 + m 8 + ,M .Em 

+ +m 3 y a + "• , 

mi + w & 2 + m 8 + ••* Dm 

The symmetry of the forms of the co-ordinates also 
shows that the point G is unique, and will be arrived at 
finally, in whatever order the masses may be combined 
in succession. 

If instead of discreet particles, we have a finite body 
of any shape, we may consider it as an agglomeration of 
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an infinite number of infinitely small particles, and define 
its centre of mass as above. It will be a definite point in 
the body. 


Centre ot Mean Position. 


More generally, let there be a set of points A lt A 2t 
Aq } ... and let m lt m 2t m 3 ,... by any set of numbers which 
are associated with these points respectively. Now join 
any two points A\A 2 and divide it at Ot in the inverse 
ratio of the number associated at the ends, such that 
A x Oi : GtA 2 *=m 2 : m x . Assume the number mi+m a to 
be associated to G x . Join GtA a and divide it at G 2 such 
that GtG 2 : G 2 A a = s m a : mi^m 2 , and suppose G 2 to be 
associated with m x + m a + m 8 . Proceeding in this manner, 
we finally arrive at a unique point G which is called the 
centre of mean position of the given points for the system of 
given multipliers . 

If the points A lt A 2 ,... etc. are coplanar, with co-ordi- 
nates tei, i/x), te a - V a), etc. we get exactly as in the previous 
article, the co ordinates of G given by 


- Emx 
x = 

2m 


-_2my 

2m 


Note. The centre of mean position is a more general 
term which includes as special cases such things as the 
centre of a set of parallel forces, and the centre of mass of 
a system of particles. 

When the given multipliers are all unity (or equal), the 
oentre of mean position is referred to as the centroid of 
the given points. This also means that the centre of mass 
of a body of uniform density iB the same as the centroid 
of the body. 


10*3. Centre ot gravity. 

We know from the law of gravitation that every material 
particle is attracted towards the centre of the earth with 
a force which is proportional to the mass of the particle, and 
this force, we call its weight. 
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Now, given any material body, we can consider it to be 
an assemblage of particles each of which is acted on by 
earth’s attraction, and all these forces passing through the 
centre of the earth, they have got a single resultant which 
we call the weight of the body. If the body be held in 
different positions, the positions of the line of action of this 
weight relative to the body will be different. Now, in some 
cases, the line of action of the weight passes always through 
a fixed point in the body, however the body may be placed ; 
for instance, in case of a spherical body, by symmetry, 
the line of action of the resultant weight always passes 
through the centre of the sphere. In case such a fixed point 
is available in the body, it is called the centre of gravity of 

Del. The centre of gravity of a body (or a system of 
particles rigidly connected to one another) is that point fixed 
in the body (or with respect to the system of particles), when 
one such exists , through which the resultant weight of the 
body or the system always passes , in whatever manner the 
body may be placed. 

It may be mentioned however, that strictly speaking, 
in most cases such a point does not exist ; in other words, 
in a strict sense, the centre of gravity of a body does not 
exist in all cases. 

Now, for bodies of ordinary size which we have to deal 
with in general, the radius of the earth is so large in com- 
parison, that lines drawn from different points of the body 
to the centre of the earth may be taken to be practically 
parallel. Thus, the weights of different elements of which 
the body is composed of can be taken as like parallel forces, 
the common direction being the vertical at that point on 
the earth’s surface, and the magnitudes of the forces are 
proportional to the masses of the elements. If the body be 
held in a different manner, the magnitudes as well as 
the points of application of these parallel forces remain 
unchanged in the body, only the common direction, which is 
still vertical (*.«., the same in space) changes relative to the 
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body. Hence, there is a fixed point in the body through 
which the resultant weight always passes, and this we call 
the centre of gravity of the body. Strictly speaking, as 
defined in the previous article, this point is the oentre of 
mass of the body. But on the above assumption, when the 
body is of ordinary finite size, and therefore small compared 
to the earth, the centre of gravity and the centre of mass 
coincide. 

It is clear from what has already been said that if we 
proceed to find out the centre of gravity of a big body, 
a mountain for instance, lines from different points of which 
to the centre of the earth cannot be treated as parallel, the 
body may not have a centre of gravity at all, and even if it 
has, the centre of gravity will not in general be the same: 
as the centre of mass, which latter point will always exist. 

In what follows, we shall always assume weights of 
different elements of a body or a material system to be 
parallel, and proceed to determine the centre of gravity, 
which is identical with the centre of mass, and is always 
availabjfeo 



For, if possible, let a body have two centres of gravity, 
O and O'. The weight of the body passes through both O 
and G\ by definition, in whatever manner the body may be 
held. Now, hold the body such that 00' is horizontal. 
The weight, which is a vertical force, cannot now pass 
through both O and O' unless they coincide. Hence there 
cannot be two distinct centres of gravity of the body. 
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10"5. Determination of centre of gravity in special 
cases^ 

I. A thin nniform rod. 


A Q'Q 


P P 0 


Let AB be a thin uniform rod of any material, G the 
middle point of AB. 

Consider two equal infinitesimal lengths PP f and QQ' of 
the rod, equidistant from G, so that GP — GQ. Since the 
rod is uniform, the weights of these two elements (which 
can ultimately, be treated as two particles equidistant from 
G) are equal, both vertically downwards, and the resultant 
of these two equal and like parallel forces, act at the middle 
point G . 

Since AG — GB , the whole rod can be divided into pairs 
of such equal infinitesimal elements equidistant from G t 
and for each pair the resultant of the weights acts at G. 
Hence the weight of the whole rod acts at G , and so G is 
the centre of gravity. 


Thus the C.G. of a thin 


point. 


il Y l \ > fj 


II. Four rods forming a parallelogram. ^ g Jy^ 



Let four thin uniform rods AB, BO, OD , DA of the same 
material and thickness form a parallelogram ABOD. Let 
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P and Q be the middle points of AB and CD, and B and 
S those of AD and BC. PQ and BS intersecting at 0, we 
easily see from Geometry that PQ and BS bisect each other 
at Q, and this is also the point of intersection of the dia- 
gonals AC and BD of the parallelogram. 

The C.G. of the rods AB and CD are at their middle 
points P and Q, and at these points the weights of the 
rods, which are equal, act. The resultant of these two equal 
weights at P and Q , (which are like parallel forces, both 
being vertical) passes through the mid-point of PQ, i.e., 
through G. Similarly, the resultant of the weights of the 
two equal rods AD and BC algo acts through O, the mid- 
point of BS. Thus the resultant weight of the whole system 
acts at G . 

Thus, the C.G . of the system of four uniform rods forming 
a parallelogram is at G, the point of intersection of the lines 
joining the middle points of the opposite pair of sides. This 
poinfris also the point of intersection of the diagonals. 

V"! HI. Three rods forming a triangle. 


A 



Let AB, BC, CA be three thin uniform rods of the same 
material and thickness (or parts of a thin uniform wire) 
forming a triangle ABC . Let D % B, F be the middle points 
of BC, CA, AB respectively. 

The weights of the uniform rods AB, AC act vertically 
downwards at their middle points F and E respectively, 
their magnitudes being proportional to their lengths. The 


12 
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resultant of these two weights which are like parallel forces, 
acts at a point X on FE t where 

FX u wt. at E ^ length AC ^ 2 DF ^ DF a 
XE wt. at F length AB QDE DE 

Thus DX bisects the angle EDF. 

Now, the resultant of the weight of the rod BC acting 
at its middle point D, and the joint weight of AB and AC 
acting at X, will act at some point on DX. Hence, the 
combined O.G. of the three rods is situated on the 
line DX. 

Similarly, combining the weights of AB, BC first and 
then considering the weight of AC, the combined C.G. of 
the three rods is shown to be some point on EY which 
bisects the angle DEF. 

Thus, the combined C.G. of the system of three rods 
being a common point situated on both DX and EY, is 
their point of intersection, i.e., the required C. G. i s the_ 
in-centre of the triangle DEF formed by joining the middle 
'points of tne rods. ~ 

IV. A uniform parallelogram lamina. 



Let ABCD be a uniform thin plate or lamina in the 
form of a parallelogram. 

Imagine the lamina to be divided into an infinite number 
of thin strips by lines parallel to AB or CD, and let 
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XY represent one such strip. This can be treated as 
a thin uniform rod whose C.G. is at its middle point 0 , 
where its weight acts. Now, if P and Q be the mid-points 
of AB and CD, from Geometry, PQ bisects every line like 
XY parallel to AB or CD, and so the middle point of 
XY is situated on PQ . Similarly, the C.G. of every other 
strip lies on PQ. Hence, the combined C.G. of the whole 
lamina lies on PQ. 

Again, dividing the lamina into an infinite number of 
thin strips parallel to AD or BG, we can show exactly in 
a similar way that the C.G. of the whole lamina also lies on 
BS joining the mid-points of AD and BC. 

Hence, the required C.G . \ of the lamina is the common 
point of intersection G of PQ and BS joining the mid-points 
of the opposite pair of sides, and from Geometry, this is 
also the point of intersection of the diagonals of the parallelo- 
gram. 

V. A uniform elliptic lamina. 



e' 


Let ACA! and BOB ' be the major and minor axes of 
a thin uniform elliptic plate. 

Divide the lamina into an infinite number of thin strips 
by lines parallel to the major axis, and let PQ be any 
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such strip. This can be treated as a thin rod whose C.G. 
is at its middle point, which, since the ellipse is symme- 
trical about its minor axis, lies on the minor axis. Simi- 
larly, the C.G. of every strip parallel to AA' lies on the 
minor axis. Hence, the C.G. of the whole lamina lies on the 
minor axis. 

Again, by dividing the lamina into strips parallel to the 
minor axis, the C.G. of the whole lamina can be shown 
to lie on the major axis as well. 

Thus, the required C.G . of the elliptic lamina is the 
common point of both the major and minor axes , i.e. t the 
centre of the ellipse. 

Cor. By making the two axes equal, the ellipse 
reduces to a circular plate, and we see exactly as before, 
that the C.G. of a thin uniform circular plate is at its 
centre. 

VI. Bodies having an axis of symmetry. 



Y 


Fig. (ii) 


If a material system be symmetrical about an axis OX, 
as in Fig. (i), then corresponding to any element P on one 
side of OX, there iB an equal and similar element Q situated 
symmetrically on the other side of OX, so that PQ is 
bisected at right angles by OX. Now the C.G. of these two 
equal elements P and Q is at the middle^ point of PQ 
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i.e., lies on OX. As the whole body in this case can be 
divided into pairs of such equal elements symmetrically 
situated with respect to OX, and for each pair the O.G. is 
on OX, the combined C.G . of the tohole body lies on OX. 

If a body in the form of a lamina, or a material system 
in one plane, be symmetrical about two perpendicular axes, 
say XOX' and YOY ' as in Fig. (ii), the O.G. of the system, 
as shown above, will lie on each of these axes, and so 
must be the common point 0, which is also the centre 
of symmetry of the system. Similarly for a solid body, 
if it be symmetrical about three mutually intersecting per- 
pendicular axes, and accordingly has a centre of symmetry, 
this point is the C.G. of the body. 

Thus generally, if a uniform body or a material system 
has a geometrical centre of symmetry , the C.G. of the body 
or the system will be at this centre . 

Examples of this we get in uniform circular or elliptic 
lamina given above. Among other examples we may cite 
the cases of (i) uniform square or rectangular plate , (ii) uni- 
form circular or elliptic ring, (iii) uniform sphere , solid or 
hollow, (iv) rectangular parallelopiped , (v) uniform right 
circular cylinder solid or hollow, etc. 

In all these cases the centre of gravity is at the geo- 
metrical centre of the body, which in case (v) is the middle 
point juA its axis. 

VII. Uniform triangular lamina. 

Let ABO be a uniform triangular lamina, D and E the 
middle points of the gides BO and AO respectively, and let 
AD and BE intersect at G. 

Divide the triangle into an Jn finite num ber of thin strips 
by lines parallel to BO, and let PQ be any such strip. This 
can be treated as a thin uniform rod whose O.G. is at its 
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middle point. . Now if 0 be the point of intersection of PQ 
with the median AD t since POQ is parallel to BDC t 

PO AO ^OQ 
BD "* AD DC 

But BD *» DC . Hence PO = OQ . Thus the mid-point of 
the strip PQ f which is its C.G., lies on AD. Similarly the 


A 



C.G. of every strip parallel to BC will lie on AD, and so 
the G.G. of the entire lamina lies on the median AD. 

Exactly in the same way, by dividing the lamina into 
thin strips parallel to CA , we can show that the C.G. of the 
entire lamina also lies on the median BE. 

Thus , the required C.G. of the triangular lamina is the 
common point of intersection of the medians, i.e., the centroid 
of the triangle. 

From Geometry we easily see that G divides each of 
the medians in the ratio 2 : 1, i.e., it is the point of trisec- 
tion oMhe medians. 

V^Cor. The centre of gravity of a uniform triangular 
lamina is identical with that of any three equal particles 
placed at its vertices. 

For, let w, tv, w be the weights of any three equal 
particles placed at the vertices A, B, C of the triangular 
lamina. Now the resultant of the equal weights w at B 
and w at 0 is 2 w at D , the middle point of BC. Again, the 
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resultant of 2w at D and w at A acts at a point G on AD, 
where 


AG : GD~ 2w : 2 : 1. 

Thus, the G.Q. of the three partioles is at G which is the 
point of trisection of a median, and is thus exactly the 
same as that of the uniform triangular lamina ABC . 

“"Rote. If W be the weight of the uniform triangular lamina, wo 
fhay replace it by equal weights bW, iW, JTPat the vertices instead of 
placing any three equal weights there, in which case not only the O.G. 
would be unaltered, but also the magnitude of the resultant weight. 

The weight of a uniform triangular lamina is therefore statically 
equivalent to that of three equal particles , each of one-third the total 
weight , placed at the vertices . 

10*6. Illustrative Examples. 

Ex. 1. ABCD is a quadrilateral whose diagonals AC, BD intersect 
at O . If a point E he taken in BD, such that BE*=OD, show that the 
C.G. of the triangle AEC is the same as that of the quadrilateral ABCD . 

[ C. U ; 1936 ] 



Let F be the middle point of BD. Then since BE « OD, we have 
B0=ED, and accordingly F is the mid-point of OE as well. Let G t 
be the point of .dFsuoh that AG X : G X F^2 : 1. Then G t is the O.G. 
of the triangle ABD, as well as that of the triangle AOE • Similarly, 
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(7* being tbe point on CF such that CG* : (7 a F= 2 : 1, G 9 is the 
O.G. of the triangle CBD as well as that of COE. Let p x andp 9 be 
the perpendicular distances from A and C on BD. Then the weights 
of the trianglos ABD anrl CBD , being in the ratio of their areas, are 
as bp k .BD : bpi.BD^Pi \p 2 . Similarly, the ratio of the weights of 
the triangles AOE ahd COE is also j?! : p 2 . 

Now, the whole quadrilateral ABCD is composed of the triangles 
ABD and CBD whose weights act at G x and (7 a and are in the ratio 
of p x : p a . Hence, dividing G X G 2 at G such that G X G : GG 2 =p 7 : p x , 
G is the C.G. of the quadrilateral ABCD . 

Again, the triangle AEC is composed of the triangles AOE and 
COE whose weights also act at G x and G 2 and are in the ratio p x : p. 2 . 
Hence, the O.G. of the whole triangle AEC is exactly the same point 
G on G x G 2 where G X G : GG 2 =p 2 : p x , 

Hence the result. 

Ex. 2. A triangular lamina ABC]hangs at rest , one of the angles A 
being supported at a fixed point. Find the angle which the loivcr side 
makes with the horizon. 



D being the mid-point of the lower side BO, the O.G. of the triangle 
lies on AD; Now as the lamina hangs in equilibrium under the weight 
acting vertically downwards through G, and the reaotlon at the point 
of support A, these two forces must be equal and opposite, aoting in 
the same straight line. Thus AGD must be vertioal. 

If 6 be the required inclination of BC to the horizon, the 
Z.4jDC-(9O a -0). 
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Now BD = DC, 


BD DC sin BAD _ sin CAD 

AD~ ad’ 0r ’ sin ABD sin ACD' 


sin (90° - 9 -JQ) = sin (90* + 9 -C ) 
sin B sin C * 


cos (0 + B) __ cos (0 — C) t 
0r * sin j B sin C 

.'. cos 6 cot B-sin 0 = cos 0 cot C+sin 0. 

tan 0 = £ (cot 23-cot C), .*. 0 = tan~ l J (cot B-oot C). 


Examples on Chapter X(a) 

/ 1. Show that the C.G. of a uniform triangular lamina 
is situated at the same point as that of three equal particles 
placed at the mid-points of its sides. 

2. The sides of a uniform triangular lamina are 5 f 6 
and 7 inches respectively. Find the distances of its C.G. 
from the shortest and longest sides. 

3. The distances of the vertices of a uniform triangular 

lamina from a straight line in its plane are z l9 z 2 , z 8 . Find 
the distance of its C.G. from the line. [ C. U. 1947 ] 

4. If a particle is placed at each vertex of a triangle, 
the mass of each particle being proportional to the length 
of the opposite side, prove that the centre of mass will be 
the in-centre of the triangle. 

5. D, E , F are the mid -points of the sides BC t CA, AB 
of the triangle ABC. Masses m 2% m a are placed at 
A, B 9 C and masses fi l9 0 2 , 0a are placed at D , E f F. If 
the two systems have the same C.G., prove that 

02+03 08+^1 01 + 02 

6. If three men support a heavy triangular board of 
weight W at its three corners, compare the weight supported 
by each man. 

y^7. A given weight is placed anywhere on a heavy 
4miform triangular lamina ; show that the centre of gravity 
of the system lies within a certain triangle. [ C. U. 1927 } 
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8. Find the locus of the C.G. of a triangle whose base 
is fixed and (i) whose vertical angle is given, (ii) whose 
vertex moves on a given straight line. 

^9. A uniform wire is bent into the form of a triangle, 
fin ow that if its C.G. coincides with that of the area of the 
triangle, the triangle is equilateral. 

10. If the G.G. of a quadrilateral lamina coincides with 

(i) that of four equal particles placed at its angular points, 

(ii) the point of intersection of the diagonals, show that 
the quadrilateral must be a parallelogram. 

11. A triangle of uniform rods of different densities has 
s G.G. at 

(i) the circum-centre ; 

(ii) the in- centre ; 

show that in the first case, the densities are proportional to 
sec A , sec B, sec G , and in the. second case, they are propor- 
tional to cosecH.4, cosec 2 iP, cosec 2 4C. 

12. Three rods of unequal lengths are joined together 
to form a triangle ABG. If the masses are equal, prove 
that the G.G. coincides with that of the area. If the masses 
of the sides a, b % c are proportional to b + c - a, c + a-b, 
a + b-c, prove that the C.G. is the in-centre. 

13. A uniform wire 2 A inches long is bent into the shape 
*bf a triangle ABG , the sides BG, GA, AB being as 3:4:5. 

Particles of weights p t q t r are placed at A , B, C and it is 
found that the G.G. is unchanged. Prove that 

p : q : r *= 9 : 8 : 7. 

14. A thin uniform wire is bent into the form of 
triangle ABG and heavy particles of weights P, Q, B are 

F placed at the angular points. Prove that if the centre of 
mass of the particles coincides with that of the wire, then 

JL.JsL. -iL. 

6 + c cf-a a + b 
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Ex. X(a) ] 

/ 15. A thin uniform wire is bent into a triangle ABC . 

Prove that its C.G. is the same as that of three weights 

Placed at A t B, C respectively, where a, b, 

c are the lengths of the sides BC, GA y AB . [ 0. U. 1946 ] 


16. A uniform wire is bent into the form of a triangle 
'of sides of lengths a % b t c. Prove that the distances of the 
G.G. of the whole triangle from the sides are as 


b + c c + a a +J> 
a ' b ‘ c 


[ P . U . 1940 ] 


17. AB and AC are two uniform rods of lengths 2 a and 
^2 b respectively. If Z BAC^O, prove that the distance from 
A of the G.G. of the two rods is 


(ot+2a a 6* cos 6 + b*^ 
a + b 


[ C. U. 1939 ] 


, 18. ABC is a triangular lamina ; points D } E t F are taken 
s\n BC f CA, AB t such that 

BD = CE AF 
DC EA~FB 

Prove that the C.G. of the triangle DEF is the same as 
that of the triangle ABC. 

19. Masses proportional to b+ c, c + a, a + b are placed 
at the points A t B, C of a triangular lamina, where a, b, c 
are the sides of the triangle. Show that their G.G. is at 
the in-oentre of the triangle joining the mid-points of the 
sides of the triangle ABC. 

20. Three heavy particles are placed at the angles A, B % 
C of a triangle, their weights being as a : b : c. Show that 
the distance of the G.G. of the particles from A is 

2 be cos jA 
a + b + c 
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21. The in-circle of a triangle ABC touches the sides 
BC, CA, AB in D, E % F respectively. Prove that the O.G. 
of weights proportional to BC, CA, AB placed at A, B, C 
respectively coincides with the C.G. of the same weights 
placed at D, E , F respectively. 

22. 0 is any point within the triangle ABC ; another 
triangle is formed by joining the centres of gravity G i, G*, 
G s of the A® BOC, COA, AOB. Show that AGiG 2 G 3 is 
similar to A ABC, and is one-ninth of it. 

23. Prove that the C.G. of four equal particles in any 
position is the same as that of four other equal particles, 
each of which is placed at the C.G. of the three of the 
former. 


24. A uniform triangular plate hangs from one angle 
with the base horizontal ; show that the plate is isosceles. 

25. The sides of a heavy triangle are 3, 4, 5 res- 
pectively ; if it be suspended from the in-centre, show that 
it will rest with the shortest side horizontal. 

26. Two uniform heavy rods AB, BC rigidly united at 
B, are hung up by the end A ; show that BC will bo 
horizontal if 


sin C - " J2 sin \B. 

27. A triangle ABC of uniform wire has the side CA 
removed and is hung up by the point A. Show that for 
BC to horizontal 

b*(c + 2a)“c(c + a) a , 

where BC**a, CA^b, AB~*c. [ C. U . 1941 J 

28. A uniform wire is bent in the form of a triangle 
ABC and is suspended from A. Prove that a plumb-line 
hung from A will cut BC in the point D t such that 

BD : DC — a + b : a + c, * 
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29. A uniform triangular lamina in the form of a right- 
angled triangle is suspended by means of a string attached 
to the right angle. Show that the inclinations of the sides, 
other than the hypotenuse, to the vertical, are equal to their 
inclinations to the hypotenuse. 

30. A triangular lamina is suspended successively from 
the angles A and B and the two positions of any Bide are 
found to be at right angles to each other. Prove that 

a 2 + b 2 —5c 2 . 


81. A triangular lamina having a right angle at 0 is 
suspended from the angle A, and the side AC makes an angle 
a with the vertical. It is then Suspended from B, and the 
side BC makes an angle j3 with the vertical. 


Show that cot a cot j3 * 4. 

32. A triangular lamina ABC of weight W, obtuse-angled 
at C , stands in a vertical plane with its side BC on a 
horizontal table. Show that the least weight suspended 
from A, which will overturn the triangle, is 

Jw 3a a + 6 2 -c a 
a TV j - a 12 * 

C “ a ~~ b 


Interpret the case when c a > 3a 2 + b 2 . 

33. If G be the centre of gravity of two particles of 
''masses m x and m 2 at P t and P a , and 0 be any given point, 
prove that 

m x . 0P X * + ?» a • 0P 2 2 • GP ± 2 +m 2 . GP 2 2 

+(wi + m$) . OG 2 . 

"Generalise this result for n particles. [ C. U. 1966 , 9 67 ] 


*34. A particle P is acted upon by forces towards the 
points A±, A 2% ... An, which are represented by A t PA l9 
l 2 PA 2 A n PAn. Show that their resultant is repre- 

sented by 

(A x + la + •*• + A w ) PGn 

where G is the O.G. of the weights placed at A lt A A n 

proportional to A lf A 2l ... A n respectively. 
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ANSWEliS 

2. z n/6 and 4 J6 inchos. 3. J(*i +*a + *;»)• *6* Each supports 

JTP. 8. (i) A circle. (ii) A straight line parallel to the given straight 
lino. 


107. Determination of centre of gravity in special 
cases ( continued ). 

VIII. A unltorm trapezium lamiua. 



Let ABCD be a uniform lamina in the form of a trape- 
zium, whose parallel sides AB and CD are of lengths 2 a and 
2b respectively. 

Let h be the height of the trapezium, w the weight per 
unit area of its surface, and let P and Q be the mid-points 
of AB and CD respectively. 

The trapezium is comdosed of three triangles, DAP r 
CPB and PCD whose weights are clearly iahw, iahw and 
i'2 bbhw respectively. 

So far as the weight of ADAP is concerned, we can 
replace it by three weights iahw each at D, A, P . Similarly, 
the other two triangles can be replaced by iahw at each of 
C, P, B and ibhiv at P, C , D. 

We thus get iahw + ibhw at each of D and and C t iahw 
at each of A and P, and C iahw + iahw + ibhw) a t P. 
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The two equal weights at D and C give rise to a result- 
ant bhw{a + 2 b) at Q, the mid-point of CD . Similarly, the 
two equal weights at A and B give a resultant £ahw at P. 
We thus finally get a weight ihtv (a + 26) at Q and a weight 
ihw (2 a + b) at P as equivalent to the weight of the given 
lamina. 

The required C.G. therefore is at a point G on PQ suc\ t 
that PG : GQ *= (a + 2b) : (2 a + b). _ 

IX. A uniform solid tetrahedron. 



Let ABCD be a uniform solid tetrahedron. Let E be 
the middle point of the edge CD , and G x and G* t points 
on BE and AE , such that BG± : — 2 : l^AGa : GgE. 

Then G x and G 2 are the centroids of the triangular faces 
BCD and ACD respectively. 

Divide the tetrahedron into infinitely thin triangular 
slices by planes parallel to the face BCD, and let PQB be 
one such slice which can be treated as a uniform triangular 
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lamina. Now, AE intersecting QB at L , since QLB is 
parallel to CD, 

QL_AL_LB % 

CE " AE ED 


and as E is the mid-point of CD, L must be the mid-point 
of QB. 


Again in the plane AEB, which evidently contains PL 
and AGi, if 0 be the point of intersection of PL and AG Xt 
since PL is parallel to BE (as planes PQB and BCD are 
parallel), 


so that 


PO _ AO = OL . 
BG ± AG X ~G\E ’ 

PL . BG l _ 2 
OD ' ' G X E 1 


Thus, C is the centroid of the triangle PQB . 

Hence, the C.G. of the triangular slice PQB lies on AG X . 
Similarly, the C.G. of every slice parallel to BCD will lie on 
AG X . Thus, the C.G. of the whole tetrahedron lies on AG X . 

Exactly in a similar way, by dividing the tetrahedron 
into thin triangular slices by planes parallel to the face 
ACD t it can be shown that the C.G. of the whole tetra- 
hedron also lies on the line BG 2 . 

Let AG± and BG 2 , which both lie in the plane AEB t 
intersect at G. Then G is the required C.G. of the tetra- 
hedron. 


Now, AG 2 : GaD" 2 : 1 = BG X : G x E t 


G x G 2 is parallel to AB. 

Thus, AG : GG l = BG: GG 2 - AB : G X G 2 
*=BE : EG X ^ 3: 1. 

Therefore the C.G. of the tetrahedron lies on the line 
joining any angular point to the centroid of the opposite 
triangular face 9 dividing it in the ratio 3 : 1^ 
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We may note in this case that GG t = lAGi. Therefore 
the distance of G from any face is £ of the distance of the 
opposite vertex from the face. 

Cor. The C.G. of a tetrahedron is identical with that of four equal 
particles placed at its vertices. 

The proof is left as an exorcise to the student. 

X. A uniform solid pyramid on any base. 


O 



Let 0 be the vertex, and ABODE the polygonal base 
of a uniform solid pyramid, and let G± be the centroid of 
the base. 

By dividing the pyramid into thin similar and similarly 
situated polygonal slices by. planes parallel to the base, as 
in the previous article, it can be shown that the G.Q. of the 
whole pyramid lies on OG i. 

Again, joining Gt to each of the angular points of the 
base, the whole pyramid is divided into a number of tetra- 
hedrons, for each of which the distance of G.G. from the 
base iB t of the distanqp of the vertex 0 from the base. 
Hence, the combined G.G. of the pyramid is also at the 
same distance from the base. 

Thus , the C.G . of the pyramid is the point G on 0G lt 
* the line joining the vertex to the centroid of the base 9 at 


18 
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a distance from the base equal to i of the distance of the 
vertex from the base . 

It follows that G 1 0 Bs iG 1 0, or, OG : GG± = 3 : 1. 

XI. A uniform solid cone of any base, and a uniform solid right 
circular cone. 




The above result for the C.G. of a pyramid is true, what- 
ever be the number of sides of its polygonal base. 

By making the number of sides infinitely large, the base 
can ultimately be made to coincide with any closed curve, 
and the pyramid reduces to a cone with any base. 

A particular and important case is that of a right circular 
cone. Thus we may state the results : 

(i) The C.G. of a uniform solid right circular cone is 
on the axis at a height i of the height of the vertex from the 
circular base. 

(ii) The C.G. of a uniform solid cone with any closed 
base is on the line joining the vertex to the centroid of the 
base, at a height i of the height of the vertex from the base. 

Thus, OG : GGi** 3 : 1 in either case. 

XII. A hollow right circular cone without base (formed of a thin 
uniform sheet). 

By dividing the conical surface into an infinite number 
of circular rings by planes parallel to the circular base, 
since the C.G. of eaoh such ring is at its*centre which lies 
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on the axis of the cone, the C.G. of the whole hollow cone 
lies on the axis 00' . 

Again, dividing the conical surface into an infinite 
number of triangular elements like OAB , OBG etc. with 

common vertex at 0, and infini- 
tesimal arcs of the circular 
base (which may be treated as 
practically straight) as bases, 
we note that for each such 
triangle, the G.G., being at the 
point of trisection of the median, 
is at c a height i of the height of 
0 above the circular base of the 
cone, and this is the same for 
every such triangle. Hence, for 
the whole hollow cone, the height 
of the C.G. is i of the height of 
0 above the base. 

Thus , the C.G. of the hollow right circular cone without 
base , formed of a thin uniform sheet , is on the axis 00' at 
a height i of the height of the vertex above the circular base . 

Thus, OG : G0'« 2 : 1. 

XIII. Some other special cases.* 


D 



We give below, without proof, the positions of the C.G. 
in some other special cases for ready reference. 



Q 


(i) M A thin uniform circular arc. 

If a be the radius of the arc, 2a the 
angle subtended by it at the centre, 
the C.G. is on the radius bisecting the 

arc t at a distance from the centre . 


H 


For a semi-circular arc this becomes — • 


•Proofs of these epeolal oases will bo given in the subsequent chapter. 



196 


STATICS 


(ii) A uniform lamina in the form of a sector of 
a circle. 



Q 


If a be the radius and 2a be the 
angle at the centre of the sector, 
the C.G . is on the radius bisecting 

the sector , at a distance fa 


from the centre. 

For a semi-circular lamina this 
4a 

becomes 


(iii) A uniform solid hemisphere. 

If a be the radius of hemisphere, 
the C.G. is on the axis of the 
hemisphere (i.e. t radius perpendicular 
to the plane base) at a distance 
fa from the centre . 

(iv) A hemispherical surface 
(formed of a thin uniform sheet). 

The C.G. is on the axis at 
a distance fa from the centre , 
where a is the radius. 




10 a 8. Analytical determination of C.G. for a system 
of material particles. 

Case I. When the particles are situated on a straight line. 

VJ 2 W 9 fg4 tgft 

O G ^ 


Let to lt w 2t w St be the weights of a system of parti- 

cles situated on a straight line, and let their distances (with 

proper sign) be x u x 2% x 3 , measured from any fixed 

point on the line chosen as origin. * 
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Let x be the distance of their C.G., namely G, from 0 . 
Now, since the position of the O.G. is the same, however' 
the straight line containing the particles be held, let us 
assume the line to be held in a horizontal position. The 
resultant of the weights of the particles which are all verti- 
cally downwards is to 1 + w a +w 3 H — , and this acts at G. 
Hence, equating the moment of the resultant about 0 to the 
algebraic sum of the moments of the components, 

(w x + w 2 + v) 3 + ■ ■) x = W x X x + w 2 x 2 + + 

or x + w * a '2 + + *“ M ^wx 

* w x + w 2 + w 3 + ••• Uw 

<' 

If ?Utt m a, w 3 ,... be the masses of the particles, as the 
weights are proportional to the masses, we may also write 

- Smx 

x = • 

Em 

Case II. When the particles are situated on a plane . 



Let 10 u ? fll be the weights of a system of 

particles on a plane, whose co-ordinates referred to a set of 
fixed rectangular axes on the plane are (®i, y 1 ), (# 2 , V «). 
(®s. Vs),--- 

Let (x, y) be the co-ordinates of their C.G., namely G . 
As the position of the O.G. on the plane is definite, how- 
ever the plane may be held, let us assume the plane to be 
placed horizontally. The resultant of the weights of the 
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particles, which are like parallel forces, being all vertically 

downwards, is w t + iv 2 + w 3 + , and this acts at O, 

Now, equating the moment of the resultant about the 
y-axis to the algebraic sum of the moments of the 
components, 

(w 1 + W 2 + Wa + •**) £C“ 1 + W 2 X 2 + lV a Xs + ••• 

r +^s£Ca + m 1?WX 

* Wi + ltf 2 +^8 4 " ,i 

Similarly, considering moments about z-axis, 

Witfi + + WsJ/jL±_Ll’ „ ^wy 

y + w 2 +«' s + ••• 2Jw 


If f»i, ra 2 , ra 3l ... be the masses of the particles, the 
weights being proportional to the masses, we may also 
write 


x 


2mx 

2m' 


V 


2my % 

2m 


10’9. Given the weights and C.G. of two parts of 
a body, to find the C.G. of the whole body. 



Let W ± and W 2 be the weights, and G± and G 2 the 
corresponding centres of gravity of the two parts consti- 
tuting a body. 

Join GiG 2 * a» n <l divide it internally at G in the inverse 
ratio of the weights acting at its extremities, so that 
G X G : QG 2 “ W* : W*. 

The resultant of the weights W± and Wa, which are 
both vertically downwards, and are therefore like parallel 
forces, is Wi + W 2 acting at G . 
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Thus, G is the point where the resultant weight of the 
whole body acts, however the body, and accordingly the 
line GiGa is placed. 

Thus, G is the required O.G. 

It may be mentioned that if the distances of Gx and G 2 
from some chosen_ point 0 on the line G±G 2 be Xi and x 2t 
then the distance x of G from 0 is given by 

- WtT-i + W 2 X 2 
Wi+ W a 

Note. When the two parts are portions of a thin uniform sheet, 
the weights may bo taken proportional to their surfaoo areas. If they 
are parts of a uniform solid, the weights may be taken proportional to 
their volumes. If they are parts of a uniform thin wire, the weights 
may be taken proportional to the lengths. 

10*10. Given the weight and C.G. of a whole body, 
and also those of a part of it, to find the C.G. of the 
remaining part. 



Let W be the whole weight and G the centre of gravity 
of a body, and W x the weight and G t the C.G. of a part 
of it. Then the weight of the remaining partis TF-TPi. 
Let its C.G. be at G a . 

Then W acting at G being the resultant of W± aoting 
at (?i and TF- W x acting at G 2t which are like parallel 
forces, Gu G , G 2 must be on the same straight line, G 2 
being on the opposite side of G , with respect to Gu And 

GiG : GG 2 =(W-WJi W l9 
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This gives the position of G 2 • the required C.G. of the 
remaining part. 

Analytically, if x± and x be the distances of Gi and G 
measured from any suitably chosen point 0 on the line 
joining them, the required distance x 2 of G 2 from 0 is 
obtained as 

W t x t + (W — W ± )x a WiX r + ( W - W±)x 2 

x ~ W t +(W-Wj ” ' w 

, Wx - W ± x ± 

whence, • 

This result for determining x 2 , giving the position of G 2t 
may be interpreted as follows : 

Assume W acting at G and a negative weight W x acting 
at G lt and use the analytical formula to find out the 
resultant C.G. 

Note. The note given below the previous article applies here also. 

10*11. Illustrative Examples. 

Ex. 1. The distances of the angular points and the point of 
intersection of the diagonals of a plane uniform quadrilateral lamina 
from any line in its plane are a, b, c , d and e ; show that the distance 
of its C.Q. from the same line is 

J (a + b + c+ d — e). 



The quadrilateral is made up of the two triangle ABD and CBD 
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whose weights W t and W 2 are proportional to their areas, and thus 
if AM and CN bo perpendiculars from A and C on BD t 

W A _ 1AM -_BD _ AM _ AE _{a — e) co seo 0 a — e 
W. A %CN . BD CN~ EC~{e—c ) I cosec 0 e — c 

[ 9 being the angle made by AEC with the given line XY ] 

... (i) 

a —e e — c 

Now, the weight of the triangle ABD can be replaced by weights 
\W X at A, B and D, and similarly that of the triangle 
CBD by weights J W. Jf J W s , iW 2 at C, B t D. 

Thus, the weight of the quadrilateral is equivalent to those of 
the particles of weights 1 W lt HW t +W*) t 1 W 2 , HWt + Wf) at A, B t C 
and D respectively. Thus, z the distance of the required O.G. from the 
given line XY is 

9 = a.\W x +(6 + d).J(lT l + W 2 ) + c.W* 

* w,+\v\ 

_ 1 a(a — e) + (6 + d)(a — e + e — c) + c(e — c) r , ■ 

3* (a-e) + (e-c) 

__ 1 (a* — r*)-e (a-c) + (b + d)(a — c) 

3 a — c 

— ,\ {a f* c — e+ 64* d) — \ (a + 6 + c+d — e)- 


Ex. 2. A BCD is a uniform rectangular lamina in which AB*=a , 
BC — b, and a > b. A triangular portion CBE is removed , where E is 
a point in AB such that BE*=b. q 

Show that the distance of the C*G. 
of the remainder from AB is 
b(3a-b) 

3 (2a - b) 



and find also its distance from AD . 

The whole weight W of the 
rectangle is abr, where <r is the 

surface density of the lamina, and the O.G. is at Q whose distances 
from AB and AD are J6 and Ja respectively. 


Again, the weight W x of the removed portion CBE is }6V, and its 
O.G. is at 0 L whose distances from AB and AD are easily seen to be 
16 and (a -16) respectively. 
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Now, assuming a whole weight W at O, and a negative weight W x 
at O x% the distance of the required O.G., namely O from AB is 
given by 

ab<r.lb-ib 9 a.hb tn b { ja-hb )^ (3q- b) t 
abcr-ib'a (a-j6) **3 (t2a — 6) 

Also the distance of G a from AD is given by 

a for.ja— &6V.(a — (a — ^ 3a * — 3ab+ b* t 

n6<r-J6V = (a~ib) “ '3(20-6)” ' 

Ex. 3. A square hole is punched out of a circular lamina , the dia- 
gonal of the square being a radius of the circle . Show that the centre 
of gravity of the remainder is at a distance 

a _ 

Sir — 4 

from the centre of the circle , where a is its diameter . 

[ Allahabad , 1945 ] 



a being the surface density of the lamina, the weight of the 
whole circle is JiraV, ( a being its diameter), and the C.G. is at the 
centre G . 
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The weight of the remainder is therefore JiraV — |oV, and if its 
C.G. be at G % , we get, since the resultant G.G. of the two weights at 
Q x and Q. z is at Q , 


or, 


W<r <2v - 1 ).GG a = | a V.GG , 


QG, 



Ex. 4. Weights of 1, 2, 3, 4, 5 and 6 lbs. are placed at the angular 
^points of a regular hexagon of side 12 inches t taken in order • Find the 
distance of their C.G. from the centre of the hexagon . 



C 3 


A, B, C, D, E , F being the angular points of a regular hexagon 
where the weights 1, 2, 8, 4, 5, 6 lbs. are placed respectively ; we know 
from Geometry that the diagonals AD , BE, CF bisect each other at O, 
the centre of the hexagon, and that OA , OB, OC etc., are all equal, 
each equal to the side of the hexagon «* 12 inches. 

Now, wts. 1 lb. at A and 1 lb. at D are equivalent to 2 lbs. wt. at O. 
Similarly, 2 lbs. wt. at B and 2 lbs. wt. at E are equivalent of 4 lbs. wt. 
at O , and so also 3 lbs. wt. at C and 3 lbs. wt. at F are equivalent to 
6 lbs. wt. at 0. 

Thus, the given system ts equivalent to 12 lbs. wt. at 0, and 8 lbs. 
wt. eaoh at D, E and F. Again, ODEF is a rhombus, and so J OF and 
OE bisect eaoh other at H, and so 8 lbs. wt. at F and 8 lbs. wt. at D 
are equivalent to 6 lbs. wt at U. 
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Thus, ultimately, the given system is equivalent to 12 lbs. wt. at 0, 
6 lbs. wt. at H and 3 lbs. wt. at E t and so the combined O.G. of the 
system is on the line OE at a distance x from 0, where remembering 
that 02? — 12 inches and OH =6 inches, 


x 


12x04-6x0 + 3x12. t 72_ 
12 + 6 + 3 Sl 21 a 


inches. 


Ex. 5. A pile of six rupees rests on a horizontal table and each 
rupee projects the same distance beyond one below it . Findt he greatest 
possible horizontal distance between the centres of highest and lowest 
rupees. [ F. U . 1937 ] 



Let r be the radius of a rupee, W its weight, and let x be the 
distance which each rupee projects beyond the one below it. Then 
referred to the centre of the lowost rupee as origin, the horizontal 
distances of the centres of the successive rupees above it are respectively 
x , 2x t 3x, 4x and 5x. Thus, the horizontal distance from O of the 
combined C.G. of tho five rupees above the lowest is 

— Wx+ W.2x+ W.3x+ W.4x+ JV.5x _ Q _ 
tw ~ 3z 

and in order that this system may be balanced by the reaction of the 
lowest rupee, the combined C.G. of the upper five rupees must be 
vertically above the surface of the lowest, not going beyond it. For 
this, the condi tiom is 

3x > r, or, x > ir . 

Hence, the greatest possible horizontal distance between the centres 
of the highest and lowest rupees is the greatest value of 5x namely j r. 

It may be noted that this condition also ensures that the combined 
O.G. of any lesser number of rupees from the top will remain verti- 
cally over the surface of the next lower rupee, and there is no chance 
of overturning at any place. 
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Examples on Chapter X(b) 

1. Particles whose masses are 1 lb., 2 lbs., 3 lbs., 4 lbs., 
and 5 lbs. are placed afc the points (4, 0), (3, 4), (-5, 4), 
(0, — 5) and ( - 5, 0) respectively. Find the co-ordinates of 
their C.G. 

2. Find the C.G. of a uniform square plate ABCD of 
''weight 10 lbs. together with weights of 20, 30, 40, 50 lbs. 

placed at its four corners A t B, C, D respectively. 

[ G. U . 1945 ] 

3. If masses proportional to 1, 5, 3, 4, 2 and 6 are 
placed at the vertices of a regular hexagon, taken in order, 
show that the centre of mass is at the centre of the hexagon. 

4. Find the C.G. of particles of weights 2, 5, 7, 1, 6 and 
11 lbs. placed successively at the angular points A , B , C, Z>, 
E, F of a regular hexagon. 

5. Find the C.M. of seven equal particles placed at the 
angular points of a regular octagon. 

6. At each of n - 1 of the angular points of a regular 
polygon of n sides, equal particles are placed. Show that 
the distance of the C.G. from the circum- centre of the 

polygon is r* where r is the ciroum-radius. 

n “ l 

7. Find the C.M. of three equal rods each of length 2 a 
forming the consecutive sides of a square. 

8. Find the C.M. of the perimeter of a quadrilateral 
two of whose sides of lengths 6 inches and 14 inches are 
parallel to one another, while the other sides are each 
8 inches long. 

9. Having given the positions of the particles A, B, G 
and the positions of the C.G/s of B, G and (7, A, find the 
C.G. of A , B. 

•> 

10. Show that the C.G. of a quadrilateral is the same 
as that of four particles of equal weights placed at the four 
corners, together with a fifth particle of equal but negative 
weight placed at the intersection of the diagonals. 
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11. ABCD is a quadrilateral lamina whose diagonals 
intersect at L ; M and N are points on the diagonals AC 
and BD respectively such that AM — CL and BN^DL. 
Show that the C.G. of the quadrilateral ABCD coincides 
with that of the triangle LMN . 

12. Prove that the O.G. of a uniform triangular lamina 
of mass M , bordered with a thin uniform rim of mass m, 
and loaded with a particle of mass \m at the in-centre, is at 
the centroid of the triangle. 

13. A uniform rod, 18 inches long, is bent so that the 
two parts 8 and 10 inches long respectively are at right 
angles to one another. Find the distance between the C.M. 
of the new shape and the original. 

14. A square ABCD is divided into four equal triangles 
by its diagonals which intersect at 0 ; if the triangle OAB 
be removed, find G, the centroid of the remaining portion 
on the square. 

15. The sides of a parallelogram ABCD are bisected at 
D, E, F t H and the points of bisection of the opposite sides 
are joined. If these lines meet at 0, and if the small 
parallelogram ADOH be removed, find the C.G. of the 
remainder. 

16. D, E % F are the mid-points of the sides BC % CA , 
AB of a triangle ABC . If the triangle DEF is removed, 
show that the G.G. of the remainder will coincide with that 
of the whole triangle. 

17. O is the C.G. of the triangle ABC. If the triangle 
OBC be removed, find the distance of the C.G. of the 
remainder from A . 

jt 18. From a uniform triangular lamina ABC , a portion 
' FBC is removed. Find the position of P so that it may be 
the centre of gravity of the remainder. 

19. In the triangle ABC t O is the point of intersection 
of the medians AD , BE , CF . If the portion AFOE is 
removed, show that the C.G. of the remainder is on DQ at 
a distance &DG from D. 
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/ 20. The middle points of two adjacent sides of a uniform 
triangular lamina are joined and the lamina is cut in two 
along the joining line. Find the G.G. of the larger portion. 

[ C. U. 1942 ] 


21. ABCD is a trapezium in which AB and CD are 
parallel and of lengths a and b respectively. Prove that 
the distance of the C.G. of ABCD from the side AB is 

h ' a + 2b t 
3 a + b 


h being the height of the tra^zium. 


[ C. U. 1944 ] 


f 22. From a triangle ABC , a portion ADE t where DE is 
' parallel to BC % is removed. If a and b be the distances of A 
from BC and DE respectively, show that the distance of 
the C.G. of the remainder from BC is 


a 2 +ab- 26 a 
3 [a 4- b) 


[ C . U. 1938 ] 


23. If equal triangles he cut from the corners of a given 
triangle by lines drawn parallel to the corresponding opposite 
sides, the C.G. of the remainder will coincide with that of 
the triangle. 

24. If from a triangle ABC, three equal triangles ABQ t 
BPB t CQP be cut off, the C.G.’s of the triangles ABC and 
PQB will be coincident. 

25. O is the C.G. of a uniform quadrilateral plate, G ' is 
the C.G. of four equal par tides placed at its corners, and 0 
is the intersection of its diagonals. Prove that 0, G t G’ are 
oollinear, and 0G fma 3GG', 

26. A lamina in the form of a regular hexagon ABCDEF 
has its centre at 0. If the triangular portion OAB be removed, 
find the O.M. of the remainder. 

27. A square ABCD is divided into two parts by joining 
A to E , the mid-point of BC . Prove that the line joining 
the C.G. of the triangle ABE to that of the quadrilateral 
ADCE is perpendicular to AE. 
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./ 28. From a thin uniform triangular board ABC, the 
portion constituting the inscribed circle is removed. Prove 
that the distance of the G.G. of the remainder from the 
side a is 

A 2 s 9 — 3na A f 
3 as .* — n A 

A being the area, and s the semi- perimeter of the board. 

29. From a uniform circular disc of radius r, is cut 
f out a circle which passes through the centre and whose 

diameter is ir. Find the C.G. of the remainder. 

I C. U. 1940 ] 

30. (i) In a uniform circular disc of radius It, a circular 
hole of radius r is punched out, the distance between the 
two centres being c, where r + c < It. Show that the C.G. 
of the remainder is at a distance 



from the centre of the disc. 

*(ii) If any portion of volume ( v ) of a body or a system 
of bodies (of total valume V ) be displaced to another posi- 
tion, prove that the displacement GG ' of the centre of 
gravity of the whole is parallel to gg f the displacement of 
the centre of gravity of the portion and its amount is 
given by 


GQ'- [ C. H. 1960 ] 

31* A square is described externally on a side of an equi- 
lateral triangle. Find the O.G. of the area of the combined 
figure. 

32. A thin uniform wire is bent into two coplanar 
^circular rings of radii r, r\ touching each other externally. 
Find the distance of its centre of gravity from the point of 
contaot. *[ C. U, 1946 ] 
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S3. A piece of uniform wire is bent into three sides of 
a square ABCD of which the side AD is wanting. Show 
that if it be hung up by the two points A and B success- 
ively, the angle between the two positions of BG is tan“ 1 18. 

34. AB t BC , CD are three equal thin uniform rods firmly 
jointed at B and C , the angles ABG and BCD being each 
120°. The system is suspended from the point A . Show 
that CD is horizontal. 

35. The centre of gravity of a hollow right circular 

cone closed by a base, made of a thin uniform sheet, is the 
same as if the cone was solid. Prove that its vertical angle 
is 2 sin” 1 c 

36. A uniform solid right circular cone whose height 
is double of the diameter of the base, is hung up from a 
point on the rim of the base. Show that its axis makes an 
angle of 45° with the vertical. 

37. A buoy is formed of a uniform thin sheet of metal 
in the form of a hollow cone standing on a hollow hemi- 
sphere with a common base. Find the vertical angle of the 
cone, so that the combined C.G. may be at the centre of 
the hemisphere. 

What would be the corresponding result if the cone and 
the hemisphere were both solid ? 

38. A solid right circular cylinder is attached to a solid 
hemisphere of equal base. Find the ratio of the height of 
the cylinder to the radius of the base so that the combined 
C.G. may be at the centre of the base. 

39. From a solid right circular cylinder, a solid right 
circular cone on the same base is scooped out. Find the 
ratio of the height of the cone to that of the cylinder if the 
C.G. of the remainder is at the vertex of the cone. 

40. From a uniform right circular cone whose vertical 
angle is 60°, the greatest possible sphere is scooped out. 
jpind the ratio in whioh the C.G. of the remainder divides 
tlje axis of the cone. 

' 14 
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*41. A frustum of a cone is formed by cutting off the 
upper portion of a solid right circular cone by plane parallel 
to the base. The radii of the parallel circular sections being 
JB and r, and h the height of the frustum, show that the 
height of the C.G. of the frustum from the base is 

h JR 2 + 2i?r + 3r 2 
4 * li 2 + Br + r 2 

*42. A pack of cards is laid on a table, and each card 
projects in the direction of the length of the pack beyond 
the one below it ; if each projects as far as possible, show 
that the distances between the extremities of successive 
cards from the top will form a harmonical progression. 

*43. A thin hemispherical bowl of weight W contains 
a weight W 7 of water and rests on a rough inclined plane 
of inclination a to the horizon. Show that the plane of the 
top of the bowl makes an angle <t> with the horizontal 
given by 

W sin c * 2{W + W') sin a. [ C. H. 1955 ] 
ANSWERS 


1 . - 2 , 0 . 

2. The O.G. divides the line joining the middle points of AB and 
CD in the ratio 39 : 11. 

4. On OF, dividing it in the ratio 5 : 27, where 0 is the centre of 
the hexagon. 

5. If A be the unoccupied angular point, and 0 the centre, the 
required C.G. is in AO produced at a distance }AO from O. 

7. At a distance \a from the centre of the square, on the line from 
the centre perpendicular to the middle rod. 

8. In the line joining the middle points of the parallel sides, 
dividing it in the ratio 11 : 7. 

9. O x and being the O.G.’s of B, C and C , A, if AO v and BO* 
interseot at G, the required O.G. of A, B is at the point of intersection 
of AB and CO. 
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13. -V- J'2 inches. 

14. 00= %0E t where OGE is perpendicular to CD . 

15. On OC at a distance i OC from 0. 17. IAG . 

18. P is the middle point ot tho median AD. 

20. The C.G. divides the lino joining the middle points of the parallel 
sides in tho ratio 4 : 5, being nearer the base. 

26. On the perpendicular ON from 0 on DE , at a distance ON 
from 0. 

29. At a distance from the centre of the disc on the line joining 
the centre of tho disc to that of tho hole, produced backwards. 

6 5 JS 

31. At a distance ~ ^ a from the vertex of the triangle, on the 

line from the vertex to the centre of the square, where a is the side of 
the triangle. 

32. r~r. 37. 2 cob ' 1 (—g— *) > 60*. 

39. (2- s/2) : 1. 


38. 1 : n/2. 


40. 49 : 11. 
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ANALYTICAL TREATMENT 

10*12. Introduction. 

(i) We have seen in Art. 10*8 [Case (I)J that if there be 

a system of particles of masses mi, ?w 2 . mn lying on 

a straight line at points whose distances from a fixed point 

on the straight line are x t% x 2 , x n , then x, the distance 

of their centre of gravity (C.G.) or centre of mass (C.M.) 
is given by 


x 


2mx m 
2 m 


(i) 


(ii) We have further seen in Art. 10 8 [Case (II)] that if 
the system of particles, lying in a plane, be situated at the 
points whose co-ordinates referred to fixed rectangular axes 

on the plane are (x lt y- x ) t (ar 2 ,.y 2 ), ten, 2/;*), then (x, y), 

the co-ordinates of their C.G. are given by 


x 


2mx t 

2m' 


y 


2 m y 
2711 


( 2 ) 


where 2 mx stands for m±x x + m 2 x 2 + + 7n n x n . 


If, instead of the masses being situated at isolated points 
as above, there is a continuous distribution of inass in 
a rigid body, then we can find the pasitions of C.G. for 
different entities [viz. rod, arc of a curve, plane area, volume 
and surface area of a solid etc.] by the above principle with 
the help of integration as illustrated in the following articles. 


Now, relations (1) and (2) can be written as 


2x57ti 

25m 


(10 


- 2 x5m - 2 yS7n 

26m ' V “ 26m 


and 


... (20 
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where dm is the element of mass at any point P, and these 
can be written in the notation of Integral Calculus as 


fx dm 
X fdm 


, - Jx dm - / 7/ dm 

and — Jim ’ V =fdm 


(3) 

(4) 


where integrations extend throughout the whole of the mass 
of the required portion of the body. 


10'13. Important Definite Integrals. 

c 

The following results of definite integrals will be const- 
antly required in the evalution of integrals obtained in 
connection with the determination of C.G. of the different 
kinds of entities. 


r h* r Jtt 

(A) J o sin n x dx = I q cob m £ dx ( n being a positive integer) 


n — I n - 3 5 3 . 1 . n 

n n - 2 n - 4 4 2 2 

n-l»-8 n-6 4 # 2 - 

n 7i - 2 - 4 5 3 1 


according as n is even or odd . 


(B) I sin w # cos”® dx {m and n being positive integers). 
J o 

If one of the indices be odd , say m is odd, then put 
z — cos x and then express powers of sin x in terms of cos x 
i,c. % z . It would then be expressed as the algebraic sum of 
several integrals each easily integrable. If n be odd, then 
put z = sin x. 

If both m and n be even integers , first express either cos x 
in terms of sin x or vice versa and then it would reduce to 
several different integrals of the type (A). 
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(G) Those who are familiar with Beta and Gamma 
functions may use the following formula) : 



sin™# cos”# dx = 


D 

m + 1\ 
2 / 

r? 


n 

m + n + 

, 2 



sin”# dx 



cos”# dx 


n 


j 

n 

n + 

i 2 

^ Ifcg 


where T(i)= Jn, and T(n+ 1) = wr(w), whether n is integer 
or fraction. Here m and n are positive. 


10*14. C.G. of a thin rod. 

(i) When the rod is uniform . 

A — ■ n Let OA be a rod of 

O p q a length a and let us take 

OAX as the #-axis. 


Let P , Q be two neighbouring points on the rod at 
distances # and # + <5# from 0 , so that PQ = dx. Let p be 
the density and a be the uniform cross-section of the rod. 
Then the element of mass dm at P — a.dxp , where a and p 
are constants. 

Let x be the distance of its C.G. from 0. Then taking 
moment about 0, we have 

X.SadX p = 2a dX p.X, 

i.e xSdx-Sx dx (on dividing both sides by the cons- 
tants a, p ). 



The limits of integration are taken as such, since for the 
whole rod x varies from 0 to a . 

Thus, the 0.0 . of a uniform thin rod is at its midpoint. 
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(ii) When the rod is of variable density . 

Suppose the density p at the point P be a known func- 
tion of its distance from one end, say 0. Then p=/(a?). 


Here proceeding as above, the element of mass dm at 
I J = a.Sx.p = a dx.f(x ). 




xS adxf(x) - £ adxf(x). x, 

x2f{x) dx = 2xf(x) dx, dividing by the constant a. 


' a 

o xfix) dx 

a 

q fix) dx 


(2) 


Substituting the known value of fix) in any case, and 
integrating, the final value of x is obtained. 


For example, if the density at any point of the rod varies 
as the distance from the extremity 0, then fix) = KX t where 
k is a constant, and therefore 

= | |a. ••• (3) 

Note. If a be the cross-section of a rod at a point P on it and 
P be the density there, then ap (i.e. t mass per unit length) is called the 
line-density of the rod at P. By the single word ‘density* is usually 
meant volume-density i.e., mass per unit volume. 

If in the case (ii) it is given that the line-density X at any point P 
varies as its distance from 0, then dm (the element of mass)* at P 
would bo X Now we can proceed as in (3). 


’Strictly speaking, dm (« element of mass in length PQ) lies 
between X t 02 and X 9 && when X x and X 9 are the greatest and least 
values of X in PQ. Since we assume X is continuous and since dx 0, 
dm-*\8x; thus with sufficient accuracy for our purpose, we can write 
om=z\ dx. 

Similarly, strictly speaking, the distance of O.M. of PQ from O 
lies between x and x+dx and hence is equal to x+O.dx, where 0 < $ < 1 
which however tends to x as 02 -*0. Hence, with sufficient accuracy 
for our purpose we take the distance of the O.M. of mass dm from O 
as x. 

In the following articles, the above principle would be followed 
in considering the element of mass and the distance of its O.M, from 
a point or a straight line. 
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10*15. C.G. of an arc. 

Let (a:, y) be the co-ordinates of any point P on the arc 
AB , and p be the density at P. Let s be the length of the 



arc CP measured from a fixed point C on the arc. Then 
6s = elementary arc PQ at P, and hence 

p.5s = element of mass at P ( «= 5m). 

Let {x, y) be the co-ordinates of the C.G. of the arc AB. 


Then, as in (4) of Art. 10*12, we have 


_fx dm . 
x fdm 


f Pff ds t 
fp ds 


fy dm 
V fdm 


JV^S 


the limits of integration extending from A to B. 

When p is constant , the formula (l) becomes 
ds /yds 

... y« t rr— 




Jda 


( 1 ) 


( 2 ) 


The formulso (1) and (2) are fundamental formulae for 
the determination of the C.G. of an arc and this can be 
easily transformed when the equation of the curve is given 
in Cartesian co-ordinates (general or parametric), or in 
polar co-ordinates. „ 
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Note 1. In the application of the above integrals the following 
results should bo noted. When the equation of the curve is 

(i) V =/(*). l + (j®) *’ dx - 

(ii) x =/(?/), ds- 1 + ^) J - dy 

(iii) x = y-'Ki), + dt • 

(iv) /(r, tf)-=0, + <*«■ I 

ds= V i+ ( r ty ,dr - j 

o 

and x = r cos 0, y=r sin 0. 

Note 2. ybe G.G. in such cases is generally not on the arc AB, 

10*16. Illustrative Examples. 

Ex. 1. Find the C.G. of an arc of a quadrant of the circle 
x 2 + y 2 =a* in the positive quadrant , p being constant. 



Let (5, y) be the co-ordinates of the G.G. of the arc AB, 
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To evaluate the indefinite integral in the numerator put z* — a 1 — 
( we oan also put — x a or x=asin0). ,\edz=—xdx. 


I“\ * s d °=-*=- 



Ex. 2. Find the centre of mass O , of a circular arc of radius a, 
subtending an angle 2a radians at the centre. 



Let 0 bo the centro of the circular 
arc AD and lot /_AOB = 2a, Let 
M be the mid-point of tho arc AB. 
Join OM , and produce it to X and 
take O as origin and OX as x-axis. 
Now, Z_AOM=Z_BOM=a. Thus, 
from symmetry O is on OMX. 
Lot 0A= OB = a and OG = x. Let 
l '_XOP=e , 


For a circle wo know r = a, s = aO. 5 s = a30. For A and B , 

0 = —a and a. 

. - S eCk _S -« ao0ae - ad8 _ [ Sin e ] sin a 

• » X s **" —a* r ~i ; _ ••• ( 1 ) 


i* s"- 




Cor. 1. For a semi-circular arc 
2a = 7r, a — Jtt. Y 

. - sin Jir 2 a 

.. *- a t 

B- 

Cor. 2. For an arc of a quadrant 
of circle, a « Jir. 

. sin i* 2 a J2 

... 00=a _^. = __. 

If the two bounding diameters 
OA , OB of the quadrant be taken a3 0 
cc-axis and y-axis respectively, then 
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ix t y), co-ordinates of the C.G. with reference to these two as axes 
are OG cos Ja-, and OG sin 

i.e, t x =Jj sa<2 * 9 C See Ex, 1 above ] 

Ex. 3. Find the C.G, of an arc of a quadrant of the astroid 
x — a cos a 0 f y = a sm*<f> in the first quadrant. 

For the point A, j/ = 0, 0-0. 

For the point B t y-a % 0 =.$*■. 



Here, ds= + * d0 = 3a si n 0 cos 0 ^0* 

Let (i, y) bo the co-ordinates of the C.G. of the arc AB. 


. - { x ds - 5 yds 


J sc c?s “ ^ q acos 3 0 3a sin 0 cos0d0=3a , j^ cos 4 0 si 
— 3fl a ^s* dz ( putting x = cos 0 )= |-a a . 

/ ds®* j J*" 3a. sin 0 cos 0d0»3a sin 0 cos 0 d0 

S I 3a 

Q sdz{ putting sin 0 ) a 2 • 

r | ir 

/ ds— a sin*0 3a sin 0 cos 0 d0 
—3a* J ** sin 4 0 cos 0 d<t> 

-3a* J J s 4 ds ( putting x-sin 0 }-^— 


sin 0 d0 
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TT* uxLni /l\ /o\ /Q\ /l\ — 3fl S /5 > _2fl . — 3fl®/5 __2fl 
From (1), (2), (3), (4), x 3a ^ 5 • V “ 3a / 2 “ _ IT 

Ex. 4. .Find M<? position of the C.G. of the arc of a semi-cardioide ► 
Let the equation of the cardioide bo r = a (l + co3 0). 



Now, 


ds * 




= \/a a (i + co 3 0 );+a a sin a 0 <20 = 2a cos J 0 d<t > , 
and r • a(l + cos 0 ) = 2a cos a 10. 

Let (®, 7/) be the co-ordinates of the C.G. of the arc APBO. Then* 
-fa; ds - ft/ ds 

■" /** »“TS* <*> 

j x ds * J Q r cos 0 . 2a cos J0 dO 

= S 0 a ^ 1 + cos 0) cos e • 2 a cos 10 <20 
“ 2a* ^ 2 coe 8 10 (2 cos 8 10 -1) <20 
= 4 a* . 2 j * cos V (2 cos*# - 1) <20 (on putting 0 = 20) 

= 8a a *^2 cos fl 0 <20-^^ cos 8 0 <20^ 

®8a* .[2.}.J-f] [ See § 10' 13 above ] 


-V* 1 - 

J <2s«2a j*cos 10 <20 = 4a. 


( 2 ) 

( 3 ) 
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J Q r sin 0 . 2a cos d$ 

o( 1 +cos 0) . 2 sin J0 cos 40 . 2a cos J0 <Z0 
8 a® cos 4 J0 sin J0 c?0. 

Patting 2 — cos ^0, dz= — J sin £0 <Z0, and when 0 = 0 and tt, 2 = 1 
and 0. 

j vds=ir,a‘ ^ s 4 rfi = lCfl , | B g-]g =5 6 a’. - (0 

Prom (I), (a), (3), (4), = Ja, 

10’17. C.G. of a plane area. 

Case I. Cartesian. 

Suppose tlie area is bounded by the curve y “/(x), the 
axis of x and the ordinates x = x lt x = x 2 . 

Let ( x , y), (x + <5x, !/ + <5y) 
be the eo-ordinates of P and 
a neighbouring point Q on 
the curve. Divide the whole 
area into elementary strips 
like PMNQ , by drawing lines 
parallel to the y- axis. The 
area of the strip — i/.<5x ulti- 
mately, since dx is very small. 

Let the area be homogeneous 
and let p be the surface density of the strip PMNQ . 
Then 6m t the element of mass of the strip PMNQ = ydx.p 
and the O.G. of the strip PMNQ is ultimately at the point 
(x, iy) (with sufficient aoouraey for our purpose). Let (x, y) 



Again, 




ds s 
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he the C.Gr. of the area AKLB. Then taking moments- 
about OY and OX respectively we have. 

x.Spy fix = S py fix.x, y-Ypy fix — Spy fix.iy. 

Cancelling out the constant p from both sides we get in 
the limit 


x — 



xy dx 


y dx 


y = 



y 2 dx 
y dx 


where y has to he expressed in terms of x from the equation 
of the curve. 


Note. The surface-density p at any point of an area = <r\ whero 
<r=tho volume-density and X = the thickness at the point. 

Case II. Polar. 

Let the area AOB he bounded by the curve r —f(0) and 

the radii vectors OA , OB (8 — a 
and 8 = ft) so that Z.XOA = a, 
Z.XOB = p. 

Let 0 be the origin, OX, 
the initial line and OY the 
y-axis. 

Let the whole area be divi- 
ded into elementary triangular 
strips like OPQ by radii vectors drawn from 0 . Let the 
coordinates of P , Q be (r, 0), (r + dr, 0 + d0). Then Z.POQ 

Now, area of the strip OPQ — ir*68 ultimately, since 68 is 
very small. Then the C.G. of the strip 0P(£ is a point Q± 
in OPQ , whose co-ordinates are ultimately (fr cos 8 , it sin 8) 
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(with sufficient degree of accuracy for our purpose). Let p be 
the surface-density of the strip. Then elementary mass 6m 
of the strip OPQ. is Jr a <50.p, situated at Q±. Let ( x, y) be 
the co-ordinates of the C.G. of the area AOB . 


Therefore, taking moments about y * axis and £-axis 
respectively, we have 

x. Sir* p50 *» 2 Jr 2 p.§r cos 0.60, 

y. Sir 2 p 60-2 ir 8 p.lforsin 0.60. 


Cancelling out from both sides ip, since p is constant, 
we have finally in the limit 




( r 3 cos 6 d0 ( 

s-S^— - 

V r 9 d<9 V r a de 


r 3 sin 0 d 0 


where r=f(o) from the equation to the bounding curve. 


10*18. Illustrative Examples. 

Ex. 1. Find the C.G. of the homogeneous area bounded by the 
parabola y* = 4ax, the x-axis and the ordinate x*=h. 

Here, y = % J ax, and p is constant. 
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Lot (5, y) be the C.G. of the area AI\N t bounded by the ordinate 
KN t where AN=h. 

io xy jo ®- 2 da; x* dx y/i 5 3 

■-r*“ j = ( h ni~j = i fc~T _ r" _a Ti = 5 h ' 

\ y dx 1 2 tjax dx x dx 

\o V * dx Jo 4aa; dX 3 

?/ = 1 -fr i r-T T s/a/i ( on integration ) 

jo v dx JO ^^ ax< * x 

Ex. 2. Find the C.O . o/ the homogeneous area hounded by the 
parabola y* = 4ax and the double ordinate x=h. 

Let (a:, y) bo the co-ordinates of a point P on the parabola. Dividing 
the whole area into elementary strips by drawing lines parallel to the 



double ordinate KM t area of the elementary strip PP'Q'Q~2y 6x, 
and the co-ordinates of its C.G. are (x, 0), since from symmetry the 
C.G. lies on the x-axis. The elementary mass 6m of the strip =2j/8x.p, 
p being the surface-density of the strip. 


Let («, y) be the co-ordinates of the C.G. Then taking moment 
about A F, we have 


\*2|/dx.p.x V^xydx 

5 - Th~~- 3 

J 0 2 ydx.p J 0 y dx 

5«0 ( from symmetry ). 


3 


h as in Ex. 1, 


the C.G. of the area lies on the x-axis at a distanoefh from 
the vertex. 
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Ex. 3. Find the C.G. of a uniform rectangular lamina (area), [By 
the method of Calculus ]. 

Let ADCD be a rectangular lamina of which the Bides AB , AD are 
b and a respectively. 



Let us take AD and AB as axes of x and y. 

Let the area be divided into elementary strips by lines drawn 
parallel to AB and let P bo [x, y) and PQR8 be an elementary 
strip whose area is 6.8® and if p bo the surface-density, the elementary 
mass = 6 8®.p. Co-ordinates of the C.G. of the area PQRS are (®, J6) 
ultimately. 

Let (®, y) be the co-ordinates of the 0. G. of the given area. Then 
taking moment about y- axis, 

®. 26 Sx p«2 b Sx.p.x. 



in. 


Similarly, taking moment about g-axis, 
y.Xb 8®.p«26 8®.p.J6. 



the O.G. of the reotangle is (ia, ib), i.e., at the middle point 
of the line joining the mid-points of AB, CD . 


15 
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Ex. 4. Find the C.Q. of the part of the four-cusped hypocycloid 



1 lying in the positive quadrant . 



The part of the hypooycloid lying in the positive quadrant is BO AD, 
where OA — a, OB = 6. 

The parametric representation of the curve is x = a cos* 0, iy = b sin B 0. 
Let (sc, y) be the co-ordinates of the C.G. of area BOAB . 


\ a xydx (!* V* dx 


So * ,dx 


a) 


Putting s*=a cos 8 0, y-h sin*0, dx= -Ba cos* 9 sin 9 dd 
when a 5 « 0 , 0*Jjt and when x = a, 0*=O. 

= d* = 3a , 6j*' r Bin' t 9 cos ‘6 dO 

5 in 

sin 4 0 coa 4 0. cos 9 d9. 

Put 2=sin0 f de^cos 9 d9 ; 


when 0 


0 , 2 • * = 0 , 1 . 

Wb J dt 

S*'b\y-2,- + S) dz 


( 2 ) 
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dx*=Sab oo.*# sin 4 ® d® 

= 3n6 J ** (1 — sin 9 ®) sin 4 6 d® 

-aaftfJJ' sin 4 ® d®- j J"" sin 6 ® d®'J 

0 .T3 1 *■ 5 3 1 tt! 3 irab 

• 8fl6 L4 B a“a"6 - 4*a - aJ" , M^ 


= dx = 3ab* cos 9 ®. sin 7 ® d® 
«3a& 9 (1 — sin*®) sin 7 ® d® 

= 3a& 9 £ j J r sin 7 ® d®~ jj* r sin 0 ® d®^J 
= 3a& 9 



8 

105 


a a 6x- 32 r 

dirab 


256 
315 ir fl ‘ 


1 7. 

2 J 


1 15 /,« v _3JL 

2‘l05 a6 3 tt<z& 


256 

315t 


• ® 5 — 256 

* * a " 6 “siftr' 


0) 


Ex. 5. jPind the C.G. of the uniform area in the form of the loop 
of the curve x z +xy* - 2x* + 2 y* = 0. 


The ourve ean be written as y % (2+a?)«« 9 (2 — sc), 
i.*, »-±x^/|^- 


( 1 ) 


Thus, the ourve is symmetrical with respeot to the g-axis, there 
is an asymptote a?+2«0 and there is a loop OPACO in 0 ^ x ^ 2. 

Divide the loop into elementary strips by lines parallel to the 
p-axis. The area of an elementary strip at P*2p dx and if pbe the 
surface-density of the area (supposed homogeneous), the elementary 
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mass = 2y dx . p and the co-ordinates of the C.G. of the area are (x, 0) 
sinoe from symmetry, C.G. lies on the a;-axis. Let (5, y) be the 



co-ordinates of the C.G. of the loop. Then taking moment about 
y-axis, we have 

x .220 dx p e =22y dx p.x. 


Cancelling out the constant common factor 2 p from both sides 
and noting that x varies from 0 to 2, to include the entire loop, we 
have 


si- 

cr 


Writing 


0 =xa/ — * from the equation of the ourve (1), 
▼ 2+x 


Numerator- j J 

5 2 2a;9 dx f 2 x % dx 

o J¥-X' ~ J o 


Put »-2 sin 9. das** 2 oos 0 £0 ; when ««*(), 0»O, and when 

x-2, 0-Jir. * 
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Numerator = 2 8 \ 


sin a 0 dO — 2 


-9 s ain 8 ! 


sin a 0 dO 


.£-2^ = 2*-V- = 3(37r-8) 


( 9 ) 


Denominator » x \/ § — dx^\ 2 -*/ 2 - _5-- dx 
JO V 2+x Jo v /2 J -x‘ i 

2xdx f 2 _ JE* 

“ J 0 J2* -x* J 0 dX 

= 2 a ^’ r Bin 0 <*0-2 a j**' sin a 0 d$, 

( putting x = 2 sin 0 as above ) 

c 

“2M-2 a '-=4-ir. . (4) 

• \ from (2), (3) and (4), 

- 2 3rr — 8 

3* 4 — ir " 

From symmotry, the O.G. lies on the x-axis OAX. y = 0. 


Ex. 6. Find the C.Q . o/a uniform sector of a circle . 


Let OAMB be a sector of a circle 
v/ith O as centre and let £.AOB = 2a 
and OA = OB — radius of the circle® a. 
Let OM bisect fLAOB, 

Taking OM as x-axis, let (x, y) 
be the co-ordinates of tho O.G. of 
the sector. From symmetry, O lies 
on OX and hence 5=0. 



f + a f + a 

2 J a r * 003 * 2 \ a 003 ^ 

ft r + a 

3 f + a 

\ 

r a dO 

V a 9 dO 

J-l 

X 

r i 

J -a 

, + a 

2 a " ’] 

[sin fl J 

* s in «. 

V.| 

[*] 

|+« 3 a * a 

1 -a 


x 


[ V here r**a ] 
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Hence G, tho O.G. is situated on OM, where OQ** -|a. 

Cor, 1. For a uniform semi-circular lamina , a = J nr. 0Gf“g~* 

Cor. 2. For a complete uniform circular lamina , a = ir. OGf«0. 
Hence, tho C.G. of a circular lamina is at the centre of the circle. 

Ex. 7. Find the C.Q. of the area hounded by two semi-circles of 
radii a and h and their common diameter . 

Let us divide the area into elementary strips by drawing radii 
vectors like OP t Q v and OP. 2 Q 9 from 0 to the two somi-circles, 0 being 



their common centre, and A.P l OX*=ALQ l OX'=d, £.PtOP l =A„Q i OQ l 
■= 80. Let a > b. Let the line through 0 perpendicular to the bound- 
ing diameter be taken as the g-axis and the bounding diameter as 
the jy-axis. 

Then, the elementary area 

•Pi0i<3*-P a = a*ea OQ x Qi ~ area OP^a 

-Jo 9 80 -Id 3 80«lto 9 -6 9 ) 80. 

Let p be the surfaoe-density of the elementary area ; then mass of 
the elementary area « p. j(a* - 6 9 ) 80. ^ 
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Let (®, y) be the co-ordinates of the C.G. of the whole area. Then 
taking moment about the y- axis, 


P X Q X Q % P % i.e., x2i(a*-b Q )80 ss 2ia*dB t x l -2ib*dB.x 3 , 
where x x , x 9 are the distances of the O.G.’s of the ultimate triangular 
areas OQ x Q % and 01\P a from the y- axis, 

*i=iacos0 t x a “3&cos 0. 


- Zja a 50.8acos0-2i6 a 50.<j&cos0 

ST — ’ or * ultimafcely 


05 = 


2 

3 


cos Q dd 


2 _ 4 fl a +ob + 6 a 

3 [a* — b*)r “Sfl- o + 6 


( For the points A x , 4 a , 0*= — Jir and for the points B lt B a , 0*= Jir. ) 
From symmetry, C.G. would lie on OX, y — O. 

Note. Putting 6 = 0 in the above result wo oan easily verify 
that if G be the C.G. of a semi-circular lamina of radius a, then 

5=OG=g. 


Ex. 8. Find the C.G. of a uniform segment of a circle. 

Let AOB be a sector of a circle of 
radiuB a bounded by the radii vectors 
OA, OB, where A. AOB ^ 2a. Let OC bo 
the bisector of the angle AOjB. We take 
OC as the axis of x. 

From symmetry, the C.G. of the 
segment AOBMA lies on OX. If 
(x lt y x ) be the C.G. of the sector, then 
we have 

x x - | a Vi -0. ( See Ex. 6 above ) 

Also if 0 f 5($ st y a ) be the O.G. of the triangle AOB, then 
x»"”|a cos a, y 9 "-0. 




982 


STATICS 


Let (®, y) be the O.G. of the segment ACBMA . Then by Art. lO’lO 
of the book, 

■ 2 sin a .2 

a a - Q a a cos a. a sm a* a cos a 

— O A O 

® a a a — o' J sin a cos a 

2 sin a — sin a cos a a 2 sin 8 a 

- a * . — = - - cl r — 1 

o a— sm a cos a 3 a — sin a cos a 

and V = 0. 

Ex. 9. Find the C.G. of the area of the cardioide r=*a(l + cos 0). 

Let (sb, y) be the co-ordinates of 
the C.G. of tho cardioide. 

The centroid evidently lies on 
the axis of symmetry m, the a;-axis. 

. . y — 0. 

Since the two halves of the 
cardioide are equal and symmetrical, 
the abscissa of the O.O. of the whole 
is the same as that of the upper 
half. 



Thus, 


jo pr 8 cos 0 dO 

So d9 


r 8 cos 0 de 


s; 


r 8 dO 


-» ( p being const. ) 


2^0 a8 ( 1 + ooa *)* 003 Q dd 

3 So a*(l+c°s e) a dfl 

to So «■ 

S> 


1 cos 4 2 d9 


S w/2, 

Q (2 OO8*0-OOS*0) <20 


s 


ir/2 


OOS 4 0 d<p 


(putting 0» 20) 


0 7 5 8 1 7T 
4a 8 * 6 ' 4 * 2 ' 2 


5 3 1 v 
6*4* 2*2 


8 1 r 
4*2*2 


■f 
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10*19. C.G. of the volume and surface of revolution 
of a uniform solid. 

Suppose a solid is formed by the revolution of the curve 
y**j{x) about the ®-axis OX and suppose it is bounded 
by two ordinates AL , BM corresponding to x^Xx and 

x b x 2 * 



(i) The volume generated by the element of area PNN*P', 
where ( x t y) are the co-ordinates of P is (the area of the 
circle described by PN) x (the thickness between the 
two circles described by PN and P'N^^ny* dx, ultimately 
[ since PN = y and dx is very small ]. If p be the density 
of the slice bounded by the two circles, then, dm, the element 
of mass of the strip ^p.ny* dx. The O.G. of the element 
from symmetry lies on OX, and is ultimately at a distance 
x from 0. Hence, if (#* y) be the co-ordinates of the O.G. 
of the volume generated by the area ALMB, then taking 
moment about y- axis, we have 

x.Spny* dx-2pny* dx.x. 
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As the solid is of uniform density, cancelling out pn 
from both sides, we get 


£ 


Sy 2 x fix 
Sy 2 6x 



y a x dx 

— j 

y a dx 


and from symmetry, y = 0. 


(ii) The area of the surface generated by the revolution 
of the arc PP'( = <5s) about OX is (the circumference of 
the circle described by PN) * (length of the arc PP') 
i.e ., 2ny.6s ultimately, since PN*=y and 6s is small. If p be 
the surface-density then, 6m t the element of mass of the 
belt = p.Qny.ds. 

The C.G. of the belt from symmetry lies on OX and is 
ultimately at a distance x from 0. Hence, if (x, y) be the 
co-ordinates of the C.G. of the surface generated by LM , 
then taking moment about y- axis, we have 

x . Sp . 2ny 6s =2 p . 2ny 6s . x . 

As the surface is of uniform density, cancelling out 2np from 
both sides, we get 

x « 2y 6s. x ^ Jyx ds 
" 2y 6s Sy ds 

In the integration, the limits for s correspond to x = x± 
and X — X 2 * 


Cor. When the equation of the curve is given in polar 
co-ordinates, say r-f(0) 9 the above formulae can easily be 
transformed into the following forms by* the relation 
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between Cartesian and polar co-ordinates viz. t x-*r cos 6, 
y ■= r sin 0, 


Solid : 


_ r 8 sin 2 0 cos 0 ^ (r cos 0).d0 

® = V T 

r 2 sin 2 0^ (r cos 0).d0 


2/ = 0. 


Surface : 


s .l 


r 2 sin 0 cos 0*^J- £?0 


7 rrs 
r , 8m0 ^ 


d0 


v 2/ *= 0 

taken between proper limits. 

10*20. Illustrative Examples. 

Ex. 1. Find the C.G. of a homogeneous solid cone . 



Let (x, y) be the co-ordinates of G t the G. G. of the homogeneous 
solid cone AOB. 


From symmetry, O.G* lies on the os-axis, the axis of rotation. 0. 

G lies on OC 9 such that 0G**|0C, i e. t OG : GC-3 : 1. 


J y*x dx 

* (as* tan 8 o). a; dx 

lo*^_ 

B-] 

i: 

• • S* f ® 

j V* das 

q (as 8 tan 8 a) j 

ijx'rf* | 

[2*\ 

1 H 

1 0 
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Ex. 2. Find the C.O , of a homogeneous solid hemisphere* 



Let (sc, y) be the co-ordinates of Q , the C.G. of the homogeneous 
solid hemisphere A MB, 

• ~S V -^ S Q k* ~ 8 ** a ** ~ h* 1 

\v' dx y o (a'-x')dx a ' 2 - a -b*“ 8- *‘ 

From symmotry, O.G. lies on the fc-axis, the axis of rotation. y=0, 
.*. G is situated on OM such that 00 : OM=* 3 : 5. 


Ex. 3. Find the C.O . o/a homogeneous conical surface. 

Let OAB be a right circular cono, formed by tho complete revolution 
of the lino OA round the fixed lino OC [ See Fig, of Ex, 1 above ] and 
let /LAOC=a f and OC=*h, Suppose it is of uniform density. Lotus 
take the vertex O of the cono as origin and its axis OX as x-axis and 
OY , perpendicular to OX as #-axis. 


The equation of the line OA is y = x tan a. 


ds**^ 1 + (g)’ dx* s/r+“tan*a dx-(soo a) dx. 

Let x» y be the co-ordinates of the O.G. of the conical surfaoe. 

^yxds (as tan a)x.(seo a) dx [| «* J 2 

^ yds j '* (* tan o) (seo o) dx ® 
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From spmmetry, C.G. lies on ®-axis f the axis of rotation, And 
hence y=*0. 

G, the C.G. of ihe conical surface is situated on the axis of 
the cone such that 0G=$0C i.e., OQ : GC = 2 : 1. 

Note. Here the generating curve is the straight line y — x tan a. 

Ex. 4. Find the C.G. of a uniform hemispherical surface . 

Suppose AMB he a hemisphere of radius a , with its plane base 
ABC A, and let 0 be the contre o£ the base and let OM be the line 
porpondicular to the base and suppose it is formed by the complete 
revolution (i.e., the revolution through 2ir radians) of the quadrant of 
the circle MB round the axis OM [ See Fig. Ex. 2, above ]. Let us 
take 0 as origin and OMX as g-axis and OBY as jy-axis ; then the 
equation of tho circle MB is x* + y* = a* i.e., 

- A / 1 + ( — 7- dx = - y dx = dx. 

v V *Ja —xV Ja*-x* y 

yds**adx. 

Let (jx, y) be the co-ordinates of the C.G. of the homogeneous 
hemispherical surface. 

\ yx ds \ q ax dx *- 

• «"?■ m ? — I since for B and M, g«0and x**a 

J y ds \ a dx L 



From symmetry, O.G. lies on the g-axis of rotation and hence jy«0. 
Thus, the C.G. is at the mid-point of OM. 
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Ex. 5. Find the C.Q, of the solid formed by revolution about 
the x-axis of the parabola y l = 4 ax, bounded by the ordinate x — h. 



From symmetry, y- 0. 

Ex. 6. Find the C.Q . of the surface generated by the revolution of 
a loop of the lemniscate r 9 — a* cos *2$, about the initial line • 



Let (oi, y) denote the C.G. of the surface of revolution of the loop 
OQAP. Then from symmetry, 0. 

ilT 

Here, r 9 «a* cos 2$. ,\ - a* sin 20, 


ds 
dO 


s /^/ + ** *>/ fl9c03 2 ^ + 


a 4 sin 9 20 


*J cos 20* 
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sin $• — . j ~r d8 

J 003 20 


\xyds 

\yd, tfrs.0.- 

^ H sin 0 cos 0 . ijcos 20 && 
=fl — " 

V sin 0 d0 

S *" sin 2d n/cos 2~0 d0 

0 


Jo 


[ putting cos 20 = 3* ] 


*/* 

a *J2 a{2+ n/2 ) 

6 * / s /2 — 1 "6 


Ex. 7. Find the centre of 
gravity of the surface and volume 
of the part of a sphere , of radius a, 
included beticeen two parallel 
planes which are at distances x v 
and x 2 from its centre. ( sc a > ®i ) 
Let the sphere be generated by 
the revolution of the circle z* + y' 1 
= a a about the x-axis. Let us con- 
sider the portion of the sphere 
bounded by the parallel planes AL t 
BM, where 0Z» = z 1( and OAf=o; 3 . 
Then, for the surface 



and from symmetry, j/-0. 
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For the volume, 


<** = ( * a ( a »_ a a) fa ”«* (a.-aJ-J (a,* -a,*) 

3 «i 


_ 3 2a*-*t*-*i! 

“4 '® 1+ *^3a i -*»■-***;-*. 


From symmetry, # = 0. 


Note. If we put x^a and ®i*=0, wo get the case of a hemis- 
phere, and for the surface x = ia, y — 0, and for the solid y — 0 . 

Ex. 8. Find the C, O. of the volume generated by the revolution 
about the x-axis of the area bounded by the parabolas y Us =x t x 9s =y. 

Clearly, the points of intersection are given by 



The volume of the strip generated by the revolution of P x QxQ*P% 
about aj-axis is ir(j/ a * — l/x*) where y x **P x M and y* = P*M t and 
being very small. Then (®, y) being the 0. G. of the volume generated, 
we have 

(V»*-Vi')dx.* y^(s-x*)»dx 

Y^(x-x*)dx 

Also from symmetry, 5-0. 
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10*21. Theorems of Pappus or Guldin. 

If a plane area bounded by a closed curve revolves 
through any angle about a straight line in its own plane, 
which does not intersect the curve, then 

(I) the volume of the solid generated is equal to the 
product of the revolving area and the length of the arc 
described by the centroid of the area ; 

(II) the surface-area of the solid generated is equal to 
the product of the perimeter of the revolving area and 
the length of the arc described by the centroid of that 
perimeter. 




(I) Let 6A be any element of the area whose distance 
from the axis of rotation is z . Then 0 being the angle 
through which the area is rotated, the length of the arc 
described by SA is zO, and hence the elementary volume 
described by the element dA is zd.SA. 

The whole volume described by the given area therefore 
— 2z0.bA * 0.2 z.5A — OzA [ Erom Art. 10*8 ] 

(where A is the total area of the curve and z is the distance 
of its centroid from the axis of revolution) 

*= AzO = area of the closed curve * length of the aro 

described by its centroid. 


16 
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(II) Let <5$ be the length of any element PP ' of the 
perimeter of the given curve, and z f ita distance from the 
axis of revolution. The elementary surface traced out by 
the element 8s is ultimately zd 8s. 

The total surface-area of the solid generated is therefore 
-£*'0.ta-0£*'.6s-0*'s [ From Art 10' 8 ] 

(where s is the whole perimeter of the curve, and z\ the 
distance of the centroid of this perimeter from the axis) 

= s./0 = perimeter x length of the arc described by 

its centroid. 

Note. The above results hold even if the axis of rotation touch 
the closed curve. 

Ex. 1. Find the volume and surface-area of a solid tyre , a being 
the radius of its section t and b that of the core. 

The tyre is clearly generated by revolving a circle of radius a about 
an axis whose distance from the circle is b . 

The centre of the circle is the centroid of both the area of the cirole 
as also of the perimeter of the circle, and the length of tho path 
described by it is evidently 2ir b. 

Hence, the required volume « ira* x2ir& = 2jr , <x a &, and the surfaqo- 
area required = 2ira x 2?r& » 4 

Ex. 2. Use the theorems of Pappus to find the centre of gravity of 
(a) a semi-circular arc . (6) a semi-circular area. 

Let the semi-circle be of radius a and let it revolve about the 
bounding diameter so that the surface generated is a sphere of radius a. 

Let x denote the distance of the 0.0. from the oentre. 

(a) For the semi-circular arc, 

2wS,va a surface-area of the sphere— 4va 9 . 

• • 

T 
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(6) For the semi-circular area, 

2ir®lira* = volume of the sphere = Jira*. 


.’. z 


4 a 
Sir* 


Examples on Chapter X(c) 

1. Find fche C.G. of a rod AB of length a t the density 
at any point of which varies as, the wth power of the distance 
from the end A. 

2. G is the centre of mass of the rod AB of length L 
The line-density at any point of AB varies as the distance 
from the point 0 on BA produced, where OA*=a. Find 
AG : GB. 

3. Find the C.G. of the arc which is in the first quad- 
rant of the cycloid x — a(0 + sin 0), y *= a(l - cos d). 

4. (i) Find the C.G. of the arc of the parabola y 2 — Aax 
from the vertex to an end of the latus rectum. 

(ii) Find the C.G. of a uniform wire bent into the 
form of the cardioide r = a( 1 +cos 0). 

5. Find the centroid of the arc of the catenary 

?/« ccosh — » from the vertex V to any point P(x, y) on the 
c 

arc. 

6. Find the centroid of the area of the circle ® 2 +y* 
* a 2 lying in the first quadrant. 

7. Find the centroid of the area of the astroid 

eft lying in the first quadrant. 
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8. Find the centroid of the area between the sine 
curve y = sin x and y = 0 where 0 < x < n. 

9. Find the centroid of the area between the cosine 
curve y *= cos x and y = 0 where - in < x < 

10. Find the centroid of the area between the semi- 
cubical parabola ay 2 = x 8 and x = h. 

11. Find the centroid of the area bounded by y = x 2 , 
£ = 1, ?y s =0 I x = 2. 


12. Find the centroid of the area bounded by x *= 0, y - 0, 
y = 3 + 2x-x 2 and lying in the positive quadrant. 

IB. Find the centroid of the area of the loop of the curve 
y 2 (a + x) = x 2 (a -x). 


14. Find the centroid of the area of the loop of the 
curve x 8 + xy 2 - x 2 + y 2 *= 0. 


15. Find the centroid of the area between the Cissoid 
y 2 {2a-x) = x 3 and its asymptote. 


16. Find the C.G. of the area of the parabola 

a ) + (^ ) * between the curve and the axes. 

17. (i) Find the centroid of the area between y 2 =x and 


V = 


(ii) Find the centroid of the area bounded by y 2 — 4 ax 
and y-mx. 

18. (i) Find the centroid of the area bounded by 
y — - x 2 and x = 3. 

(ii) Find the centroid of the area bounded by y 2 — ax 
and x 2 ** by (a, b > 0). * 
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19. Find the C.G. of the area enclosed by the curves 
x 2 + ?/ 2 -2^ = 0, and x 2 + y a -4a; = 0. 

20. Find the centroid of the area of half the cardioide 
r — a{ 1 + cos 0) bounded by 0 = 0. 

21. Find the centroid of the area of the right loop of 
the Lemniscate r 2 = <x 2 cos 2 0. 

22. Find the locus of the centroid of the area of the 
parabola y 2 *=4ax cut off by a variable straight line passing 
through the vertex. 

23. Find the C.G. of the segment of a sphere of radius a % 
cut off a plane at a distance b from the centre. 

24. Find the C.G. of the solid formed by the revolution 

2 2 

of the quadrant of the ellipse X Q + '/«*= 1 about its (i) major 

cl o 

axis, (ii) minor axis. 

25. Find the C.G. of the solids formed by revolving : 

(i) ay 2 about the .r-axis between £ = 0 and x*=c ; 

(ii) x = a{6 + sin 5), y = a( 1 - cos 0), about the axis of y ; 

(iii) r*=a(l + cos 0) about the £-axis. 

26. Find the centroid of the (i) surface and (ii) solid 
generated by revolving half of the cardioide r«a(l + cos 0 ) 
bounded by 0 ■* 0 about the initial line. 

27. Find the C.G. of the surface formed by the revolu- 
tion of the parabola y* *2® out off by the line £"*4, about 
the axis of the parabola. 

28. Find the centroids of the surfaces formed by the 
revolution of the following curves : 
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(i) Cycloid x - a(0 + sin 6), y * a(l - cos 0) about the 
axis of y ; 

(ii) Cardioide r = < y ,(1 + cos 0) about its axis. 

If the distances of the vertices of a triangle from 
a fixed line on its plane (not intersecting the triangle) are 
x l9 x 2t x 3t and if 8 be the area of the triangle, show that 
the volume generated by the revolution of the triangle about 

the fixed line is (x± + x 2 + x 3 ). 

-"'30. An equilateral triangle of side a revolves round its 
base which is fixed. Find the volume of the solid generated. 

/ Sl. Show that the volume of the solid formed by revolv- 
ing the ellipse x**a cos Q, y — b sin 6 about the line cc = 2 a 
is An 2 a 2 b. 

'^32. Find the volume of the solid formed by the revolu- 
tion of y 2 ■= 4 ax about the latus rectum. 


ANSWERS 

n | i 

1. On the rod at a distance ^-—75 a from A. 

n+ 2 

2. (3a + 22) /(3a + 2). 3. 5 = (t - £)a, y = 5a. 

. - 1 SN/S-logts/a + l) 4 2 \/3 — 1 

4. (1) *= 4 a- ^2 + log ( *'24-1) ’ ?y 3 a ^2 + log ( ^2 + 1)’ 

(ii) a = 5=0. 5. « * x — c(j/ — c)/s, 3/ * 1 */ + cx/2$ t where FP*=s. 


- - 256a 


_ - - 4a 

«. **■?/“ 3^' 


9. 5=*0 10. = 5/“0. 


8. Jr, y=hir. 
11 . 


- . _ . * - a 3 tt — 8 — ^ . , - 1 3ar— 8 - ^ 

12. 18. *= 3- 4 - t ’»= 0. 14. *= s’i^F’ »“ a 
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15. i=R j/=0. 16. x a 17. 0) i=s. 5-t 

(ii) z — Bal5m 2 , v/ = 2 alnt. 18. (i) 5 = 1 . 0 = 0 . 

(ii) 5= 5o^^ f ?/ = 

20. 5 = ^. 7/=^ 21. £ = ^?. a = 0. 22. 2f/ a = 5as. 

23. 5= ® ^a+1 ’ ?'~ 0 ' 24> (') * = §«> j/ = 0. (ii) 5=0, jj=§6. 

25. (i) 5=Jc, j| = 0. (ii) *-=0, 7/ ■ ® ~yjj 4 - (Sii) »=0. 

26. (i) For surface x = S?a, y/ = 0. (ii) For volume £= |a, i/ = 0. 

27. 'i-VA 5 = 0. 28. (i) 5 = 0. 5 = ^ ^ 

(ii) i=SSa,57=0. 30. 32. }?jra J . 



CHAPTER X(A) 

CONSTRAINED BODY AND STABILITY 

10(A)'l. Equilibrium of a heavy body supported at a 
fixed point. 

If a body supported at a point be at rest under the 
action of gravity only (and no other external forces), the 
C.G. of the body and the point of support must be in the 
same vertical line. 

This is obvious ; for the only forces acting upon the 
body are (1) its weight acting vertically downwards through 
its C.G. and (2) the reaction at the point of support. For 
equilibrium these two forces must be equal and opposite 
and also must have the same line of action. Hence, the 
fixed point and centre of gravity must be in the same 
vertical line. 

Note. The above principle can bo used in determining graphically 
the C.Q. of a plane lamina . Thus, first suspend the body by a string 
attached to any point A on its boundary and draw the vertical line 
4D on the lamina through A. We know that the C.G. lies on AD. 
Again, suspend the body from any. other point B on the boundary and 
draw the vertical line BE , through J5, on the lamina. Then the C.G. 
also lies on BE. 

Hence, the reqd. C.G. is the point of intersection of AD , BE. 

10(A)*2. Equilibrium of a heavy body with an area in 
contact with a plane. 

Theorem : A body placed in contact with a horizontal 
plane will or will not rest in equilibrium , according as the 
vertical line through its centre of gravity meets the plane 
inside or outside the base on which it stands. 
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The only forces acting upon the body are (1) the weight 
of the body acting vertically downwards through its O.G. 
and (2) the reaction of the plane, which is nothing bufc 
the resultant of the total reactions of the several points of 
contact of the body with the plane, and hence acts through 
a point inside the base. 

For equilibrium, the weight of the body and the reaction 
of the plane must be equal, opposite and also must have 
the same line of action. Hence when there is equilibrium, 
the vertical line through the centre of gravity of the body 
meets the plane inside the base. If the vertical line meets 
the plane outside the base, obviously there cannot be equili- 
brium and the body will topple over. 

Note 1. By the base is meant the polygon without re-entrant 
angles, (or more generally the closed curve having no convexity in- 
wards) formed by joining the extreme points of the body in contact with 
the plane. [ See Fig. (Hi) ] 

Note 2. A bus for example will overturn if the vertical through its 
G.G. falls outside the wheel base. 

Note 3. Exactly as above it can be shown that a body placed on 
an inclined plane, sufficiently rough to prevent sliding, will be in equi- 
librium or topple over, according as the vertical through the centre of 
gravity of the body does or does not pass through the base of the body. 

10(A)'3. Illustrative Examples. 

Ex. A solid right circular cone whose height is h and radius of 
whose base is r, is placed on an inclined plane and prevented from 
sliding . If the inclination of the plane be gradually increas$d t find 
token the cone will topple over . 


A 
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In the extreme position, i.e when the cone is on the point of 
toppling over, the vertical through the C.G. of the cone must pass 
through the extreme point of the base, i.e., would pass through the 
end B of the base. Let 0 be the inclination of the plane at that time. 
Then obviously HBGO = 0. 

BO y 4r 

Now, from the right-angled triangle BOO , tan BG0=* qq^ 
tan 0 = 4r//i, giving the required inclination. 

Note. If a be the semi-vertioal angle of the con e, then r/h — tan a. 

Hence, the cone will topple if tan 0 > 4 tan a. 

10(A)*4. Stable, Unstable, and Neutral Equilibrium. 

Let a body be in equilibrium under a system of external 
forces and reactions, being supported in any manner. If 
the body be slightly displaced from its equilibrium position, 
the external forces and the reactions in the new position of 
the body will not in general be in equilibrium, so that the 
body, when left to itself, will begin to move. 

Now, according to the way in which the body moves, 
the original equilibrium position is defined to be stable , 
unstable , or neutral under different circumstances. 

(1) Stable Equilibrium. 

A body is said to be in stable equilibrium if, after it is 
slightly displaced from its position of equilibrium, it has 
a tendency to return to its original position. 

(ii) Unstable Equilibrium. 

A body is said to be in unstable equilibrium, provided 
when slightly displaced from its position of equilibrium, 
it tends to recede further away from its original position. 

(ill) Neutral Equilibrium, 

A body is said to be in neutral equilibrium, provided, 
when slightly displaced from its position of equilibrium, 
it remains in equilibrium in this new position and tends 
neither to come back to, nor to go further away from its 
original position. •* 
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10(A)'5. Stability of a body under gravity with one 
point fixed. 

In this case we know that the point of support must be 
in the same vertical line with the C.G. 

If a body suspended from any point 
O and having its G.G. at G vertically 
below 0, be slightly displaced by being 
turned through a small angle about 0, 
as in Fig. (i) then the weight of the 
body W, acting at G, will have a 
moment about 0 , which wiJJ tend to 
cause the body to revolve back to its 
original position. In this case, the 
equilibrium is stable. If, however, G, 
the C.G. of the body, be vertically 
above 0, the point of suspension, and 
the body be slightly displaced through any angle, then the 
moment of the weight about 0 will have a tendency to 
revolve it further away from its original position as in 
Fig. (ii). In this case, the equilibrium is unstable. When 
the body is suspended from its C.G. it will remain at rest 





in any position, for the weight of the body and the equal 
and opposite reaction of«the support always act at the same 
point and henoe they balance one another. Hence in this 
case, if the body be displaced, it will not tend either to 
return to, or to recede further away from its original position 
of equilibrium. 
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In such a case, the equilibrium is neutral . 

10(A)*6. Stability of a body with a portion of it in the form of a 
sphere resting with spherical portion in contact with a horizontal 
table. 



Fig. (i) 



Fig. (ii) 



In the position of equilibrium the weight of the body 
acting vertically downwards through its centre of gravity 
Q is balanced by the reaction of the table at the point of 
contact A , which must accordingly bo perpendicular to the 
plane of the table and will therefore pass through the centre 
0 of the sphere. Thus OG must be vertical [ Fig . ( i ) ]. 

Now, let the body be slightly displaced so that B is the 
new point of contact. The vertical through B being normal 
at B to the sphere will pass through the centre 0. Now if 
G be below 0, the weight of the body acting vertically 
downwards through G will tend to rotate the body about 
B back to its equilibrium position as in Fig. (ii) and the 
equilibrium position is accordingly stable. 

If on the other hand G be above 0, the weight in the dis- 
placed position, as in Fig- (iii), will tend to rotate the body 
further away from its equilibrium position. The original 
equilibrium position is accordingly unstable. 

If, however, G coincides with 0, the weight in the dis- 
placed position acting vertically downwards in the line OB 
will be balanced by the reaction at B , and the body there- 
fore will remain in equilibrium in this displaced position. 
The equilibrium in this case is neutral.. * 
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Thus in this case the equilibrium of the body is stable, 
unstable or neutral, according as the C.G. of the body 
in the equilibrium position is vertically below, above, or 
coincident with the centre of the spherical portion in contact 
with the table. 

Note. In the first illustration [ § 10( A)'5i] 9 the equilibrium is stable 
or unstable according as O falls bolow or above the point of suspension. 
In the second illustration 1§10(A)’6], the equilibrium is stable or 
unstable according as O is below or above the point 0 through which 
the reaction passes in all positions of the body. In both the cases, a 
lower position of G ensures stability. 

In genoral, top heavy bodies C are unstable and bottom heavy bodies 
aro stable in their equilibrium positions. 

Examples on Chapter X(A) 

1. A solid right circular cylinder, of height h and radius 
of cross-section r, is placed on an inclined plane of inclination 
a and prevented from sliding. Show that the cylinder will 
topple when 

tan a > 2 r/h. 

2. A leaning tower of n equal circular coins, each of 
radius a and thickness 2 b t is piled over on a horizontal table, 
so that the centres of gravity of all the coins lie in one 
straight line. Show that the greatest inclination of the line 
to the vertical is tan “ 1 (a/wfe). 

3. How many equal circular coins, having the thickness 
of each equal to *yth of its diameter, can stand in a cylin- 
drical pile on an inclined plane, whose height is one-fourth 
of the base, assuming that there is no slipping ? 

4. A frustum of a solid right cone is placed with its 

base on a rough inolined plane whose inclination is gradually 
increased ; if R, r be- the radii of the larger and smaller 
sections, and h the height of the frustum, show that the 
frustum will ultimately either tumble or slide according 
as the coefficient of friction is greater or less than 
4 R{R* + Br + r*)/h(R* + 2 Br + Sr *). [ C. H. 1960 , old ] 
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5. A solid homogenous body, consisting of right circular 
cylinder of height h and a hemisphere of radius r, on the 
same base, rests with its spherical portion in contact with a 
horizontal table ; show that it will he in stable, unstable or 
neutral equilibrium according as 

r is > or < or * h J2. 

*6. A cone rests on a rough table and a cord fastened 
to the vertex of the cone passes over a smooth pulley at 
the same height as the top of the cone and supports a 
weight. Show that if the weight be continually increased, 
the cone will topple or slide according as the coefficient of 
friction is > or < tan a, where a is the semi-vertical angle 
of the cone. 

*7. A heavy rod of length 21 lies over a rough peg with 
one extremity leaning against a rough vertical wall. The 
inclination of the rod to the wall is a and P is the point of 
contact of the rod with the wall, d is the distance of the 
peg from the wall and A the angle of friction both at the 
peg and the wall. 

(i) If P is above the peg, show that the rod is on the 
point of sliding down when l sin s a= s ^ cos 2 A. 

(ii) If P is below the peg, show that the rod is on 
the point of slipping downwards when l sin 2 a sin (a + 2A) 
= d cos 2 A and on the point of slipping upwards when l sin 2 a 
sin (a — 2 A) d cos 2 A. 

*8. A frustum of a uniform right circular cone whose 

semi-vertical angle is a, is made by cutting ~ th of the axis. 

n 

Prove that the frustum will rest with a slant side on a 
horizontal plane if 

tan*a < i [ 0 B igg4 ] 

n “i 


3 . 100 . 
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CHAPTER XI 


WORK AND POWER 


111. Work. 

A force is said to do work when its point of application 
moves in the direction of the acting force, and the work done 
by a force , acting at a point of a body for any time, is measur- 
ed by the product of the force and the displacement of the 
point of application of the fofte in its own direction . 

» . .. - -> >■ 

A B *T B A X 

Pig. (i) Fig. (ii) 

Let a force P be acting on a body at A in the direction 
AX for any time, and let A move to B during the interval. 
If AB be in the direction AX, as in fig. (i), the work done 
= P.AB , and is positive. If the displacement AB of A is in 
a direction opposite to that of P as in fig. (ii), the displace- 
ment measured in the direction of P is — AB, and the work 
done by the force here ** - P.AB, which is negative . 

If the displacement AB be in a 
direction different from the direction 
of the force, say making an angle 9 
with AX as in fig. (iii), the displace- 
ment measured in the direction of 
P is AN=*AB cos 9, and in this case 
we get more generally 

Work done by P “ P.AB cos 6 ** AB.P cos 0 

= Force x component of displacement of its point of 
application along the line of action of the force, 

or, * j Displacement * component of the force along the 
direction of displacement . 


B 



Fig. (iii) 
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Evidently, the work done is positive or negative accord- 
ing as Q is acute or obtuse . 

Cor. In particular if 0 =90°, the work done is zero, i.e., no work is 
done by a force if the displacement of its point of application is per- 
pendicular to the line of action of the force. 

If tho displacement or its component is in a direction opposite to 
that of the acting force, work is said to be done ogainst the force. 

11*2. Units for measurement of work. 

When a force equal to the weight of one pound displaces 
its point of application through one foot in its own direction, 
the amount of work done is defined to be one Foot-pound. 

This is usually the unit of work used in Statics in the 
English system. 

When a force equal to the weight of one gramme dis- 
places its point of application through one centimetre in its 
own direction, the amount of work done is defined as one 

Gramme-centimetre. 

This is the unit of work in Statics is the French 
system. 

11*3. Theorem I. The algebraic sum of the works done 
by a number of coplanar forces acting on a particle , for any 
displacement of the particle , is equal to the work done by 
their resultant . 



Let the particle be displaced from 0 to A, and let the 
forces Pi, P a .... inclined at angles 0 lf 0 g ,*. with OA act 
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on it. Let R be the resultant of the forces inclined at 0 
with OA. 

The algebraic sum of the works done by the forces 
“ Pi cos . OA + P 2 cos 0 2 . OA H — 

= OA (Pi cos 0i + P 2 cos 0 a H ) 

= OA x algebraic sum of the resolved parts of the 
forces along OA 

“ OA x the resolved parts of the resultant along OA 
= OA x R cos 0 
= work done by the resultant. 


Theorem II. The worh done in raising a number of 
particles from one position to another is Wh t where W is the 
total weight of the particles , and h is the distance through 
ivhich the centre of gravity of the particles has been raised . 

Let w lt be the weights of the particles so that 

W*=Wi + w 2 + • • • + w n . 


In initial position, let x±, x 2t x n be the distances of 

the particles and x that of their G.G. from a fixed hori- 
zontal plane (measured positive upwards), so that 


- 10 ifiC i+«>2 + •** + W n X n 

X ' Wi+U) a H +W n 

Or, W x Xi + W 2 X 2 + “ + WriXn = W.X. 


[ Art. 10' 8 ] 
- ( 1 ) 


In the displaced position let a?' a » %'n be the 

distances of the particles and x ' that of their C.G. from the 
same fixed plane, so that 


^ WyX\ + + ■ • + W n X f n 

or, w 1 ,x\ + w 2 x\ + u ” + wnx'n' s W.x f . (2) 


Subtracting (1) from (2), 

WiGc'i - «i) + w 2 (x f 2 “ #a) + ••• + Wn(x f n - ®n) 
-TP(5'-5)-JFA. 


17 
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Since x\-x lt x'» ~x at ... are the heights through which 
the particles have been raised, left side represents the total 
work done in raising the particles. 

Hence the result. 

Note. It should be noted that in the above result the work done 
is quite independent of the path by which the particles are displaced 
from one position to another. 

If the C.G. of the system is lowered, instead of being raised, h is 
negative, and so the work done against the weight is negative, in other 
words, positive work is done by the woight. 

11*4. Power. 

When an agent (say, a man or a machine or an engine) 
is doing work continuously , the rate at which it does work 
per unit of time is defined to he its power . 

The unit of power in Statics is a Foot-pound per second 
in the F.P.S. system, and a Gramme -centimetre per second 
in the C.G.S. system. 

The above unit, being very small, is not suitable for 
practical purposes ; so engineers use a higher unit called 
a Horse-power. 

When an agent is doing work at the rate of 550 foot- 
pounds per second , it is said to have one Horse-power. 

The word Horse-power is usually abbreviated into H.P. 

Note. This estimate of the average power of a horse was arrived 
at by J. Watt by experiment. 

11*6. Illustrative Examples. 

^ Ez. Find the Horse-power of an engine that would empty in 
48 minutes a cylindrical well full of water , if the diameter of Qie well 
is 14 ft., its depth AO ft., and if water is raised by pumping to a level 
ground 10 ft. above the surface of the well. [ C. U. 1946 ] 

Volume of waters volume of the cylinder 

«fX7* X40-V-X 49x40 ou. ft? 
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Since one cubic foot of water weighs 62J pounds, 

. ’ . its weight = -V- x 49 x 40 x 62i lbs. wt. 

= 385000 lbs. wt. 

The C.G. of a solid cylinder is at half its height. 

Hence, initially the height of the C.G. of the water above the 
bottom of the well=20 ft., and finally it is 70+40, ie. t 110 ft. 

the height through which the C.G. of the water has been 
raised® 110 -20, i.e.. 90 ft. 

Hence, the work done = 385000 x 90 ft. lbs. 

Let x be the reqd. H.P. ; then v 'the work done by the engine in 
48 minutes = x x 48 x 60 x 550 ft. -lbs. 

x x 48X60X550 =385000x90. 

38 5000 x 90 .175 7 

* ‘ 1 * 48 x 60 x 550 ~ 8 21 8 ' 

Examples on Chapter XI 

^1. Find how many foot-pounds of work is done in 
pushing a mass of 10 lbs. through 5 feet up a smooth incline 
of l in 10. 

2. Show that the work done in drawing a body up 
a smooth inclined plane is equal to the work done in lifting 
the body through the height of the plane. 

3. Find the work done in piling over one another five 
•bricks, originally lying flat on the ground, having given 
that the thikness of a brick is 3 inches and its weight 
10 lbs. 


4. A load of one ton is suspended by a vertical chain 
100 ft. long, the chain itself weighing 6 lbs. per foot. How 
many foot-pounds of work is done -in winding up the load 
to the top ? 

A shaft, the horizontal section of which is a rectangle 
10 ft. by 8 ft. is to be sunk 100 ft. into the earth. If the 
average weight of the soil is 150 lbs. per cubic foot, find the 
work done in bringing the soil to the surface. 

[ P. U. 1935 ] 
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^*6. In digging a circular well of radius 3 ft. and of depth 
20 ft., 12 ft. of clay and later 8 ft. of sand were taken out. 
Find the work done in raising the materials to the surface , 
assuming that one cubic foot of clay and one cubic foot of 
sand weigh a lbs. and b lbs. respectively. [ P. U . 1938 ] 

A tower is to be built of brick-work, the base being 
a rectangle whose external measurements are 20 feet by 
10 ft., the height of the tower 132 ft., and the walls 2& ft. 
thick. Find the number of hours in which an engine of 
3 H.P. would raise the bricks from the ground, the weight 
of a cubic foot of brick- work being 12 lbs. 

[ G. TJ. 1942 ] 

^^8. There are 37 steps in a staircase, and on every step 
'"except the highest is placed a marble ball weighing 4 ounces. 
If each step be 8 inches high, find the work done in carrying 
all the balls to the top of the staircase. 

^^9. A horse draws a carriage 11 miles along a road 
"with a constant force of 42 lbs. wt. and takes 70 minutes 
to perform the journey. Compare his power with a horse- 
power. 


^ 10. The Darjeeling Mail has a maximum speed of 

60 miles per hour. If the total resistance then be the 
weight of 1 ton, find the Horse-power of the engine. 

[ C. U. 1932 ] 

^*11. What is the H.P. required for a motor-car which 
weighs 3000 lbs. and can run at 30 miles an hour against 
an air resistance equal to *sVth of its own weight ? 

[ C. U. 1943 ] 

^ 12. Calculate the H.P. of an engine which takes 
90 minutes to pump out water from a rectangular well of 
length 20 ft., breadth 15 ft. and depth 100 ft. to the level 
of the top of the well. [ One cubic foot of water weighs 
62*5 lbs. ] [C.U. 1938 ] 

13. A well of which the section is a circle of diameter 
14 ft. and depth 206 ft. is half full of water, find the work 
done in foot-pounds in pumping out the water to a level 4 ft. 
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above the top of the well in 10 minutes, and calculate the 
average horse-power of the pumping machine. [ C. U. 1935 ] 

' x *14. An engine ofl2 H.P. working 8 hours a day supplies 
2000 houses with water which it raises to an average height 
of 10 ft. Find the supply of water to each house. 

^15. A man whose weight is 11 stones climbs a pole at 
the rate of 15 inches per second. Show that he is working 
at just over J H.P. 

*16. A cage containing coal of total weight W cwt. is 
being raised from the bottom, ; of a coal-mine whose depth is 
d feet, with the help of a wire-rope weighing w lbs. per foot. 
If the work is done in t minutes, find the H.P. of the engine 
employed. 

*17. A solid homogeneous right circular cone whose 
height is h , radius r, specific gravity s( > l) and weight W, 
is placed inside a vertical right circular cylinder of radius r, 
their bases being in contact. Water is poured into the 
cylinder up to the height so that the cone is just immersed. 
If P be the work done to raise the cone vertically so as 
to be just clear of the water, then 


ANSWERS 


1. 5 ft.-lbs. 

5. 6 x 10 7 ft.-lbs. 
7. 22 hours. 


3. 25 ft.-lbs. 4. 254000 ft.-lbs. 

6. 72w(9a+ 16 ? >) ffc.-lbs. 

8. Ill ft.-lbs. 9. 132 ; 125. 


10. 358JH.P. 11. 8 H.P. 12. 142 A H.P. 

13. 1571829371 ft.-lbs. ; 476*fo H.P. 14. 2376 lbs. daily. 


16 . 


2 24 W+ wd d„ p 
66000 - t 



CHAPTER XII 


MACHINES 

12*1. Machine and its use. 

Any contrivance, or arrangement of bodies fitted 
together, so as to be in a convenient form to apply force at 
one point in order to overcome a resisting force acting at 
another point, is called a Machine. 

The former force is called the Effort (or Power), usually 
denoted by P, and the latter, Resistance (or Weight), usually 
denoted by W. In Statics we are chiefly concerned with 
finding the relation between the effort and the resistance 
when there is equilibrium. 

That by using a machine we can counteract one force 
by another, differing from it in magnitude, point of applica- 
tion, or direction, or in all three, is evident from the follow- 
ing familiar cases. 

For example, by using a single pulley , a bucket of water 
can be raised to a great height by a person standing on the 
ground. Here the effort, though equal to the weight to be 
raised, is applied more conveniently as a downward force. 
Again, by means of an Inclined Plane , a heavy body can 
easily be raised through a great distance, the effort required 
being less than the weight raised. A pair of Tongues enables 
us to apply a force in a more convenient form, though the 
effort is greater than the resistance in this case. 

In the present chapter we shall discuss the working and 
properties of some simple types of useful machines : 

(i) the System of Pulleys, 

(ii) the Lever, 

(iii) the Common Balance, 

(iv) the Steelyards (Bom an and Danish), 

(v) the Wheel and Axle. 
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The principle and use of an inclined plane has already 
been illustrated in many examples in the previous chapters, 
and accordingly we need not deal with it here separately. 

In the following discussions, for the sake of simplicity, 
we shall suppose thaff the machines are perfectly smooth 
and rigid, and all ropes and strings used in their working 
are light, inextensible and flexible. 


12 # 2. Principle of Work. 

In the working of a machine two kinds of resistances are 
overcome viz., (1) those which the machine is specially 
designed to overcome and (2) those which are due to the 
internal adjustment of the different parts of the machine 
eg., friction and weights of the different parts of the machine. 
The former are called useful , and the latter ivasteful resist- 
ances. It should be noted however that wasteful resist- 
ances can never be wholly eliminated even in the case of 
most delicate and highly finished machines. In elementary 
t investigation of simple machines, the wasteful resistances 
are usually ignored, and it is the effort which balances the 
weight in such a machine. Hence, the general principle of 
work in Statics, in this particular case for a machine, can be 
stated as follows : 

Jf in a machine , friction and weights of component parts 
are neglected, the work done by the effort for any assumed 
displacement of the system, is always equivalent to the work 
done against the resistance . 

This principle may sometimes be used to work out the 
relation between the effort and the resistance in a machine, 
as will be illustrated later. 

12*3. Mechanical Advantage, Velocity-ratio, and 
Efficiency. 

(i) The ratio of the two forces, Resistance and Effort 
exerted on a machine to balance one another, is called the 
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Mechanical Advantage (or Force-ratio) of the machine. 
Thus, 


Mechanical Advantage 


Resistance W 
Effort * P 


and Resistance “Effort x mechanical advantage. 

Almost all machines are so constructed that the effort 
exerted is less than the resistance overcome. Hence, mecha- 
nical advantage is usually greater than unity. But there 
are machines, as already mentioned, for which the effort is 
equal to (as in case of a single pulley) or sometimes greater 
than (as in case of a pair of tongues) the resistance, and 
this really amounts to a case of mechanical disadvantage. 
Mechanical advantage is often abbreviated as M.A. 

(ii) When a machine is worked, if u and v are the 
velocities, and x and y are the displacements of the points 
of application of the effort and resistance during a given 
time, then u : v is defined as the velocity -ratio of the 
machine. 


Obviously, u : v =x : y. 


velocity -ratio 


Distance through which P moves m 
Distance through which W moves 


From the Principle of work, we have 


P x distance through which P moves 

** W x distance through which W moves. 

• Distance through which P moves 

P Distance through which W moves 

Thus, in an ideal machine whose parts are weightless 
and in which there is no friction, 


Mechanical Advantage = Velocity -Ratio. 

(iii) In practical machines, where there is friction, or 
other wasteful resistances, the effort will have to do some 
work in overcoming these, i.0., the work tene by P will 
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exceed fchafc done against W. The work done by the moving 
forces in overcoming useful resistance is called tiseful work , 
and the work done in overcoming wasteful resistance is 
termed lost work . 

The Efficiency of a machine is measured by the ratio 

useful tuorkdone by the machine 
work supplied to the machine 

Efficiency is usually less than one, and is often expressed 
as a percentage, but, in an ideal machine where there is no 
friction etc., efficiency is un^ty. 

If x and y are the distances moved through by the points 
of application of P and W respectively, 

• IT?/ W I x Mechanical Advantage 

Efficiency -p.-p/,— Velocity-ratio *’ 

i.e., in general, 

Mechanical Advantage = Velocity -ratio x Efficiency. 

I. PULLEYS 

12’4. A Pulley consists of a circular plate with 
a groove cut along its circumference so as to receive a 
string and to prevent it from slipping off. It can turn 
round freely about an axle passing through its centre and 
perpendicular to its plane, the ends of this axle being held 
by a frame called the block. A pulley is said to be fixed 
or movable according as the supporting block is fixed 
or movable. When the weight of a pulley is found very 
small in comparison with the weight it supports, it is 
neglected, and in such a case the pulley is often called 
a weightless pulley. » The weight of the string that passes 
round the pulley, being very small, will always be neglected 
and the pulley will be considered to be perfectly smooth, 
so that the tension of the string passing round it is constant 
throughout its length. 
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12*5. Single fixed pulley. 



Fig. (i) Fig. (ii) 

In this case the weight W is fastened to one end of the 
string while the effort P is applied at the other end. The 
portions of the string on the two sides may be parallel as 
in fig. (i), or inclined to each other as in fig. (ii). 

In both the cases, for equilibrium position, W^P, since 
each is equal to the tension of the string. 

W 

Mechanical advantage — p = 1. 

Thus, in this case, the effort exerted is equal to the 
weight overcome ; hence there is no mechanical advantage. 
The only advantage is that it enables us to apply the force 
in a convenient direction. 

If the pulley be weightless, 

in fig. (i), pressure on the fixed support 
= P + W = W + IF** 2 W t 
in fig. (ii), pressure on the fixed support 
= P cos 0 + W cos 0 * 2W cos 0, 
where 20 is angle between the direction of P and W. 

Note. That W*=P can also be shown by taking moment about the 
centre of the pulley. * 
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12’6. First System of Pulleys. ( Separate- string system). 

' In this system, there is 
a number of movable pulleys 
each of which is supported by 
a separate string passing below 
it, one end of which is attached 
to a fixed support, and the 
other end, except for the string 
round the highest pulley, is 
attached to the block of the 
next higher pulley. Effort is 
applied to the free end of the 
last string passing round 'the 
highest pulley. The weight is 
suspended from the block of 
the lowest pulley. 

In order to apply the 
effort as a downward force, 
an additional pulley is very 
often kept fixed in the sup- 
porting beam over which the 
free end of the string passes. It should be noted that 
this pulley does not form an essential part of the main 
system in the sense that it does not contribute anything 
to the mechanical advantage. 

Relation between the Effort (or Power) and the Weight. 

Let A i, A 2 ,... he the pulleys beginning from the lowest, 

T lt T a , he the tensions of the strings passing 

round them and let W he the weight and P the power. Let 
us suppose the portions of strings not in contact with 
the pulleys to be vertical. The string passing round any 
pulley pulls it vertically upwards on either side, and the 
next higher, vertically downwards . 

Case I. Let the weights of the pulleys be neglected . 

Consider the equilibrium of the pulley ; the forces 
acting on it are the two upward tensions each equal to T\ 
on either side of it, and the weight W acting downwards. 

= W. Tx-iW. 
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Since the forces acting on the pulley A 2 are the two 
upward tensions, each equal to T 2 , and a downward tension 
equal to T lt 


hence as before, 


2 T a - T l . 


Similarly, 


2T a = 2V 

••• 

21\~T 3 . 

Ti = iT 3 = TF. 

If we have 4 movable pulleys, as in the figure, 

r j\=p. 

••• P-pW. 


Similarly, if there be n movable pulleys, we shall have 

p= 2 V. 

w 

. mechanical advantage = p- — 2" 
which obviously increases with the number of pulleys. * 

Case II. Weights of the pulleys considered. 

Let w i, tv 2 1 . •• be the weights of the pulleys A lt A 2l .... 

Considering the equilibrium of the pulleys A lt A 2 , 

if we have n pulleys, then, 

2 Ti *= W+ iv lt 

2T 2 = Ti + u's, 

2T S = T 2 +w 3 . 

2Tn — Tn - 1 + Wn 

and lastly, lor the free end of the highest string 
P = T n . 
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Multiplying the equations successively by 1, 2, 2 s , 2 8 ,... 
2 n *&nd adding, we have ultimately 

2 n P = TF + (w; x + 2^2 + 2 2 w s 4 — 4* 2 n ~ 1 iv n ) 
which gives the relation between P and W. 

If the pulleys be all equal, each of weight tv, 

2 n P = W+ (1 + 2 + 2 a + ■ ■ ■ + 2 H '" 1 ) to 
" TF + (2 n - 1) tv. 

Hence it follows that the mechanical advantage W/P 
depends upon the weights of the pulleys. 

Note 1. From the above equation, it is clear that the greater the 
weights of the pulleys, the greater must bo P to raise a given weight W t 
and so the mechanical advantage would be diminished. Hence pulleys 
should bo made as light as possible. 

Note 2. This system is called separate-string system because each 
pulley in this case has got a separate string passing round it. 
Application of the Principle of Work. 

The above relation between P and W can also be deduced 
from the principle of work. 

Suppose the end of the string to which P is applied 
moves through a distance x in the direction of P. By 
this, it is easily seen that the uppermost movable pulley 
would be raised through a height \x, the next lower pulley 

through a height and so on, the lowest pulley and 

weight being raised through a height ^ n x, in case of 

n movable pulleys. Hence, from the principle of work (when 
weights of the pulleys are neglected) 

P.x • • W’l„ X, i.e., P - ~'W. 

If the weights of the pulleys are taken into consi- 
deration, 

P.*= TV— + Wi-*„+ + +w».|* 

2 n P —W + («>! + 2w a + 2 a w a + + 2 n-1 «0i»). 
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12’7. Second System of Pulleys. (Single- string 

system) 


£= =f 



|w 


Fig. (i) Fig. (ii) 

In this system there are two blocks, each containing 
pulleys, the upper block being fixed to a support and the 
lower block, which has the weight to be raised attached to 
it, being movable. The same string passes round 
pulleys. If the total number of pulleys be even, divided 
into equal numbers in each block [as in Eg. (i)L the string 
must be fastened to the upper block ; but if the total 
number of pulleys be odd, the number irf the upper block 
will be one greater than the number in the lower blook Las 
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in Fig. (ii)] f and the string must be attached to the lower 
block. In both the cases, the string passes alternatively over 
a fixed pulley in the upper block and under a movable pulley 
in the lower block, the radii of different pulleys being such 
that the portions of the string hot in contact with a pulley 
are vertical. The effort is applied as a downward force at 
the free end of the string after it passes over the topmost 
pulley, 


Relation between Effort and Weight. 

Let W be the weight supported and w the weight of the 
lower block with its pulleys. 

It is easily seen that if n be the total number of pulleys 
used in the system, whether n be odd or even, there will be 
n portions of string supporting the lower block. Since the 
same string passes round all the pulleys which are smooth, 
the tension in each portion of the string is the same, being 
equal to the effort P applied at the free end. Since the 
lower block is supported by n parallel forces each equal to P, 
we have 

W + w = nP. 


When the weights of the pulleys are neglected, 
W = nP. 


W 

Hence, in this case, the mechanical advantage = p- 

Application of the Principle of Work. 


n. 


Suppose the weight W (and consequently the whole of 
the lower block) is raised through a distance x. Then each 
of the n portions of the string supporting the lower block 
will be slackened by the length x, and the total length of 
the string slackened being nx , P must descend through a 
distance nx to keep the string taut. 


by the principle of work, 

(W + w)x =* P.ncc, i.e., W + w** nP. 


Note. This system is oalled single-string system because a single 
^ string passes round all the pulleys. 
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12’8. Third System of Pulleys. ( Inverted separate-string 
system ). 


This system consists of 
several pulleys of which the 
uppermost is fixed to a beam, 
and all the others are movable. 
The string passing over any 
pulley has one end attached to 
a bar from which the weight is 
suspended, and the other end 
attached to the next lower 
pulley. The effort is applied at 
the free end of the string pass- 
ing over the lowest pulley. 

Relation between Effort and 
Weight. 


T Let A lt A 2 , A 3 be the 
movable pulleys beginning from 
the lowest, and B the fixed 
pulley, and let T 1% T 2t jF 3 , T * 
be the tensions of the strings 
passing round them. Also let 
W be the weight, and P the effort. We shall suppose all 
portions of the strings not in contact with the pulleys to be 
vertical, and that there is no friction. 



Case I. Weights of the pulleys neglected . 

Prom the equilibrium of the system, considering the free 
end, and also the pulleys A lt A 2 we have 

Ti«P 

and T* t =22 7 i , -2P 
T 8 -2T 9 ,s 2 2 P 

T 4 * sb 22 7 8- b 2 8 P. 

Again, from the equilibrium of the bar from which the. 
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weight is suspended, (the bar being supposed of negligible 
weight), 

W= T x + T 2 + T s + T* 

= P+2P + 2 a P + 2 3 P 

«(l + 2 + 2 a + 2 a )P = (2 4 -l) P. 

If there are n pulleys, of which the upper one is fixed, 
and (» - 1) movable, we have similarly, 

W= T ± + T 2 + T s + ••• + T n 

~P + 2P + 2 5r P+ — +2 n ~ l P 

= (1 + 2 + 2 2 + ••• + 2 n “ 1 )P 

1=3 (2 W — l) P, 

by summing the series which is a G.P. 

W 

. mechanical advantage : p — 2" - 1 

which obviously increases with the number of pulleys. 

Case II. Weights of tJie pulleys considered . 

Let the weights of the movable pulleys A±, A 2t ... be 
w ±t w 29 ... respectively. 

Considering the effort at the free end, and also the 
equilibrium of the pulleys in succession, we have 

T x -P 

Ta — 2T ± + wx = 2P + tVi 

T z — 2 T 2 + w 2 — 2 a P + 2u>i + w 2 

T 4 , — 2P a + w 2 = 2 8 P + 2*Wi + 2w a + w 3 . 

From the equilibrium of the bar, 

W~ T x + T 2 + T 9 + Tt 

-(l+2 + 2 a + 2 8 )P + (l + 2 + 2*)w 1 + (l + 2)w 1 +w 8 
= (2 4 - l)P + (2 8 -l)w ± + (2 a - 1) w 2 + w 2 . 


18 
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If there are n pulleys of which the upper one is fixed, 
and the rest movable, we have similarly, 

ir=r 1 + T 2 + -r„ 

= (1 + 2 + 2 s + — + 2 n_1 ) P + (1 + 2 + 2 a + ••• + 2”" a ) Wx 

+ (1 + 2 + 2* + — I- 2™ -8 ) Wj + ••• + (l + 2) tOn-2 +w»_i 

- (2* - 1)P + (2”~ 1 - 1) iu t + (2 n “ 2 - 1) iv 2 + ••• 

+ (2* - 1) u) n ~a + (2 - 1) x. 

If the pulleys be all equal, each being of weight w, 
so that iv x — io 2 *=••• = w n -x = w, 

TF=(2 n - 1)P + {2 + 2* + — + 2 n_1 - (n- 1)} w 
= (2 M -l)P+{2"-n-l} w 

by summing the series in G.P. 

Note 1. From tbo above equation it is clear that the greater the 
weights of pulleys, the smaller is the effort P required for a given 
weight W. 

Note 2. In this system, unless the point in the bar from which 
the weight is suspended is properly chosen, the bar will not remain 
horizontal. In any particular case, the point can be easily deter- 
mined. 

Note 3. As in the case of the first and second system of pulleys, 
in this case also the relation between effort and weight can be obtained 
by the principle of work. 

12*9* Illustrative Examples. 

Ex. 1. A “ first system '* of pulleys comists of 4 pulleys , each of 
weight 8 lbs and the string passing round the top-most pulley passes 
over a fixed pulley . With what force must a man of weight 220 lbs, pull 
at the free end of the string in order to balance himself t suspended from 
the lowest pulley ? [ C. U. 1945 ] 

The man being suspended from the lowest pulley, and himself 
pulling at the free end of the string, let P lbs. wt. be the pull exerted 
at the free end, and W lbs. wt. the downward force exlrted by him at 
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the lowest pulley* The reactions at those two ends balance his total 
weight, so that 

P+ TT=220. ... (i) 

Again, P and W clearly servo as the effort and the weight balanced 
by the system of pulleys in this case, and as the pulleys have equal 
weights, we get as in Art. 12*6, Case II, 

2 4 .P= JF+(2 4 -l).8, 

i.e. t 16P=Tr+120. (ii) 

From (i) and (ii), we get 

37P=340, or, P = 20 1bs. wt,, 
giving the required pull at the freo ond. 

Ex. 2. A man whose weight is 154 lbs . raises a body of 3 cwt. by 
means of a system of pulleys in lohicli the same rope passes round all the 
pulleys , there being four in each block , and the rope being attached to 
the upper block. Neglecting the weights of the pulleys , find what will be 
his thrust o>i the ground if he pulls vertically downwards [ C. U. 1044 ] 

Here we have the “second system” of pulleys. 

The number of strings at the lower block = 2 x4 = 0. 

Since tho weights of the pulleys are neglected, if P be tho effort, 

8P = 3 cwt. = 3 x 112 lbs. wt. 

P = 42lbs. wt. 

The thrust of the man on the ground is clearly tho difference 
between his weight and the pull he exerts. 

the reqd. thrust *=154 lbs. wt. — 42 lbs. wt.= 112 lbs. wt. 

Ex. 3. In the 11 third system ” of pulleys t if the weight supported be 
56 lbs. t each movable pulley , of which there are 3 f iveighs 1 lb., and the 
radius of each pulley including the fixed one be a, find the point in 
the bar from which the weight must be suspended in order that the bar 
may remain horieontal . 

Taking the figure of Art. 12*8, let K, L t M t N be the points 
gi attachment of the strings in the bar beginning with the longest 
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(extreme left), and X the point from which the weight is suspended. 
Obviously, KL^LM-MN-a. Now, as in Art. 12*8, Case II, 

66 lbs. wt. *= W— T x + T. 2 + Ts + T 4 

= (2* — 1)P+ (2 3 — 1) trt-i-(2*-l) w-j + wz 
— 15 P+ (7 + 3 + 1) lbs. wt., sinoe w x “ w* ■ — 1 lb. wt. 

15P = 46 lbs. wt. P*= 3 lbs. wt. ••• (1) 

Thus, T x =P=31bs. wt., T. z -2T X +u\ =7 lbs. wt., 

T a «= 2 T a + to* “ 15 lbs. wt. 

Now, for the equilibrium of the rod, taking moment about K, 
W,XK= T 3 .a + P a .2a + 2\ .3a, 
or, 5 6.XAT= (15 + 14 + 9).a - 38a. 

XX-tfta-Ka. 

Hence, the weight must be attached to a point in the bar at a distance 
i|a from the point of attachment of the longest string. 


Examples on Chapter Xll(a) 


//. 


1. If in the first system of pulleys, the number of 
weightless pulleys be seven, find the weight which can be 
raised by an effort 16 lbs. weight. [ C. U. 1936 ] 

j¥ 2. The number of movable pulleys in a first system is 
three and the sum of the power and weight is 90 lbs. If the 
pulleys are weightless, calculate the power. [ C. U. 1947 ] 

/3. If in the first system of pulleys, the power ■* 30 lbs., 
the weight — 16 xv c wt., and the weight of each pulley — 2 lbs., 
find the number of movable pulleys in the system. 

/4 . In the system of pulleys in which each pulley hangs 
frf>m a fixed support by a separate string, the weights of the 
three movable pulleys are 5, 3 and 1 lbs. respectively begin- 
ning from the lowest. What weight will a power of 5 lbs. 
weight support ? 
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/ 5. In a system of pulleys in which each pulley hangs 
by a separate string, there are three pulleys of equal weight ; 
the weight attached to the lowest is 32 lbs., and the power 
is 11 lbs. Find the weight of each pulley. 

6. In raising the weight two inches by the first system 
of pulleys, five feet four inches of string passes through the 
hand. Find the number of the pulleys, assuming their 
weights to be negligible. 

1 7. In the first system of pulleys, show that, whatever 
be the weights of pulleys, the equilibrium will not be affected 
by increasing the effort, load, and the weight of each pulley 
by the same amount. 

1 8. In the first system of pulleys, if the weights of the 

n pulleys, reckoning from the one nearest to W, increase 
in a geometric progression, the common ratio of which is 2, 
prove that 

P = f (2 n -2- n ), 

where w is the weight of the lowest pulley. 

‘ 9. In the first system of pulleys, in which there are 
three movable pulleys, the weights of the pulleys beginning 
from the highest increase in arithmetical progression down- 
wards, and a power P supports a weight W. The pulleys 
are then arranged in the reverse order, the highest being 
placed lowest, and it is found that the interchange of P and 
W maintains equilibrium. Prove that 
3(TF+P) = 2TF lf 

where W x “total weight of the three pulleys. [ C. U. 1941 ] 

10. In the first system of pulleys, the weights of the 
n pulleys beginning with the highest are in A.P., and a power 
P supports a weight W ; the pulleys are then reversed, the 
highest being placed lowest and so on, and now W and P 
when interchanged are in equilibrium. Show that 

2TFi « s n(TF+ P), 

where W± is the total weight of all the pulleys. 
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11 . In the first system in which there are four movable 
pulleys, each of weight to, if P be the effort (supposed to act 
upwards) and B the stress on the beam, then 

B = 15P - llw. 

12 . If in the first system of pulleys, P is the power 
(acting upwards), W the weight, and B the stress on the 
beam from which the pulleys hang, show that 

(l - 2“ n ) W < B < (2 n -l) P, 
n being the number of pulleys in the system. 

13. In the first system in which there are 4 weightless 
movable pulleys, a man of weight 10 stones hangs from the 
lowest pulley and supports himself by pulling at the end of 
the string which passes over a fixed pulley. With what 
force does he pull the string ? 

If in the above case, the pulleys instead of being weight- 
less, be all of the same weight 8 lbs., what would be the pull 
on the string ? 

14 . A man of weight 136 lbs. standing on the floor pulls 
at the lower end of the first system of 4 weightless pulleys. 
If the weight suspended be eight times the weight of the 
man, what is the pressure of his feet on the floor ? 

15 . If there be twelve pulleys divided equally between 
the two blocks in the second system of pulleys, find the 
weight which a power of 10 lbs. wt. will support, the weights 
of the pulleys being neglected. 

/ 16 . A second system of pulleys has 5 pulleys in the 
dipper block and 4 in the lower. How many times his own 
weight can a man raise by, this machine, if each block 
weighs xuth of his own weight ? 

17 . The cable by which Great Paul, the bell weighing 
18 tons, was lifted to its place in the cathedral tower, 
passed four times through each of two v blocks of pulleys of 
negligible weight. Find the strength of f the*cable. 
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18. In the second system of pulleys, a weight of 7 lbs. 
supports a weight of 30 lbs. and a weight of 9 lbs. just 
supports a weight of 44 lbs. Find the total number of 
pulleys in the system, and the weight of the lower block. 

19. In the second system of pulleys, unless the ratio of 
the weight of the lower block to the suspended weight 
be less than the number of strings in the lower block 
diminished by unity, show that there is no mechanical 
advantage. 

/^20. It is required to lift a weight of 10 cwt. with four 
pulleys each weighing 8 lbs: Would you prefer the first 
or the second system as being more advantageous ? 

[ C. U. 1933 ] 

fa A man weighing 10 stones raises a load of 6 cwt. by 
means of a single string system of light pulleys, there being 
6 pulleys in each block. Find the thrust of the man on 
the ground, and the stress on the supporting beam. 

[ B. E. 1936 , '40 ] 

22. By the second system of pulleys having three 
pulleys in the lower block and the string attached to that 
block a man standing on the ground supports a weight of 
6 stones (including that of the lower block and the pulleys), 
and the pressure on the ground exerted by his feet is 
128 lbs. wt. Find the maximum additional weight he can 
support. 

23. A man standing on the ground raises a weight of 
1 ton by means of two blocks, each containing three pulleys, 
and each block, with the pulleys on it, weighs 10 lbs. Find 
the thrust on the beam from which the upper block is sus- 
pended, and the least weight of the man. 

24. In the second system of pulleys, a platform is 
suspended from the lower block. A man of weight W 9 
standing on the platform, supports himself by exerting on 
the string a force equal to P. If n be the total number of 
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pulleys in the system, and mW the weight of the platform 
and the lower block together, show that 

n + 1. 

P = ra+Y 

25. Draw a system of pulleys with parallel strings by 

means of which a force may balance a weight seven times 
as great. [ G. U. 1928 ] 

26. In raising a weight by (i) the first system, (ii) the 
third system of pulleys, which is the more advantageous, 
to have the pulleys heavy or light ? 

27. There is one system of pulleys in which as the 
weights of the pulleys increase, the mechanical advantage 
increases. What is that system ? 

28. If in the third system there are three movable 
pulleys such that the weight of each is equal to the power, 
show that the power will support a weight 26 times as great 
as itself. 

29. In the third system in which there are three 
movable pulleys of weights 1 lb., 2 lbs., 3 lbs., respectively ; 
find the greatest and the least weight which can be kept in 
equilibrium by the power of 10 lbs. wt., the pulleys being 
arranged in order. 

30. In the third system in which there are four pulleys 
of equal size (of which one is fixed), each of weight 1 lb., find 
the effort required to support a weight of 161 lbs. Also 
find to what point of the bar the weight must be attached, 
so that the beam may remain horizontal. 

*31. In the third system there are n weightless pulleys 
each of radius a . Show that the distance of the point of 
application of the weight from the line of action of the 

2 W 

effort is g n _j*na. 

32. In the third system of weightless pulleys, if the free 
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end of the string round the lowest pulley be attached to 
the bar from which the weight is suspended, show that the 
tension of the string is diminished in the ratio 2 n — 1 : 2 n . 

*33. If the weight of the lowest pulley, in that system 
of pulleys in which all the strings, n in number, are attached 
to the weight, be equal to the power P, of the next lowest, 
to 3 P, and so on, that of the highest movable pulley being 
3 H ~ 2 P, prove that W : P - 3 n - 1 : 2. 

*34. There are three movable pulleys of weights w lt w 2t 
in the third system, and the force P then balances a load 
W ; when the first and second pulleys are interchanged, then 
a force P' balances the same load. Show that 

P-P' 4 4 
w 2 -w t 15 

*35. A man weighing 126 lbs. supports a weight of 
106 lbs. by means of four pulleys of which one is fixed, in 
the third system. Find his thurst on the ground if the 
masses of the movable pulleys beginning from the lowest 
are 1, 2 and 3 lbs. respectively. [ C. U. 1940 ] 

ANSWERS 

1. 2048 lbs. wt. 2. 10 lbs. wt. 3. 6. 4. 25 lbs. wt. 

5. 8 lbs. wt. 6. 5. 13. 8 r 4 T lbs. wt. ; 15 T V lbs. wt. 

14. 68 lbs. wt. 15. 120 lbs. 16. 8^ times his own weight. 

17. 2j tons wt. 18. 7 ; 19 lbs. wt. 20. First system. 

21. 64 lbs. wt. ; 728 lbs. wt. 22. 64 stones. 

23. 2635 lbs. wt. ; 375 lbs. wt. 25. Second system, with 7 pulleys, 
4 in the upper and 3 in the lower block, or third system with 3 pulleys. 

26. Light in the first system, and heavy in the third system. 

27. Third system. . 29. 178 lbs., 166 lbs. 

80. 10 lbs. wt. ; the point required divides the distance between the 
first two strings (passing over the two topmost pulleys) in the ratio 6 : 2. 


85. 120 lbs. wt. 


( 
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II. LEVERS 

12*10. A Lever is a rigid rod, straight or curved, 
movable in one plane about a fixed point in the rod. The 
fixed point is called the fulcrum , and the parts of the lever 
between the fulcrum and the points of application of the 
effort and the weight are called the arms of the lever. 

When the arras are in the same straight line, the lever is 
called a straight lever ; in other cases, it is called a bent lever . 

Straight levers aro usually divided into three classes 
according to the positions of the points of application of 
the effort and the weight with respect to the fulcrum. 

Class. I. In levers of the first class the effort P and the 
weight W act on opposite sides of the fulcrum C. 



A crow-bar used to raise a heavy weight, a poke used to raise coals 
in a grate, etc. are lovers of the first; class ; and scissors, pincors etc. 
are double levers of the first class. 

Class II. In levers of the second class the effort P and 



the weight W act on the same side of fulcrum C, the weight 
being nearer the fulcrum. % 
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The oar of a boat is a lover of the second class and a pair of 
nut-crackers is a double lever of this class. 

Class III. In levers of the third class the effort P and 
the weight W act on the same side of the fulcrum C, the 
effort being nearer to the fulcrum. 



An example of a third class lever is seen in the human forearm 
raising an object placed on the plam of the hand, the effort being in 
this case the tenson in the ligament near the joint ; a pair of tongues 
is a double lever of this type. 

Equilibrium condition and mechanical advantage of a straight 
Lever. 

If the weight of the lever is neglected, then in each of 
the above three cases, the lever is in equilibrium under 
the action of three forces, the effort P, the weight W and 
the reaction B at the fulcrum. Hence It must be equal 
and opposite to the resultant of P and W . 

In Class I, B = P + W. 

In Class II, B -- W - P. 

In Class III. B^P-W. 

Again, as the resultant of the parallel forces P and W 
acts through C, 

P.4C' WM. 
mechanical advantage = 

Thus, the levers of Class I generally and those of 
"Class II always have got mechanical advantage, whereas 
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the levers of Class III have got mechanical disadvantage. 
The levers of third class are used to apply force at a point 
where the direct application of the force is not convenient. 

If the weight of the lever is taken into consideration, 
the equation for equilibrium may be written by taking 
moment about the fulcrum, the moment of the weight of 
the lever being also added. 

III. THE COMMON BALANCE 

12*11. The Common Balance. 

The common balance is an instrument for determining 
the weights of bodies. It consists of a straight uniform 
beam AB , having two scale-pans of equal weight suspended 
from the two ends, and turning freely about a fulcrum O 
outside the beam but rigidly connected to it. 



In a perfect balance the fulcrum and the centre of 
gravity O of the beam (with its connected parts) both lie 
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on the line which bisects the beam perpendicularly, so that 
when the beam is horizontal, 0, G and the mid-point C of the 
beam are in the same vertical line. AG and BG are called 
the arms of the balance. 

The beam is horizontal when no weights or equal weights 
are placed on the scale-pans. The body to be weighed is 
placed in one of the scale-pans, and weights of known magni- 
tudes are placed in the other till the beam is horizontal. 
If the balance be true ( i.e., perfect), the sum of the known 
weights gives the weight of the body. 

Note. Tho common balancods a lever of the first class. 

12*12. Requisites of a good balance. 

The requisites of a good balance are : 

(i) it must be true , i.e., the beam should remain hori- 
zontal when no weight, as well as equal weights are placed 
in the scale-pans. 

For this, it is necessary that 

(а) the arms of the balance must be exactly equal, 

(б) the weights of the scale-pans must be equal, 

(c) the C.G. of the beam including the rigid connections 
must be on the line through the fulcrum perpendicular to 
the beam. 

To test the truth of a balance, we first see that the 
beam is horizontal when the pans are empty. Next, a body 
is placed in one scale-pan and such weights are placed in 
the other that the beam is horizontal ; now, if the contents 
of the pans being interchanged, the beam is still found to 
be horizontal, the balance must be true. If in the second 
case, the beam is not horizontal, the balance is said to be 
false. 

(ii) it must be sensitive, i.e., for a very small difference 
in the weights of the contents of the scale-pans, the beam 
should be inclined to the horizontal at a perceptible angle ; 
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(ii) it must be stable , i.c. t the beam, with the pans 
empty, must quickly return to its horizontal position, when 
disturbed. 

Note 1. In a good balance a rod or a pointer called the tongue is 
attached perpendicular to the beam at its middle point, and as the beam 
oscillates, the pointer moves against a graduated scale. Since it is 
vertical when the boam is horizontal, by its help tho determination of 
sensitiveness and stability of a balance becomes easier. 

Note 2. A balance is said to be faulty in every reaped , if it is not 
true in every respect i.e., (i) if its arms arc unequal in length, (ii) its 
scale-pans are unequal in weight, and (iii) the G.G. of the machine is 
not on the perpendicular from tho fulcrum on tho beam. 


12"13. Position of equilibrium of a balance with 
unequal weights in the scale-pans. 



Lefc C be the middle-point of the beam AB, O , the C.G. 
of the beam with its rigid connections, and 0 the fulcrum. 
Let OC-h t CG-k. 

Let S = weight of each scale-pan 
W — weight of the beam 

W L > W 2 = weights placed in the pans at A and B res- 
pectively, and let > W a . 

a “length of each arm, so that AC “ OB — a. 

Let 0 be the inclination of the beam to the horizon in 
the position of equilibrium. * 
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The horizontal distances of A t B and G from 0 in this 
position are easily seen from figure to be a cos 0 - h sin 0, 
a cos 0 + h sin 0 and {h + k) sin Q respectively. 

The beam is acted upon by the following forces : 

IFi + zS, W 2 + S, vertically downwards at A and B , W 
vertically downwards at G , and the vertical upward reaction 
at 0. 

Hence, for equilibrium, taking moments about 0, we have 

(TFx + S)(a cos Q — h sin 0) = W(h + k) sin 0 

„ + ( W 2 + S)(a cos 8 + h sin 0), 

(W ± - W 2 ) a cos Q = sin 0 \w(h + k) + (W x + W 2 + 2 S)h], 

• tan A- - W'-WJ* 

• • “ n B W{h + k) + (W 1 + W 2 + 2S)h 

Note 1. The result shows that if 0 = 0, i,e, t the beam 

can rest only in a horizontal position. 

Note 2. It should bo noted that if h and k were both zero, i.e., if 
the C.O-. of the beam and the fulcrum coincided in the line AB t the 
beam could reBt in any position when equal weights were put in the 
pans, and could reBt only in a vertical position If the weights were 
different. 

Note 3. For a given difference W x - W 2 of the weights on the 
pans, the greater the value of 0 , tho more sensitive is the balance. 
Thus, for a balance to be sensitive , a must be largo, and h and k both 
small, i.e., the arm should be long , and the fulcrum and the C.Q • of the 
beam as near the beam as poseible t but not exactly coincident with the 
centre of the beam (see Note 2 above). 

Note 4. If Wi and TF a be removed, while the inclination of the 
beam to the horizon is 0, tho moment about 0 of the acting forces v 
tending to restore the beam to its horizontal position is, from the 
figure, 

5 (a cos $+7i sin 0)+ W(h+k) sin 0-5 ( a cos 0 sin 0) 

■ sin 0 \2h8+(li+k) W) 

and for this to be large, h and k should be large ; in other words, 
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a balance is stable for which h and k are large . Thus, if a balance is 
more stable, it will be less sensitive, and vice versa. 

12*14. Double weighing. 

Method L First place the body to be weighed in one 
scale-pan and in the other put suitable material (such as 
sand, brick-chips, etc.) sufficient to balance the body. Next 
remove the body, and in its place put weights of known 
magnitudes sufficient to balance the brick-chips. The weight 
of the body is obviously the sum of the weights. 

This is known as Borda's method of double weighing. 

Method II '. The weight of a body is observed by placing 
it successively in the two scale-pans. If the weights are 
found to be exactly the same in both cases, the observed 
weight is the true weight of the body and the balance is true. 
This method enables us to test the truth of a balance. 

IV. STEELYARDS 

12*15. The Steelyards are also levers of the first kind 
with graduation marks on them, used for weighing goods, 
in which the necessity of keeping a number of weights is 
obviated. There are two kinds in common use : 

(i) the Common (or Roman) Steelyards, having a fixed 

fulcrum, 

(ii) the Danish Steelyards, having a movable 

fulcrum. 

12*16. The Common (or Roman) Steelyard. 

It consists of a straight steel lever AB having a fulcrum 
at a fixed point 0 near one end A . At A there is a hook 
or a scale-pan in which the body to be weighed can be 
placed, and a movable weight P slides along the arm OB 
which has graduations marked on it. After an article has 
been placed in the scale-pan, the movable weight is shifted 
along OB until the beam is horizontal and! 6 the mark at X 
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where the movable weight rests, indicates the weight of the 
article. 



Graduation. 

Let W f be the weight of the steelyard and the scale-pan 
and let G be the point of the beam through which W' acts. 
The steelyard is usually constructed in such a way that its 
C.G. is on the shorter arm. When there is no weight in 
the scale-pan, let 0 be the position of the movable weight 
P for which the beam is horizontal. The mark of the 
graduation at 0 is then zero. Taking moment about C for 
this case, 

P.OC=W’.GC . (i) 

Next put a weight W in the scale-pan, and let X be the 
new position of P for which the beam is horizontal. Then 
taking moment about C, we have, 

P.XC - W.AC + W\ GO. (ii) 

Subtracting (i) from (ii), we get 

P.OX- W.CA. 
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Now, if we measure off distances OX i, 0X 2 , 0X 3l ... 
along OB, equal to CA , 20-4, 30-4,... and write 1, 2, 3,... 
for Xi, X 2 , X a ,... these graduations give the points for 
which the weight of the body placed in the pan is P, 2P, 
3P,... 

It should be noted that the graduations are of equal 
length and if the movable weight P is taken as 1 lb. (or 
1 kg.), the graduations obtained would indicate pounds (or 
kilogram). If smaller graduations are required, these divi- 
sions can again be divided into suitable sub-divisions. 

Note 1 . The distances of the successive graduations from the 
fulcrum are in A.P. 

Note 2. Weigh -Bridge is a modified form of this machine. It is 
generally used in railway stations for measuring the weights of heavy 
luggages. 

12*17. The Danish Steelyard. 



The Danish steelyard consists of a lever AB whose 
fulcrum C is movable. At one end B, there is a lump of 
metal as a knob, and at the other end A there is a hook or 
a pan where the body to be weighed is placed. The beam 
is graduated and the weight of an article placed in the scale- 
pan is ascertained by observing the mark of graduation of 
the point at which the fulcrum must be placed so that the 
beam should rest horizontally. * 
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Graduation. 


Let P be the weight of the beam and the pan, acting 
through the point G of the steelyard. It is obvious that 
the zero graduation is at G,. since the fulcrum must be at G, 
when the beam balances in a horizontal position without 
any weight in the scale-pan. 

Let C be the position of the point where the fulcrum 
must rest when there is a weight W^nP (say) in the scale- 
pan, and the beam balances horizontally. 


Taking moment about C, we have 

7iP.AC-P.GC 


AC 


P.UG -AC). 

AG m 

71+1 


Thus, the successive graduations for 71 = 1, 2, 3,... etc. 
are at points C it C 3 , C 3 ,..., whose distances from A are 

hAG, iAG, iAG,- 

If we mark 1, 2, 3,... for C t , C 2 , C 3 , these graduations give 
the points for which the weights of the body on the pan are 
P, 2P, 3P,... respectively. If P be equal to 1 lb., the 
graduations indicate pounds. 


Note. Since, J, J, 1,... are in H.P., the distances of the successive 
graduations from the point from which the scale-pan is suspended are 
in H,P. 


V. WHEEL AND AXLE 

12*18. The Wheel and Axle. 

This machine consists of the axle AB , in the form 
of a cylinder, capable of rotation about a fixed horizontal 
axis CD , and a wheel EF , rigidly attached to it, and there- 
fore rotating about the same axis which passes through 
the centre of the wheel and is perpendicular to its plane. 
At the ends of the axis, there are two pivots C and D 
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resting in fixed sockets. This machine is used for raising 
heavy bodies. 


E 



A string is wound round the circumference of the wheel 
with one end fixed to it ; effort P is applied at the other end 
of the string. The wheel is grooved along the circumference 
to prevent the rope from slipping off. Another string is 
coiled round the axle in the opposite direction with one 
end fixed to it ; the weight W is suspended from the other 
end of this string. When effort is applied, the point of 
application of P moves down and the string round the wheel 
is uncoiled, and that round the axle winds up, so that W is 
raised. 

Mechanical Advantage. 

Let a and b(b > a) be the radii of the axle and the 
wheel respectively. Since the only forces (except the 
reaction on the axis) acting on the machine are P and W 
which tend to rotate it round the axis CD in opposite 
directions, for equilibrium, the sum of their moments round 
the axis is zero. 

Hence, W.a - P.b~ 0, 
i.e., TF.a“P.6. 

. ’ . mechanical advantage ■“ 

W b radiu s of the wheel % 

P a radius of the axle 
which is obviously greater than unity. 

Note. Mechanical advantage can easily be increased by making 
the radius of the wheel larger and that of the axle smaller. 
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Verification of the Principle of Work. 

When the wheel and fche axle make one complete revo- 
lution, the length of the string uncoiled from the wheel is 
2 nb and the length of the s.tring wound up round the axle 
is 2 na. Hence, the point of application of P moves down 
through a distance 2 nb and that of W moves up through 
a distance 2 na. 

work done by the effort = P x 2 nb 
and work done against the weight = W x 2 n a. 

Hence, W x 2na = 2 nb. . W.a = P.b 

as otherwise shown above. 

Note. Windlass, used for drawing water from a well, and Capstan, 
used on board a ship, are different forms of wheel and axle. In the 
former the axis is horizontal, and in the latter, the axis is vertical. 


12*19. Illustrative Examples. 

r x : The arms of a balance are of unequal length , but the beam 

remains in a horizontal position when the scale-pans are not loaded. If 
a body be weighed , being placed in succession in the two scale-pans , 
show that its true weight is the geometric mean between its apparent 
weights. 

Since fche beam remains horizontal when the scalepans are empty, 
the C.G. of fche beam with the pans must )>e vertically below the 
fulcrum. 


Let a and b be the lengths of the arms of fche beam and let a body 
^whose true weight is ir appear to weigh W L and W t successively. 


Then taking moment about the fulcrum, 
for the first weighing, W.a =*W A .b ••• (1) 

for the second weighing TF.6=Tr,.a. ■■■ (2) 

Multiplying (1) and (2), we have W* = W k W 9 , 

W-jwiW*. 


Jj^. 2. If the scale-pans are unequal in weight , but the balance is 
mhenvise correct find the real weight of a body which appears to weigh 
W L and W % when placed successively in the two scale-pans. 
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Let 8 lt St be the weights of the scale-pans, a the length of either 
arm, and W the true weight of the body. 

Taking moment about the fulcrum at the 1st weighing, 

(TF+SJa-dTa + S,)®. - (1) 

Similarly, at the 2nd weighing, 

(TF+S^O^ + SJa. ••• (2) 

Adding (1) and (2), 21F= IF, + IF,. 

IF-JOFx + lF,.). 

The arms of a balance are equal in length bat the bc~..~ — 
unjustly loaded (i.c., the C.Q. of the whole machine is not on the per- 
pendicular from the fulcrum on the beam). Show that the true weight 
of the body is the arithmetic mean between its apparent weights when 
it is weighed being placed in succession in each scalc-pan. 

Let a be the length of each arm and x the horizontal distance of the 
C.G. of the machine from the fulcrum on the side of the body at the first 
weighing. Let TF be the true weight of the body, IF* and IF* its appa- 
rent weights and w be the weight- of the machine. 

Then taking moment about the fulcrum, at the 1st weighing, 

TF,a= JVa+wx. 

Similarly, at the 2nd weighing, 

W^a + wx= Wa . 

Adding, (TF 1 + TF a )fl = 2TFa. TF= JOF, + TF a ). 

/Ex. 4. A grocer has a balance whose arms are 30 cm. and 36 cm. 
r/spectively, but which is otherwise correct . If he sells 10 Kg. of tea j 
to a customer at Rs . 6 per Kg. by weighing half the quantity in one 
scale-pan and the other half in the other , find how much does he gain 
or lose by the transaction . 

Let IF a and TF, be the true weights of the quantity of tea which 
appear to weigh 5 Kg. at the time of first and second weighing. 

Then, taking moment about the fulcrum, 

TF^SO-5.86 ; IF a .36-5.30 

• IFi*6j TFa -- 4j. 

TF* + TF a bb 6+4.J®10J. 
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the grocer really gives the customer lO&'Kg. of tea and receives 
the price for 10 Kg. 

.*. he loses hy the transaction the price of & Kg. of tea i.e ., he 
loses £x Its. 6- Re. 1. 

B4^5. A shopkeeper using a common steelyard , alters the movable 
weight for which it has been graduated . Does he cheat himself or his 
customers ? [ P. IT. 1933 ] 

From the fig. of Art. 12*16, we have, when the machine is correct, 
W.CA+W\CG = P.CX, 


where TF is the weight of the body placed in the scale pan and P the 
movable weight. If the shopkeeper increases P, the right side of the 
above equation becomes increased. Hence the left side, and therefore, 
W is increased. But IF was the quantity corresponding to the marked 
graduation. Hence whore P is increased, the shopkeeper cheats himself. 

Similarly, if P is decreased, he cheats his customers. 

If in a Danish steelyard , a n be the distance of the fulcrum 
fro tii the extremity from which the weight of n lbs . is suspended , show 
that 


1 + 3 - 1 2 • [ C. U. 1938 ] 

Gn fln+i 


Here <z„+i» a w + a are distances of the fulcrum from the extremity 
carrying the scale-pan, when masses of (n+1) lbs. and (n+2)lbs. are 
placed in the pan. Then from the fig. of Art. 1217, if P be the weight 
of the machine, taking moment about the positiom of the fulcrum in 
the first case, 


n.a n = P.GC *= P(A Q — a n ). 


a n 


P 

P+n 


• AG . 


1 = A.P+n 
a n AG P 


Similarly, 

1 


1 P+(m+1) 
AG P“ 


_1 1 P+ (n+2) < 

G>n+1 AG P 


... ( 1 ) 
... ( 2 ) 
... ( 3 ) 
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adding (1) and (3), wo get 

1 _1_ J_ [2P+2n + 2l 2 rP + (n+l)1 2 

a» fl,+r^l P J 4G L P J ™ a„+ 1 


from (2). 


Ex. 7. Jn a wheel and axle } if the radius of the wheel he 6 times 
that of the axle, and if by means of an effort equal to 5 lbs . wt. a body be 
lifted through 50 ft., find the amount of work expended . [ P. U. 1982 ] 

Let 4 = the radius of the axle, 
then 6a = radius of the wheel. 

Since the body is liftod through 50 ft., the circular measure of the 
angle through which tho axle turns = which is also equal to the 

angle through which the wheol turns during the time, as they are 
rigidly connected with each other. 

Let x be the length of the string uncoiled from the wheel as tho 
body is raised. 

Then * = S0 - 1 = 50 x 6 = 300 ft. 

6a a 

. * . the amount of the \n ork expended = 5 x 300 = 1500 ft. lbs. 


Examples on Chapter XII(b) 

1. The pressure on the fulcrum of a straight lever of 
first kind is 6 lbs. wt. and the difference of the forces acting 
at the ends is 2 lbs. wt. Find the ratio of the arms at 
which they act. 

2. Two weights P and Q(P > Q) balance, acting at the 
ends A and B of a straight lever AB. If P and Q inter- 
change places and additional weights P x and Q ± are added 
at A and B respectively, the equilibrium is undisturbed. 
Show that P 3 -e a =PiQ-£iP. 

3. A straight light horizontal lever has for fulcrum 
a hinge at one end C , and from a point B is suspended the 
weight TP. If the pressure on the hinge (either upwards 
or downwards) must not exceed iW, show that the effort 
must act somewhere within a Bpace 6qual to £ BC. 

4. In a lever of the first class, a weight W fastened to 
one end is supported by a force P at the other ; if the ends 
are interchanged, the necessary force to balance W is a force 
Q ; prove that W= -J(PQ\ 
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5. A pair of nut-crackers is 4$ inches long, and a nut 
is placed at a distance £ in. from the hinge. What pressure 
applied at the ends of the arms, will crack the nut if 
a weight of 20} lbs., when placed on the top of the nut 
cracks it ? 

6 . A rectangular block of stone weighing } ton, whose 
weight acts at its centre, is to be raised by a crow-bar 3 ft. 
long resting against a log of wood in front of it, at a dis- 
tance G inches from the end of the bar in contact with the 
stone. Find the least force that must be applied to raise 
the stone. 


7. A straight lever AB wfyose arms AC, BC are a and 
b, is in equilibrium under the action of the forces P and Q 
at its ends A and B respectively ; the lines of action of the 
forces meet at 0 and Z.OAB*=a and /.OBA*=p. Find the 
ratio of P to Q , and the pressure on the fulcrum. 

8. A straight lever is acted on at its extremities by 
forces P, Q inclined at angles of 30° and 60° to its length. 
If P : Q*= J3 + 1 : J 3-1, show that the reaction at the 
fulcrum is 2 J2 at 45° to the lever. 

9. A lever without weight is of length c, and a weight 
is supported by two strings of lengths a and b from its ends ; 
if the lever rests in a horizontal position, show that the arms 
of the lever are in the ratio 


(a 9 +c 9 -6 9 ):(6 a + c 9 -a 9 ). 


10. The arms of a false balance are a and b, and a 
weight W balances P at the end of the shorter arm 6, and 
Q at the end of the arm a ; show that 


a P- W 

b "tt-'o 


[ P. U. 1940 ; U. P. 1947 ] 


'/ 11. A tradesman weighs out to a customer apparently 
equal quantities of wheat alternately from the two scale- 
pans of a balance with unequal arms. Does he gain or 
lose ? . [A. U. 1931 ] 


/ 12. A substance weighed from the two arms succes- 
sively of a false balance has apparent weights, 9 and 4 lbs. 
Find the ratio of the lengths of the arms and the true 
weight of the body. [ P. U. 1930 ] 
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// IB. In a false balance the arms being of unequal length, 
a weight is measured in one scale-pan by P lbs. and in the 
other by Q lbs. Show that the arms are to one another 
as JQ. 


( 14. 


In a balance with unequal arms, the apparent 
weights of a body are 421 lbs. and 49 lbs. when weighed in 
succession in the two scale-pans, and the whole length of 
beam is 21 ft. Find the length of each arm. 

s A man sitting in one scale of a common balance 
''places his “pugree” on the beam between the fulcrum and 
the point of suspension of the scale. Will he weigh more 
or less than if he had pugree on ? Give reasons for your 
answer. [ C. U. 1930 ] 

X 16. A boy sitting in one scale-pan of a balance presses 
upwards with a rod against the beam at any point between 
the fulcrum and the point from which the scale-pan in 
which he is seated is suspended. Show that he will appear 
to weigh more. 

The arms of a false balance are in the ratio of 
20 : 21. How much does a trader gain or lose if he places 
articles to be weighed at the end of the shorter arm, when 
he is asked for 4 Kilograms of potatoes at 50 paise per Kg. 

/ 18. A balance has its arms unequal and one scale-pan 
unjustly loaded. A body of true weight 9 Kg. appears to 
weigh 8* and 10 Kg. when placed successively in the two 
scale-pans. Find the ratio of the arms and the weight with 
which the pan is loaded. 

vl9. If the scale-pans are unequal in weight but the 
''nalance is otherwise correct, find the real weight of the 
body whose apparent weights are 12 lbs. and 14 lbs., when 
the body is placed successively in the two pans. 

VzO. One scale-pan of a balance is unjustly loaded. If 
r W\ and Wq be the apparent weights of a body when 
weighed in succession in the two scale-pans, find its true 
weight and the weight with which the scale ns loaded. 
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// 21. If a balance be faulty in every respect, and if the 
yapparent weight of a body when weighed from the arms 
of lengths a and b be W x and W 2 respectively, its true 
weight W is given by 


W 'W 1 b+ W 2 a 
a+b 

/? 22. A dealer has a balance faulty in every respect, the 
/ ^arms being 10 and 12 inches long. He weighs out to a 
customer two bags of rice each of the same weight. If 
W ± and W 2 be their apparent weights when weighed from 
the shorter and longer arms respectivefy, show that the 
customer loses a quantity $qual to jx{W 2 IFi). 


6 


/„ 


*23. If a tradesman weighs out to a customer a quantity 
of wheat by alternately weighing apparently equal portions 
of it in the two scale-pans of a balance which iB unjustly 
loaded, has unequal arms, and whose G.6. is in the longer 
arrp, show that he will defraud himself. 

A tradesman has a pair of scales, which do not 
quite balance and makes them balance by attaching a small 
weight to one of the pans. Show that if he tries to serve 
a customer with any weight of commodity by weighing 
parts of it in succession in each scale-pan against half the 
weight in the other, he will always cheat himself. 


*25. A balance is faulty in every respect. A certain 
article appears to weigh P ± or P 2 according as it is put 
into one scale-pan or the other. Similarly, another article 
appears to weigh Q x or Q 2 . Show that the true weight of 
an article which appears to weigh the same in whichever 
scale-pan it is put, is 

P 1Q2 P 9Q1 
(Pl-P 2 )-(Ql-Q*)' 

*26. Three bodies of weights P, Q, B appear to weigh 
P\ Q\ B' in a balance which is faulty in every respect. 
Show that (PQ f - P'0) + (QB r - Q’B) + (BP f - B'P) - 0. 

f 27. In a common steelyard, show that the distance bet- 
ween any two graduations is proportional to the difference 
between corresponding weights. [ C. U. 1923 ] 
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y/lS* If the distance of the G.G. of the beam of a common 
vfcteelyard from the fulcrum is 2 inches, the movable weight 
4 ozs., and the weight of the beam 2 lbs., find the distance 
of zero graduation from the G.G. [ A. U. 1928 ] 

29. A uniform beam AB , 2 ft. long and weighing 3 lbs. 
is used as a steelyard, whose fulcrum is at a distance 3 in. 
from A. If the movable weight be 1 lb., find the greatest 
and least weights which can be weighed with' the machine. 

*30. A shopkeeper using a common steelyard alters the 
movable weight for which it has been graduated. Show that 
he cheats himself or his customers according as he increases 
or decreases the movable weight. 

31. A common steelyard, correctly graduated when new, 
has its weight and position of its G.G. slightly changed by 
the wearing away of the rod. A body of weight 5 lbs. i oz. 
appears to weigh 5 lbs. Find the true weight of a body 
which appears to weigh 12 lbs. 

32. If the beam of a common steelyard be uniform and 

its weight be m times the movable weight P, and the fulcrum 
one-nth part of the length of the beam from the end where 
the weight is suspended, show that the greatest weight that 
can be weighed is 4 {(2n - 2) + m (n — 2 )\P. [ P. U. 1938 ] 

33. When weights P and Q are successively placed in 
the scale-pan of a common steelyard, the movable weight is 
at distances a and b from the fulcrum. If the movable 
weight is equal to that of the machine, show that the dis- 
tances of the G.G. of the machine from the fulcrum is 

Pb-Qa 

P-Q' 

34. The weight of a Danish steelyard is 6 lbs* and the 
fulcrum is at a distance of 3 inches from the end to which 
the weight is attached, to balance a weight of 8 lbs. Find 
how far the fulcrum must be shifted in order to balance 
a weight of 16 lbs. 

35. A Danish steelyard loses xfrth of its weight by use. 
If the C.G. remains unchanged, find the real weight of a 
body whose apparent weight is 20 lbs. as determined by it. 
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/ 36. In a certain Danish steelyard, it is found that the 
'distances of the fulcrum from the end carrying the scale-pan 
are a and b if the weights P and Q respectively are placed 
on the scale -pan. Find the position of the centre of gravity 
of the instrument and show that its weight is 


bQ-aP' 

a-b 


[ C. U. 1944 ] 


/ 37. In a Danish steelyard, show that the sensibility at 
any point varies as the square of the distance of the point 
from the end at which the weight is suspended. 

[ For a small change in theeweight , the greater the shifting of the 
fulcrum , i.e,, the greater the distance between the graduations showing 
the difference in weights , the more sensitive is the steelyard . ] 


38. The radius of the wheel being three times that of the 
axle, find how far the weight will be lifted when the power 
is pulled down through the space of one foot. [ C. U. 1922 ] 

39. A bucket weighing 33 lbs. is raised from well by 
means of wheel and axle. The radius of the wheel is 
21 inches and while it makes 5 revolutions, the bucket rises 
10 ft. Find the force which will just raise the bucket. 

40. If the difference between the radii of a wheel and 
axle be eight inches, and the power and the weight be as 
6 : 7, find the radii. 

41. The radius of the wheel is four times that of the 
axle, and the string on the wheel is only strong enough to 
support a tension of 40 lbs. wt. ; find the greatest weight 
which can be raised. 

42 . Two men, who can exert forces of 200 lbs. wt. and 
225 lbs. wt. respectively, work at a wheel and axle, in which 
two wheels are attached, of 5 feet and 4 feet diameter res- 
pectively, the diameter of the axle being 20 inches ; find 
the greatest weight the men can raise by it. 

43. The radii of the wheel and axle are a and b 
respectively, the w'eight consists of a cage of weight W with 
a man of weight W* inside it, who supports the system by 
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holding the rope that passes over the wheel. Find the 
tension he produces in the rope. [ Allahabad ] 

*44. A particle of weight 40 lbs. placed on an inclined 
plane is supported by a force 24 lbs. wt. acting along the 
plane. If the same weight were to be supported by a force 
acting horizontally, show that the force must be increased 
in the ratio of 5 : 4, while the pressure on the plane will be 
increased in the ratio of 25 : lb. 

45. Show that the smallest force which will keep a body 
in equilibrium on a smooth inclined plane must act along 
the plane. 

46. Find the inclination of a plane to the horizon on 
which a power parallel to the plane will support double its 

own weight. 

47. A heavy body rests on a plane inclined to the 
horizon at an angle a ; if the pressure on the plane be equal 
to the effort applied, show that the effort is inclined at an 
angle in - 2a to the plane. 

*48. A power P acting parallel to an inclined plane can 
support Wi, and acting horizontally can support W 2t both 
resting on the same plane. Prove that P 2 = Wj. 2 - TF 2 2 . 

ANSWERS 

1. 2:1. 5. 2| lbs. wt. 6. 112 lbs. wt. 

7. P : <3 = 6 sin p : a sin a ; reaction = sjp' 1 + Q‘ l -2PQ cos (a + p). 
11. Lose. 12. 2:3; 6 lbs. wt. 14. 13 inohes ; 14 ins. 

15. Less. 17. Loses 10 paise. 18. 4 : 5 ; li Kg. 

19. 13 lbs. 20. HWl + WJ; i (W t -W^F ' 28. 18 inohes. 

129. 16 lbs. ; 8 lbs. 31. 12 lbs. £ oz. 34. l^ r inches. 

35. 18 lbs. wt. 36. Distance of C.G. from the scale>pah is 

a6(Q-P)/(6Q-aP). 

38. 4 inohes. 39. 6 lbs. wt. 40. 4 ft. ; 4J ft. 

41. 160 lbs. 42. 1140 lbs. 43. {W+W")bHa+b). 

46 . 30 °. 



Appendix A 

THEORETICAL PROOF OF THE 
PARALLELOGRAM OF FORCES 

1. Laplace's proof. 

We shall first of all consider the case of two perpendi- 
cular forces, and then extend the result to the case of any 
two oblique forces. 



'X 

Let P and Q be any two perpendicular forces acting at 
0 along OA and OB, and let R be the magnitude of their 
resultant acting in an unknown direction OC at angle 0 to 
OA. Let XOY be drawn perpendicular to OC. 

Then R along OC is equivalent to a force P at an angle 
0 to it ( i.e., along OA), and a force Q perpendicular to P. 
Hence, a force A.P along OC is equivalent to force A.P at 
an angle 0 to it, together with a force ?..Q perpendicular 
to the latter, for multiplying by the factor ?. is essentially 
the same as an alteration in the scale of representation. 
Thus, the force P along OA, which can be taken as 

P jt 

£ R along OA, can be replaced by a force ^ *P at 

an angle 0 to OA, ( i.e ., along OC), together with force 

p 

j ' Q in the direction OX perpendicular to OC. In the 
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same manner, the force Q = 


Q. 

B 


B along OB can be replaced 


by a force P along OY at an angle 0 to OP, together 

with a perpendicular force ^ Q along 00. Thus, the two 

given forces P along OA and Q along OB are equivalent to 

P 2 Q 2 PQ 

a force p + ^ along 00, together with a force along 


OP 

OX and a force ^ along OY, and the two latter, being 
equal and opposite, cancel one another. Thus, the single 


force equivalent to the two given forces P and Q is 
along 00, which is thus the required resultant B. 


P 2 + < 
B 


Hence, B - ■ pS ' or, B* = P 2 + Q\ i.e., Ji ■= JP* + Q*. 

giving the magnitude of the resultant of two perpendicular 
forces. 




For direction, let us consider first three equal forces 
F, F t F, acting at 0 along three mutually perpendicular 
directions OX , OF, OZ, and let them be represented by 
OA , OB, 00 respectively. Complete the rectangular parallelo- 
piped with OA, OB, OC as adjacent edges (Fig. i). 
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The resultant of the two equal forces F, F represented 
by OA and OB must, from symmetry, be equally inclined to 
them, and therefore must act along the diagonal OD ; also its 
magnitude, from what has been proved above, is Jf 2 + F* 
■*= F J2. Combining with this the force F along 00, the 
resultant of F J2 along OD and F along 00 must evidently 
be along some line in the plane COD. Again, considering 
the two forces F, F represented by OB and 00 first, and 
then combining their resultant with OA , the final resultant 
will lie in the plane AOE . Thus, the direction of the final 
resultant being common to the two planes COD and AOE 
must be along the diagonal 00'. Hence, we establish that 
the resultant of two perpendicular forces F J2 along OD 
and F along 00 is in the direction of the diagonal 00' of 
the rectangle ODO'C, and its magnitude is 

jF* + {F*J2) 2 = Fj3 = OOf. 

Next, taking forces F, F J2, F along OX , OF, OZ 
represented by OA, OB, 00 (Fig. ii), considering first the 
resultant of OA , OB, and then combining it with OC , and 
alternatively, finding the resultant of OB, OG and then com- 
bining with OA, we can show exactly in a similar manner as 
above that the resultant of two perpendicular forces F J5 
along OD and Pjlong OC is along the diagonal OOf , and its 
magnitude *=F J 4 = 00'. 

Then take F , F J3, F along OX, 07, OZ. Proceeding 
in this manner, we show finally that the resultant of two 
perpendicular forces F Jn and F is represented by the 
diagonal in magnitude and direction. 

Now, taking F, F, F Jn along OX, OY, OZ we extend 
the above result to the case of two perpendicular forces 
Fj2 and F Jn. Then taking F, FJ% F Jn the result is 
extended to F JH and F Jn. Proceeding thus, we prove 
the result for the case of two perpendicular forces F Jm 
and F Jn where m and - n are any two positive integers. 
Writing m~p 2 and n-q*, where p and q are any two 
positive integers, yre finally prove the parallelogram law of 
forces to hold good for two perpendicular forces pF and 
qF. We can replace pF and qF by P and Q, where P and 
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Q are any two commensurable forces, for the ratio of any 
two commensurable quantities can be put in the form p : g 
where p and q are integers. 

Even if P and Q are incommensurable, their ratio can 
be put in the form of an endless decimal, and we can get 
a terminating decimal differing from it by as small a quantity 
as we please, which can be put in the form p : q. Accord- 
ingly, in the limit, the law is extended to the case of two 
incommensurable forces. 

Thus, the parallelogram law holds good for finding the 
resultant of any two perpendicular forces P and Q, whether 
commensurable, or incommensurable. 

Lastly, to prove it for any two oblique forces, let OA 
and OB represent two oblique forces P and Q. Complete 
the parallelogram OACB . 

Join OC and draw XOY perpendicular to the diagonal 
OC, and let AL and BM be drawn perpendiculars on OC. 


B 



By what has already been proved, the force OA can be 
replaced by the perpendicular components OX and OL 
and the force OB by the perpendicular components OM 
and OY. Now from Geometry, triangles OBM and ACL 
are congruent and accordingly OM^LC, and AL~BM. 
Hence, the forces represented by OX and OY which are 
respectively equal to AL and BM, being equal and opposite, 
cancel one another. Thus, the forces OA and OB are 
equivalent to a force OL + OM**OL + LC-OC along OC. 
Hence, OC represents the resultant in magnitude and 
direction. 
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Thus, the law of parallelogram of forces is completely 
established. 

2. Duchayla’s proof. 

This proof is based on the assumption of the principle 
of Transmissibilifcy of a force. 

We first of all prove that if the parallelogram law for 
the direction only of the resultant he true for any two 
particular forces P and Q acting at any angle, and also 
for two forces P and B acting, at the same angle, then 
it will be true for the forces P and Q + B acting at the 
same angle. 



Let OA and OB represent the forces P and Q, and 
let BD along OB represent B. Complete the parallelogram 
ODEA and draw BG parallel to OA. Join OC, OE , BE. ' 

By our assumption, the resultant of P and Q is in 
the direction of the diagonal 00, and by the principle of 
transmissibility of a force, this resultant may be supposed 
to act at C. Here, it can be resolved into its components 
P and Q along BO and AC parallel to their original 
directions. 

Again, P along BG may be supposed to act at^ B 
and this aloDg with B along BD will, by our supposition, 
give rise to a resultant along BE t which in its turn can 
be assumed to act at E . Also Q along AC may be supposed 
4o aot at E . 
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Thus, the two forces P along OA and Q + B along OBD 
are ultimately equivalent to two forces both acting at E, 
one along CE and the other along BE. Hence, the resultant 
of P and Q + B acting at 0, represented by OA and 
OD respectively, must be acting through E and therefore 
must be along the diagonal 0E of the parallelogram 
ODEA. 

Now, to start with, take two equal forces F , F along 
any two directions, represented by OA and OB. From 
symmetry, their resultant must be equally inclined to OA 
and 0B t and accordingly it is in the direction of the 
diagonal of the rhombus OACB. Hence, from what has 
been proved above, the parallelogram law for direction 
of the resultant will hold good for forces F and F+ F i.e ., F 
and 2 F along OA and OB. Again, as the result is true for 
F t F and for F , 2 F acting at the same angle, it is true 
for forces F and 3 F acting at the same angle. Proceeding 
in this manner, it can be shown to be true for F and pF. 
Thus, it is true for F+F and pF, i.e., for 2 F and pF. 
Similarly, it will be true for 3 F and pF and ultimately for 
qF and pF where p and q are any integers. Replacing pF 
and qF by P and Q, we see that, so far as the direction 
is concerned, the parallelogram law for resultant is true 
for any two commensurable forces P and Q acting at 
any angle. 

The result then can be extended to incommensurable 
forces as well, in the limit, as in the previous proof. 

Hence, for any two forces P and Q, commensurable or 
incommensurable, acting at any angle, the parallelogram 
law is established so far as the direction of the resultant 
is concerned. Now to establish that the law being true for 
direction, it will be true for magnitude as well, it is left as 
an exercise to the student. In this connection, see Art. 2*10,. 
Ex. 8, worked out, and Ex. 58, p. 32 set in the book. 
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1. Note on Art. 3*2. 


Let ABG be the triangle where the forces P , Q , It acting 
perp. to PC, CA, AB all outwards meet at 0, a point 
inside the triangle ABG. Let the forces cut BG , CA, AB 


at D, E, F respectively. 

T. i P Q B 
By hyp., a * b ■ c 

But we have, 


sin A sin B sin C 
P Q B 
sin A sin B sin G 



te ft_. « 

f ' sin EOF sin FOB sin DOE 

[■•• ZLA~l 80 a -Z.JEOF] 

Hence by the converse of Lami’s theorem, the forces are 
in equilibrium. 

We can prove the theorem similarly if 0 be outside, 
on a side or at any angular point of A ABG. 

Note. Also in case the directions of the forces are such that 
forces make equal angles with the corresponding Bides of the triangle 
(instead of being only perpendicular), the theorem can also be proved. 
The proof is as follows : — 


Let ABG be a triangle where the forces P, Q , B through 
O make the same angle a (a jA 0, or n ) with PC, CA, AB, 



Let the forces cut PC, CA, 
AB at D, E, F respectively. 
LODC - LOEA - LOFB - a. 
Let Z.POP— 01 , LF0D um Q%% 
£D0E — d*. From the quad. 
ODCE , 0s + a + C + » — 
f.s., 0 8 — n - C. Similarly 

0i ■» n — -4 and 0 9 n — P. 
Hence the proof follows as 
before. 
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2. On Note 3, Art. 81. 

Proof : In note 3, Art. 5’8 we have seen that if a 
system of forces, acting on a rigid body keeps it at rest, 
the algebraic sum of their moments about any line in the 
body is zero. 

Let three forces P, Q , R acting on a rigid body keep it 
in equilibrium. Let A be a point in the body on the line 
of action of P. We take two distinct points B and D on 
the line of action of Q. Since forces P, Q , R are in equili- 
brium, the algebraic sum of their moments about the 
straight lines AB, AD mue| be zero. But the moments of 

P and Q about AB and AD 
vanish, Bince AB, AD intersect 
the lines of action of P and 
Q. Hence, the moment of R 
about AB and AD must 
vanish. It therefore follows 
that R must intersect the 
straight lines AB and AD. 
Let the points of intersection 
be C and E. Now AB and 
AD are two intersecting 
straight lines ; so they deter- 
mine a plane n. Hence it 
follows that the lines of 
action of Q and R lie in this plane n. The coplanar forces 
Q and R have a single resultant (say 8) in the plane n. 
Now this force 5 and the force P keep the body in equili- 
brium. Hence P and S must have the same line of action. 

forces P, Q, R are co-planar. 

Otherwise , we may proceed thus : 

Since the plane n passes through A , which is any point 
on the line of action of P, the plane n contains the line of 
action of P. 

Hence the forces P, Q, R are co-planar. 
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1. (a) Find the resultant of two like parallel forces acting on a rigid 
body. 

(6) Ono end of a heavy uniform rod, of weight W, rests on a 
smooth horizontal plane, and a string tied to tlio other end of the rod 
is fastened to a fixed point above the plane ; find tho tension of the 
string. 

2. (a) Find the position of the O.G. of a thin uniform lamina in the 
form of a quadrant of an ellipse. 

(6) A particle F is attracted to three points L , M, N by forces equal 
to uPL t uPM and uPN respectively. Show that the resultant is SuPO t 
where G is the centre of gravity of a uniform thin lamina bounded by 
tho sides LM t MN and NL . 

8. (a) Shew that any system of forces, acting in one plane upon 
a rigid body is equivalent to a force acting at an arbitrary point of the 
body together with a couple. Hence deduce the conditions of equilibrium 
of a system of forces acting in one plane upon a rigid body. 

(6) A uniform rod o£ weight W, is supported in equilibrium 
by a string, of length 22, attached to its ends and passing over a 
smooth peg. If a weight W be now attached to one end of the rod, 
show that it can be placed in another position of equilibrium by sliding 
a length 

JW * 

W-\Y 

of the string over the peg. 

4. (a) Explain what do you understand by ‘limiting friction* and 
'oone of friction'. 
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(6) A uniform ladder rests in limiting equilibrium with one end 
on a rough horizontal plane, and the ether against a smooth vertical 
wall ; a man then ascends the ladder ; show that he oannot go more 
than half-way up. 


1. (a) If three forces acting upon a rigid body, be represented in 
magnitude, direction, and linn of action by the sides of a triangle taken 
in order, shew that they are equivalent to a couple whose moment is 
represented by twice the area of the triangle. 

(/>) Force proportional to AB , BC and 2CA act along the sides 
of a triangle ABC takon in order ; show that the resultant is represented 
in magnitude and direction by CA and that its line of action cuts BC 
produced at a point D where CD is equal to BC. 

2. (a) A uniform thin wire is bent into an aro of a circle of radius 
5 cms. and the distance between the free ends of the wire is 8 cms. 
Find the position of the centre of gravity of the wire. 

(6) At each of (n — 1) of the angular points of a regular polygon 
of n sides a particle is placed, the particles being equal ; Show that 
the distance of their centre of gravity from the centre of the circle 
circumscribing the polygon is r(n — 1), where r is the radius of the cirole. 

8. (a) Describe the arrangement in the “third system of pulleys*' 
and calculate the mechanical advantage of the system if there are n 
pulleys each of weight w. 

(6) A uniform beam, of length 2a, rests in equilibrium, with one 
end resting against a smooth vertical wall and with a point of its length 
resting upon a smooth horizontal rod, whioh is parallel to the wall 
and at a distance 6 from it ; show that the inclination of the beam to 
the vertical is sin ~ x (bla) 9 . 

4. (a) Explain what you understand by the term “angle of friction". 

(b) A uniform ladder rests with one end against a smooth vertical 
wall and the other on the ground, the coefficient of ftiotion being $ ; 
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if the inclination of the ladder to the ground be 45°, show that a man 
whose weight is equal to that of the ladder, can just ascend the top of 
the ladder without its slipping. 


1. ( a ) State and prove Lami’s Theorem. 

(6) Three equal weightless strings, are knotted together to form an 
equilateral triangle ABC and a weight W is suspended from A. If tho 
triangle and weight bo supported, ^ with BC horizontal, by means of 
two strings at B and C, each at an angle 135° with BC , show that the 
tension in BC is 

J ( 3 - J3). 

2. (a) If three forces, acting upon a rigid body, keep it in equili- 
brium, then prove that they must be 

(i) coplauar, and 

(ii) either concurrent or parallel. 

(6) A uniform bar AB of weight W and length 2 a can turn about 
a smooth hinge at its upper end A , and the lower end B is kept at a 
horizontal distance 2 b from the hinge by a horizontal force applied at B. 
Prove that the reaction at tho hinge is 
W A /( 4n* — 86 a \ 

2 VI a* — b* / 

8. (a) Find the resultant of two unlike unequal parallel forces 
acting on a rigid body. How will your result be modified if the forces 
are equal ? 

(6) From a uniform triangular board a portion covered by the 
inscribed circle is removed. Show that the distance of the centre of 
gravity of the remainder from any side a is 

S 2s f — 8raS 
Sis' s*— rS 

0 

where 8 is the area and a the semi-perimeter of the board. [ area of the 
In-oirole* *£*/*”• ] 
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4. (i a ) Show that tho inclination of a rough plane with the horizontal 
on whioh a particle, acted upon solely by its own weight, is just about 
to slip is equal to the angle of friction. 

(6) A man whose weight is 160 lbs. raises a body of 2'5 owt. by 
means of a single string systom of pulleys. The rope is attached to 
the upper block while each block contains 5 pulleys. Find what will 
be his thrust on the ground if he pulls vertically downwards. 


1. (a) State and prove the theorem of the triangle of forces. 

(6) Find tho resultant of two like parallel forces acting on a 
rigid body. 

2. (a) Prove that the algebraic sum of the moments of two forces 
acting on a particle about any point in their plane is equal to the 
moment of their resultant about that point. 

(6) Define the Centre of Gravity of a body. 

Find the centre of gravity of a uniform lamina in the form 
of a quadrant oi an ellipse. 

8. (a) Obtain the general conditions of equilibrium of any system 
of ooplanar forces. 

(b) A door 7J ft. high is hung from two hinges plaoed 9 inches 
from the top and the bottom. If the weight of the door be 36 lbs. wt. 
and its C. G. at a distance of 2£ ft. from the line of hinges, show 
that the total force on each hinge 1b 22£ lbs. wt., it being assumed 
that the weight of the door iB supported by hinges. 

4. (a) Draw a neat diagram of the third system of pulleys and 
oaloulate the meohanioal advantage, negleoting the weight of the 
pulleys. 

If the meohanioal advantage in this system of pulleys be 127, 
find the number of pulleys of tho system. 

(6) A uniform rod of weight W rests in a vertical plane with one 
end on a rough horizontal plane and the other on*a vertical plane 
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of equal roughness. If the coefficient of fraotion be j, prove that 
when the rod is on the point of slipping, its inclination to the 
horizon is tan* 1 J. 


1. (a) State and prove ihe polygon of forces. Is the converse true ? 
Give reasons for your answer. 

( b ) Forces acting as a point arc represoi in magnitude and 
direction by 2 AB f 2BC, 2 CD, DA t CA and where ABGD is a 
quadrilateral. Provo that the forces are in equilibrium. 

2. (a) Find the resultant of two unlike unequal foroes acting on a 
rigid body. 

( 6 ) Three forces P, 2P and 8P act along the sides AB, BC and CA 
of a given equilateral triangle ABC . Find tho magnitude and direction 
of their resultant and the point in which its line of action meets 
the side BC. 

8. (a) A weightless rod 8 ft. long is supported horizontally, one end 
being hinged to a vertical wall and the other end attached by a string 
to a point 4 ft. above the hinge ; a weight of 180 lbs. is hung from 
the end supported by the string. Calculate the tension in the string 
and the pressure sllong the rod. 

(6) ABCD is a square, and E, F are the middle points of AB, AD 
respectively. Find the centre of gravity of the portion left, when 
triangle AEF is cut o2. 

4. (a) State the laws of limiting friotion. 

Define coefficient of friotion and angle of friotion. 

(6) Draw a neat diagram of the first system of pulleys and 
calculate the mechanical advantage, neglecting the weights of the 
pulleys. 
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1. (a) A weight is supported on a smooth piano of inclination a to 
the horizontal by a string inclined to tbe vertical at an angle 7 . If the 
slope of the plane be increased to jS and the slope of tho string is un- 
altered, the tension of the string is doubled to support the weight. 

Provo that cot a — cot 7 « 2 cot /3. 

( 6 ) Find the resultant of two equal and like parallel forces acting 
on a right body. 

2 . (a) If three forces, acting upon a rigid body, be represented in 
magnitude, direction and line of action by the sides of a triangle taken 
in order, then they are equivalent to a couple of moment represented by 
twice the area of the triangle. Prove this. 

( 6 ) A uniform beam, 14 ft. long and weighing 120 lbs., rests on 
two props, one of which is 3 ft. and the other 5 ft. from its centre. 
Calculate the forces on the props, when a weight of 100 lbs. is placed at 
that end of the beam for which tho equilibrium is possible. 

8 . (a) Prove that, if three forces acting in one plane upon a rigid body 
keep ft in equilibrium, they must be either concurrent or parallel. 

( 6 ) The upper portion of a right circular cone of height h and 
semi •vertical angle a is cut olf by a plane parallel to the base. If the 
plane passes through the middle point of the axis, find the O.G. of the 
remainder. 

4. (a) Explain the following terms with diagrams where necessary : 
Limiting friction ; Coefficient of friction ; Angle of friction. 

( 6 ) In a first system of pulleys, a oertain power supports a weight 
of 105 lbs., where there are 3 movable pulleys, each weighing 1 lb. ; 
show that with an additional movable pulley also weighing 1 lb., it can 
be made to support a weight of 209 lbs. 


1. (a) A, B, O are three points on the oircumferenoe of a circle. 
Forces P/AB and P/BC act along AB and BC respectively. Show that 
their resultant acts along the tangent to the oirole at £•* 
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(6) Prove that, if three forces acting perpendicular to the sides 
a triangle keep a particle in equilibrium, they shall be proportional 
its sides taken in order. 

2. (a) If two like parallel forces act on a body the algebraic sum of 
their moments about any point in their plane is equal to the moment of 
their resultant about the same point. Prove this. 

(6) A system of forces in the plane of a square plate ABCD has 
moments O lm 0 9 , G z about A, B % 0 respectively. Show that the moment 
of the system about D is equal to(7 1 — G 9 + 6f s . 

3. (a) If the algebraic sum of the moments of a system of coplanar 
forces acting upon a rigid body, about each of three non-oollinear points 
separately vanish, the system is in equilibrium. Establish this. 

(b) Find the position of the centre of mass of a uniform hemis- 
pherical shell of radius r. 

4. (a) A uniform ladder of length l and weight W rests with its foot 
on a rough floor (coefficient of friction and its upper end against 
a smooth wall, the inclination of the ladder to the vertical being 0. 
A force P is horizontally applied to a point of the ladder at a distance O 
from the foot so as to make the foot just on the point of moving 

Wl 

towards the wall. Prove tha t P - ta Q 0)' 

(b) Draw a neat diagram of the First system (separate string 
system) of pulleys with three movable pulleys. Oalculata the mechanical 
advantage of the system for n equally heavy movable pulleys, each 
of weight w. 


1. (a) State the theorem of parallelogram of forces. Two forces P and 
Q, act on a particle, inclined to each other at an angle 0. Find the 
result ant in magnitude and direction. 

(b) Two chordfi, OA and OB, of a cirole, represent in magnitude 
and direction two forces aoting at the point 0 ; show that if their result- 


s a 
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ant passes through the centre of the circle, either the chords are equal 
or they contain a right angle. 

2. (a) Find the resultant of two unlike and unequal parallel forces 
acting on a rigid body. 

(b) Define the moment of a force about a point. Prove that the 
algebraic sum of tho moments of two intersecting forces about a point 
in their plane is equal to the moment of their resultant about the 
same point. 

3. (a) A heavy uniform rod, 15 w long, is suspended from a fixed point 
by strings fastened to its ends, their lengths being 9 and 12 inches. 
If the rod is inclined to the vortical at an angle 0, prove that 
25 sin 0 = 24. 

(I b ) Find the C.G. of a quadrilateral area of the circle x 1 + p a = a*. 

4. (a) Show that the least force required to drag a body of weight 
w along a rough horizontal plane is w sin X where X is the angle of 
friction. 

(b) A well whose horizontal section is a rectangle 15 ft. by 10 ft. 
has a depth of 400 ft. and is full of water. Find the work done in 
pumping water out of the well. (1 cu ft. of water weighs 62*5 lb. wt.) 


1. (a) Prove that the resultant of any number of couples acting in 
the same plane on a rigid body is a couple. 

(6) Three parallel forces 8 lbs., 4 lbs., 5 lbs., act at the angular 
points A , D, C of a square ABCD whose side is 4 inches. Find the 
centre of these parallel forces. 

2. (a) A system of ooplanar foroes acts on a rigid body. Find the 
conditions that they will be equivalent to (i) a single force, (ii) a 
single couple. Deduoe the conditions of equilibrium of the system. 

(6) A uniform beam of length 2a rests in equilibrium against a 
smooth vertioal wall and upon a peg at a distance b from the walk 

Show that the inolination of the beam to the vertioal 4s sin 



UNIVERSITY QUESTIONS 


819 


8. (a) Find the centre of gravity of the area bounded by the axis of y, 
the cycloid x«a(0+sin 0), y-aU-cos 0) and its base. 

(b) A uniform rod rests with one extremity against a rough vertical 
wall, the other being supported by a string of equal length fastened 
to a point in the wall. Prove that the least angle which the string 
can make with the wall is tau' 1 (3/fi). 


1. (a) Find a point within a quadrilateral such that if it be aoted 
on by forces represented by the liner joining it to the angular points 
of the quadrilateral, it will be in equilibrium. 

(b) The resultant of two forces P and Q equal P in magnitude. 
If P bo doubled, find the angle which the new Tesultant makes with Q. 


2. (a) Forces of relative magnitudes 18, 10, 5 act along the sides BC, 
GA, AB of an equilateral triangle ABC . Find the direotion and magni- 
tude of their resultant and the point where its lino of action meets BO, 

(b) A body is supported on a rough inclined plane by a force acting 
along the plane. Supposing the greatest magnitude of the force to be 
double the least magnitude, find the inclination ot the plane. 


8. (a) State the laws of limiting friction. 

(b) A uniform rod rests in limiting equilibrium within a rough 
hollow sphere. If the rod subtends an angle 20 at the centre of sphere 
and if X be the angle of friction, show that the rod is inclined to the 
vertical at an angle, 


•cot" 1 


" sin X cos X 1 
.cos a 0 — sin^XJ 


4. (a) A hemisphere of radius a rests on a right oiroular cylinder 
whose base is also of radius a* with it9 plane base coinciding with the 
top .of the cylinder. If the height of the cylinder is also a, find the 
centre of gravity of the composite volume. 

(b) Find the ifesltion of the oentre of mass of a uniform lamina 
In the form of a quadrant on an ellipse. 
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1. If any number of forces acting on a particle be represents 
in magnitude and direction by sides of a polygon taken in order, show 
that the forces shall be in equilibrium. 

In the first system of pulleys in which there afe four movable 
pulleys each of weight w, if P be the effort and R the stress on the ‘ 
beam, then show that 

22=15P— llw. 

2. A system of n like parallel coplanar forces P u P a , ..., P, aot 
at points A lt A a , ... A n whose co-ordinates referred to reotangular axes 

are (&&, y t ) t (ar a . y 2 )» » (®m ?/») ; find the point at which their 

resultant acts. 

Find the centre of gravity of the aro of the parabola g 9 »4aae 
included between the vertex and an ordinate at a distanoe at 9 from 
the vertex. j 

8. Define cone of f notion. State the laws of friction. A heavy / 
uniform rod rests in limiting equilibrium within a fixed hollow sphere. 
If X be the angle of friction, and 2a the angle subtended by the rod 
at the oentre of the sphere, show that the inclination 0, of the rod 
to the horizon is given by 2 tan 0=tan (a+X)-tan (a-X). 










